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Decoupled parallel mechanisms (DPMs) have the characteristics of compact structure and simple control with wide applications.
This paper presents a new method of type synthesis for DPMs by virtue of Lie groups and screw theory. The method consists
of synthesis at limb level and configuration level. At limb level, Lie group is used to synthesize the limbs with required DOFs.
At configuration level, screw theory is adopted to determine configuration with synthesized limbs that satisfy the type synthesis
criteria of DPMs. The type synthesis criteria including limb decoupling and selection of the driving pairs are presented. Upon the
formulation, the procedure of type synthesis of DPM:s is developed. Type synthesis is conducted with the proposed method, which
leads to new spatial and planar fully decoupled 2T1R mechanisms.

1. Introduction

Parallel mechanisms consist of two or more limbs in parallel,
which bring PMs the advantage of high stiffness, high
accuracy, low inertia, and high dynamic performances. On
the other hand the coupling of the parallel limbs implies some
problems, such as high nonlinearity relationship between
input and output, which makes static and dynamic analysis
and the robot control difficult [1]. Decoupled parallel mecha-
nisms (DPMs) have one-to-one correspondence relationship
between input and output variables, becoming desirable for
both robot design and control.

Many techniques and approaches for DPMs type synthe-
sis can be found in literature, for example, type synthesis of
3-DOF translational DPMs [2], T3R2 manipulators [3], and
T2R1 bifurcated planar-spatial manipulators [4], in which
linear transformation method was used. A 2RIT partially
decoupled manipulator was proposed in [5]. Examples of
synthesis with screw theories can be found in [6-12]. More-
over, 3-DOFs translational DPMs [13] and 6-DOFs decoupled
manipulators [14] were synthesized with basic revolute kine-
matic pairs. Other examples of DPMs can be found in [15-18].

This work is interested in lower-mobility mechanisms
with simple structures. In particular, 2TIR PMs generates
one rotation (IR) and two translations (2T). This type of
mechanisms has very wide applications in industry, such
as flight motion simulation, pointing and tracking, and
assembling and machining [4, 12,19, 20], while type synthesis
was generally studied for other types of parallel manipula-
tors. Type synthesis of 2TIR DPMs was not systematically
addressed.

In this work, we propose a systematic approach of 2T1R
DPM synthesis. It is noted that most type synthesis was based
on screw theory [6-12, 19, 20], which does not consider
the instantaneous motion characteristics. We incorporate
Lie groups in synthesis, taking advantage of Lie groups in
describing mathematically the precise succession of motions
(21, 22].

The paper is organized as follows. The principle of type
synthesis of topological conditions is presented in Section 2.
The decoupling identification of PMs, synthesis criteria of
the limb decoupling, the selection criteria of the driving
pairs, and the procedure of type synthesis for DPMs are
established in Section 3. The specific synthesis process and
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the configuration of 2T1IR DPMs are presented in Section 4.
A brief analysis of the decoupled motion is provided in
Section 5. Section 6 concludes this work.

2. Basic Principle of Type Synthesis

Type synthesis of DPMs can be generalized into three
basic problems, namely, (1) identifying topological conditions
and calculating the number of structural parameters; (2)
determining type synthesis method; (3) designing limbs
with desired properties, assembling limbs, and obtaining
mechanisms, as further explained presently.

2.1. Topological Conditions of Type Synthesis for DPMs. DPMs
consist of a moving platform connected to the base by at least
two limbs. The output characteristics of the moving platform
are the intersection of terminal kinematic characteristics of
all limbs [23-26]. That is,

Sppm = Spi NSy N-- NS+ N S, 1

where Sppy is the output characteristics of the moving
platform and S;; is the kinematic characteristics of ith limb
(i=1,2,...,n).

Equation (1) represents the relationship between funda-
mental topology elements of a mechanism. The structure
parameters contain the dimension of the moving platform,
the number of limbs, actuated limbs, driving pairs, redundant
limbs, and so forth. Therefore, the topological structure
of DPMs and the structure parameters must satisfy the
following conditions [23, 27]

m
FD_ZinO’
i=1
m
N=Fp-) (g-1)+n=m+n (3
i=1
mSFD,
quFD (i=1)2)~-~)m))

where Fj, is the dimension characteristics of the moving
platform for parallel topologies, g; is the number of driving
pairs in actuated limb i, 1 is the number of actuated limbs, N
is the number of limbs, and # is the number of the redundant
limbs.

2.2. Type Synthesis Method Based on Screw Theory. Assume
the expected number of degrees of freedom for the DPM
to be M(w, p), where w and p denote the number and the
property of the degree of freedom required by the DPM,
respectively. Based on screw theory [25], the screw system of
the mechanism is {$,, | ()S'T,,S(Zq, .. ,,S(Z)}. This means that
if 8, is known, M(w, p) can be determined. By solving the
reciprocal screw of §,,, the reciprocal screws of the screw
system of the mechanism can be determined. The reciprocal

screws of the screw system of the limbs {Sl] | (ﬁﬂ , ﬁjz, e Slj:.)}
(where i < 6 —w is the number of the reciprocal screws of the
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jth limb) are a subset of those of the mechanism, which can
be expressed as

{880 S} < 818 8 3)

If the mechanism consists of k limbs, the set composed of
the reciprocal screws of the screw system of all limbs is equal
to the set composed of those of the mechanism, which is

Ufgso i =505 80} @

j=1

Furthermore, the reciprocal screws of the screw system
and the screw systems of the limbs can be determined. The
linear combination of the screw system of the limbs can
constitute different types of kinematic limbs. These kinematic
limbs are assembled according to certain relationships into
mechanisms; if the obtained mechanism can realize continu-
ous movement and its DOF remain invariable, then it is just
the DPM which possesses the given DOF.

The entire process of the constrained screw synthesis
method can be described as follows:

M(w,p) &
{8ul (8755 8u)} &
(81(80. 85 50 )} &
{#

(5)
8 ( l]rl, lJrz, Slr)}@
(Sl (5085 )t &
{PMs}.
Equation (5) must satisfy the following conditions:
LA S A TS SR A §
k
N R SN F
j=1
(S = 8785001,
=

Equation (6) indicates that the reciprocal screws of the
screw system of the limbs are the subset of those of the
mechanism, the reciprocal screws of the screw system of the
mechanism is the union of those of all limbs, and the screw
system of the mechanism is the intersection of those of all
limbs.

2.3. Limb Synthesis. In order to generate continuous move-
ment, desired limbs are synthesized through Lie groups,
which describe the continuous motion using precise math-
ematical model.

The motion characteristics fulfilling the algebra struc-
tures of Lie groups are represented by 12 kinds of displace-
ment subgroups. Other motion characteristics not fulfilling
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the algebra structures of Lie groups are represented by
displacement submanifolds. Hervé [21] enumerated all 12
kinds of displacement subgroups. The main properties are
as follows: the intersection of subgroup follows the rule of
intersection of sets. The intersection of two subgroups is always
a subgroup. The product is also displacement subgroups, and
their product can commute to each other, the product of
two same displacement subgroups is always equivalent to this
subgroup.

Limb synthesis is conducted through combining various
kinematic pairs. The mathematical model and the topology
structure parameters of limb are developed with specified
motion characteristics. The kinematic pair type and quantity
are identified based on the motion characteristics. The posi-
tion and direction of kinematic pairs are identified according
to the relationship between the joint axes.

3. Type Synthesis Method of DPMs

3.1. Decoupling Identification

3.1.1. The Decoupling Identification of Parallel Mechanism. In
PMs, the moving platform moves either in 2D or in 3D space,
actuated by driving pairs. Its position and orientation are
specified by a suitable set of n; < 6 coordinates S while the
motion of the driving pairs is represented by a suitable set of
n, coordinates Q. The input-output relations are represented
by the forward F(-) and inverse G(-) kinematic relations

S=F(Q),
(7)
Q=G(S).

Differentiating (7) with respect to time, the velocity
equation is

$=7,Q. (8)
Thus,
V= ]uQ> )

where (-) is derivative of the time, J, is n X n Jacobian matrix,
V is the linear or angular velocity of the moving platform.

According to the condition of the Jacobian matrix [3],
three types of PMs are identified as follows:

(i) The PM is isotropic, if ], is a diagonal matrix with
identical diagonal elements.

(ii) The PM is decoupled, if ], is a diagonal matrix with
different diagonal elements or a triangular matrix.

(iii) The PM is coupled, if ], is neither a triangular nor a
diagonal matrix.

3.1.2. Decoupling. Each output of DPMs is controlled by one
or a group of inputs. Each coordinate (s;) (i = 1,2,...,6) of
the reference point of the moving platform depends on single

FIGURE 1: Canonical configuration of the twist.

or a group of driving pairs (g;) (i = 1,2,...,6), the expression
being given as follows:

'51 = fi(a)

= h (%"12)
S=FQ-=1 (10)

[ S6 = fs (‘11’ 92>93>94> 95> %) .

3.2. Type Synthesis of DPMs. Decoupled motion of parallel
mechanisms means the motion characteristics of the moving
platform satisfies canonical configuration in all directions.
Based on screw theory, the active twist must be linearly
independent with other twists of the limb. The twist of the
moving platform of parallel mechanism in general form is

S= (wx, Wy W3V, Vs Z), (11)

where w = (w,,w,,w,) is the angular velocity and v =
(Vs V) v,) is the linear velocity.

The canonical configuration means that the axes of the
revolute pairs must be orthogonal to each other and the
directions of the prismatic pairs must be perpendicular to
each other. The canonical configuration can be represented
as infinity tetrahedron, as shown in Figure 1 [25].

The realized conditions of decoupled movement of the
moving platform depend on two factors: the configuration of
the limb and the selection criterion of the driving pairs.

3.2.1. Type Synthesis Criteria of the Limb Decoupling. The
kinematic characteristics of the limb can be expressed by the
exponential product equation. That is,

915169252 AU T eeﬂf“gST (O) N (12)

gsr (0) = € ¢
where ggr(0) is the position of the limb with respect to 0,
&, is axis coordinate of identity screw of the ith joint (i =
1,2,...,n), 0; is motion parameters of ith joint, and gg(0)
is initial position of the limb.

When ¢&; is a revolute pair, ; € S' is a revolute angle of
ith joint. When ¢; is a prismatic pair, 6; € R is a displacement
of ith joint.



Equation (12) shows the calculation is more simple and
quick if the revolute pair is located next to the moving
platform. This is more useful in limb design.

The independent limb synthesis depends on the dimen-
sional constraint of the limb [3]. In order to realize orthogonal
constraints, the limbs must synthesize in orthogonal con-
figuration. The kinematic pairs also must be synthesized in
orthogonal conditions, which are as follows:

(1) The number of limbs could be determined according
to topological conditions of (2).

(2) In different directions, the prismatic pairs must be
perpendicular to each other.

(3) The axes of the revolute pairs must be orthogonal or
parallel to each other.

(4) The axes of the revolute pairs must be perpendicular
with the prismatic pairs.

(5) The prismatic pairs should be placed close to the base.

(6) The last kinematic pair in the kinematic chain of all
limbs must be revolute pair if the output of the moving
platform has rotation movement requirement. The
axes of all revolute pairs must be parallel with direc-
tion of the rotation of the moving platform.

3.2.2. Selection Criteria of the Driving Pairs. The selection of
driving pairs must follow the following criteria:

(1) The number of driving pairs should be determined
according to topological conditions of (2).

(2) The DOF of the mechanism must be zero when the
driving pairs are locked.

(3) The driving pairs should be distributed among all
limbs as evenly as possible. It can be conveniently
controlled as expressed in (10).

(4) In order to reduce the inertia of the mechanism, the
driving pairs should preferably be placed on the base
or close to the base.

3.3. Procedure of the Type Synthesis for DPMs. The procedure
of type synthesis using Lie groups and screw theory can be
summarized as follows:

(1) Identifying the topological conditions, defining the
number of limbs and the structure parameters.

(2) Generating the equivalent limbs according to
required DOF of DPMs by Lie groups.

(3) Distributing the corresponding constraint screw for
each limb according to type synthesis method of the
reciprocal screws of the screw system for DPMs.

(4) Selecting limbs from the equivalent limbs to satisfy
the synthesis criteria of limb decoupling and the
criteria of the driving pairs.

(5) Classifying the limbs from Step (4) according to the
reciprocal screws of the screw system of Step (3).
Different mobility limbs were obtained.
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(6) Generating different mobility decoupled limbs, con-
figuring DPMs.

The procedure of type synthesis for DPMs is presented in
Figure 2.

4. Type Synthesis of 2T1R DPMs

The characteristics of the moving platform of 2T1R DPMs
are two translational DOFs and one rotational DOF. The
rotational axis of the revolute DOF can be parallel or per-
pendicular to the plane composed of the translational axes.
Therefore, the type synthesis of DPMs should be discussed
separately. This work focuses on the parallel situation and the
result for the vertical situation will be presented directly.

4.1. Topological Condition of 2TIR DPMs. The characteristics
of the moving platform of 2T1R DPMs is

(0,037, v,,0). (13)
The intersection algorithm was employed as follows:

(00:0,0,v,,7,,0) = (,, 0,05, v,,0)
(
(@
N (@ 0,05 v,,v, 0) (14)
(s
(@

ﬂ(w s Wy W3V vy,v)

According to the parameters relationship of (2), the
structure parameters can be expressed as follows:

Fp=3,
N =3,
m=3, (15)
q; =1,
n=0.

4.2. Synthesis of Equivalent Limbs of 2TIR DPMs Based
on Lie Groups. The moving platform of DPMs with 2TIR
movements can be expressed as semidirect product of two
translations and one rotation of Lie groups [26]:

SE(3)=SO0(2)®T(2). (16)

The displacement subgroup is

(@) = e au+ v
A AN

wherew = Rz,u,v Lworu||worv | w.

0 € [0,27] }
, o (17)
a,B€R
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FIGURE 2: Procedure of type synthesis for DPMs.
The transformed canonical configuration is as follows: The reciprocal screw system is
0z 6 € (0,27
g(2) = e” ax+ By [0, 27] C as) . = (0,0,1;0,0,0)
0 1 a,feR
8, =18,=(0,0,0,0,1,0) (22)

Generated canonical configuration submanifold is
T,(Z")-R(N,x) =T, (w)) - R(N, w,). (19)

From (16)~(19), the Lie groups conditions of 2T1R DPMs
are

T, (x)- R(N,y) = T, (x) - 4 (N, x, y) = D3 (N, x, y)
=g(x)-R(N,y)=x(y).

Based on (20) generate the equivalent limbs, as shown in
Table 1.

(20)

4.3. Distributing Constraint Screw for Different Limbs Based on
Screw Theory. 'The screw system of 2T1R DPMs is

g = (1,0,0;0,0,0)
SM = )g;n = (0)0>0; 1,0,0)
g7 =(0,0,0;0,1,0).

(21)

8, =(0,0,0;0,0,1).

According to screw theory, there are two constraint
couples and one constraint force. The limbs reciprocal screw
system is as follows:

(1) The DOF of limb is 5, which contains one constraint
force, and the other limbs with constraint force must
be parallel with the first force in space.

(2) The DOF of limb is 4, which contains one constraint
couple and one constraint force. The constraint force
is parallel with the constraint force of the first limb.

(3) The DOF of limb is 3, which contains two constraint
couples and one constraint force. All couples of limbs
must be noncoplanar in space and not parallel in
space. The constraint force is parallel with the other
two limbs and coplanar in space.
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TaBLE 1: The equivalent limbs of 2T1R PMs.

Generator Equivalent limbs

T,(x)-R(N,y) [*P’PPR, *P’C, “P’R’P, ['P’P,)’R, [°P,”PI’R, [*P,”C], “PR'P, [°P,”P,’R

T,(x) - [*P’P*P’R°R], [*P’P°P,R*R], [*'P’P,*P,”R*R], [*P,”P,°P,”R*R], [P’ P°P**U], [*P’P*P*U], [*"P’C*C],

p(N, x, y) [*P’P,*P*U], ['P’P,°P,*U], ['P,”C*C]
‘R°R°R’R’R, "R’R°R°R°R, "R°R°R°R’R, “‘R’R’R°R°R, “R°R’R’R°R, “R°R’*U’R, U’ R°R*R, "R°R*R’*U,
RPUU, PPUPPUCR, “R*R°R[*P’R], ["P’RI°R*R°R, “R°R°R[°P’R], [*P’RI*R*R°R, [*"P°R°R)’R’R, "R”R[*P°R*R],
PP°R°RI’R’R, "R’R[’P°R*R], "R[*P*R°R)’R, "RI’P*R°R)’R, "R[*P’R*R)’R, “P°R°R’R’R, "P’'R°*R’R’R,

D3(N,x, ) ‘R'R’R[*P°R], “R”R’R[’P°R], “R°R’R’R*P, ‘R°R’R’R’P, *R*P/"R’R°R, [*R’P/’R’R°R, [*P”*UI°R°R,
[FP*UI*R°R, “U’R[*P*R], ”U’R[’P*R], “R*R’C’R, ’R*R°R’C, ["R*R*P”*U], "R*R’P”*U], “R*R[’C’R],
PC’RI°R°R, “RI’C’RI°R, “R7C°U, "R’C°U, [FR’C*U], [P*UPU’P], P*U?U*P], [°P’RI[*P’R*R],
[*P’RI’P’R°R], "R’R[*P’P°R], ["P*R?'U°P], "P°R¥U*P], ["'P*’R¥U’P], ["P*’C”UI, ["P*°C”U]
*R*R*R’R, "R*R*R”U, [*R°P]”U, ['R*R°P)’R, ['R*R’P)’R, *R*R°C,

g(x)-R(N,y) “R'R’R’P, "RYU’P, “PYU’P, ['R'P°PIR, ['R*P/’R’P, "R°P’C, ['R*'R*P, R,

['R°P, U, [*P’P, U, ['R'P,°PI’R, ['R’P,’P, "R, [*P,”P,]”U

PR'R'R’P], PR'R'R’P,], PR'R’C], ['P’R’R’P], ['P’R'R’P,], ['P,”R'R’P],
x(») [*P,”R’R’P,], ['P’R’C], ['P,R’C], ["P*P’R’P], ['P*P, R’P], ['P°P’R’P,],
[*P°P,’R’P,], ['P,°P,”R’P,], [*P°P’C], ['P*P,”C], ['P,”P’C], [*P,"P,’C]

Note. (1) R, P, C, and U stand for revolute, prismatic, cylindrical, and universal joint and P, stands for parallelogram loop pair. (2) The notation of black body

represents the planar joints. (3) The internal joint of [] can be arbitrary in order.

4.4. Selecting Limbs of 2TIR DPMs Based on Screw Theory

Limb 1. The DOF of limb is equal to 5, which contains one
constraint force; that is,

h, =0 (pitch of the wrench). (23)

The kinematic pair (KP for short) screw is a fifth-order
screw system. All screws of limb are reciprocal with the
constraint wrench.

(1) For revolute pairs, h = 0. Based on reciprocal screw
theory, the condition is

a=0
(24)
or sina =0,

where a is the common normal of two axes and « is the
intersection angle of two axes.
The axes of the revolute pairs must be parallel or inter-
secting with the constraint wrench in the KP screw system.
(2) For prismatic pairs, i = co. Based on reciprocal screw
theory, the condition is

8.8 =cosa=0. (25)

The directions of the prismatic pairs must be perpendic-
ular to the constraint wrench. The constraint force is

£ =(0,0,150,0,0). (26)

From (24)~(26) and the criteria in Section 3.2, the
orthogonal basis (s|") of the KP screw systems is

s, = (1,0,0;0,0,0)
s, =(0,1,0;0,0,0)
si" = {s;=(0,0,1;0,0,0) (27)
s¢=(0,0,0;1,0,0)

55 = (0,0,050,1,0).

TaBLE 2: Equivalent limbs of one constraint force.

Equivalent limbs with Equivalent limbs with

Generator . .. ..
simple joints complex joints

Ty(x) - (N, x, y) — —
‘R'R'R'R’R RPU?U

Dg(N) X, y) szRzR[zPyR] SRRV U°P

The KP screw systems that satisty (27) in Table 1 are listed
in Table 2.

Limb 2. The DOF of limb is equal to 4, which contains one
constraint force and one constraint couple; that is,

hrl =0;
(28)
h,, = oco.

The KP screw is a fourth-order screw system. All screws
of limb are reciprocal with the constraint wrench.

(1) For revolute pairs, h = 0. Based on reciprocal screw
theory, the condition is

cosa; =0,
(29)
acosa, =0,

where o; (i = 1,2) is the intersection angle of two axes.

(2) For prismatic pairs, h = o©o. Based on reciprocal
screw theory, the axes of the prismatic pairs must be linearly
independent.

The limbs contain one constraint force and one constraint
couple is expressed as follows:

Ir

12 o1 = (0,0,1;0,0,0)

L (30)
22 = (0>0a0;0> 1,0)
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TaBLE 3: Equivalent limbs of one constraint force and one couple.

TABLE 4: Equivalent limbs with one constraint force and two couples.

Equivalent limbs with Equivalent limbs with

Equivalent limbs with Equivalent limbs with

Generator . .. .. Generator . L. ..
simple joints complex joints simple joints complex joints
g(x) - R(N, x) — — T, (x)-R(N, y) *pP’R'P —
) "R'R’R’P TRIR’C
A *P'R'R’P “PR'C

From (29)~(30) and the criteria in Section 3.2, the
orthogonal basis (s,') of the KP screw system can be obtained
as follows:

s, = (1,0,050,0,0)

s, =(0,0,1;0,0,0
o fo ) o
SS = (0) 0) 0; 1)0’ 0)

s, = (0,0,0;0,1,0).

The KP screw systems that satisfy (31) in Table I are listed
in Table 3.

Limb 3. The DOF of limb is 3, which contains one constraint
force and two constraint couples. That is,

hrl = 0;
(32)
hrz = hr3 = 0.

The KP screw is a third-order screw system. All screws of
limb are reciprocal with the constraint wrench.

(1) For revolute pairs, h = 0. Based on reciprocal screw
theory, the condition is

asina; =0,
cosa, =0, (33)
cosay =0,

where o; (i = 1,2, 3) is the intersection angle of two axes.
(2) For prismatic pairs, h = h, = 00. Based on reciprocal
screw theory, the condition is

cosa; =0,
cosa, =0, (34)
asinos = 0.

The limbs contain one constraint force and two constraint
couples are expressed as follows:

'k
5, = (0,0,1;0,0,0)
l
8, = {85 =(0,0,0;0,1,0) (35)

=(0,0,0,0,0,1).

TaBLE 5: The configuration of 2TIR DPMs.

N Combination form Number of configurations
1 L,UL,UL, 4
2 L,UL, UL, —
3 L,UL,UL, 3

Note. L; is the ith limb.

From (33)~(35) and the criteria in Section 3.2, the
orthogonal basis (s}') of the KP screw system is

asina; =0 cosa; =0

m

s; =qcosa, =0 N qcosar, =0 (36)
cosaz =0 asinog = 0.

The KP screw systems that satisfy (36) in Table 1 are listed
in Table 4.

4.5. Type Synthesis of 2T1R DPMs. According to screw theory,
the reciprocal screw system of 2T1R DPMs is

Su=8 N8 ng =s'nsy nsy. (37)

The configuration of 2TIR DPMs with basic complex
joints (the mechanism only with simple joints are no actual
use) can be constituted as Table 5.

The rotational axis of the revolute DOF is parallel to the
plane composed of the translational axes, called spatial 2T1R
DPMs.

According to Table 5, spatial 2T1R DPMs are presented in
Figures 3 and 4, with the notation of R;j, where i represents
the number of limbs and j represents the order of the joint.
The underlined is the driving pair, and the joint in bracket is
driving pair of the complex pair.

In Figure 3, the moving platform (MP) is connected by
three limbs whose DOFs are different. The relationship of the
subspace of L; is

s’ D8, sy (38)

The MP has three independent motions (2 translations
and 1rotation). In Figure 3(a), the rotation of the MP depends
on driving pair R,;, and the translations of the MP depend
on driving pairs P,; and Py;. In Figure 3(b), the rotation
of the MP depends on driving pair R}, the translations of
the MP depend on driving pairs P,, and P;,. In Figure 3(c),
the rotation of the MP depends on driving pair P,;, and the
translations of the MP depend on driving pairs P,; and Ps;. In
Figure 3(d), the rotation of the MP depends on driving pair
P,;, and the translations of the MP depend on driving pairs
P,, and P;,. The configuration is completely decoupled.



(c) PRRU-C(P)RR-PPR
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(b) RUU-PCR-PPR

(d) PRRU-PCR-PPR

FIGURE 3: Spatial 2T1R DPMs.

Figures 3(a) and 3(c) show two optimal configurations, in
which the moving inertia of the mechanism is smallest for the
actuators close to the base.

In Figure 4, the moving platform (MP) is connected by
three limbs in which L, and L, have the same DOE The
relationship of the subspace of L; is

s =8, sy (39)

The MP has three independent motions (2 translations
and I rotation). In Figure 4(a), the rotation of the MP depends
on driving pair R,,, the translations of the MP depend on
driving pairs P;; and P,. In Figure 4(b), the rotation of the
MP depends on driving pair R;,, and the translations of the
MP depend on driving pairs P,; and P;,. In Figure 4(c), the
rotation of the MP depends on driving pair R;;, and the
translations of the MP depend on driving pairs P,; and P;;.
The configuration is decoupled.

Figure 4(c) shows a design with actuators located on the
base, which reduces the moving inertia of the mechanism.

The rotational axis of the revolute DOF is vertical to the
plane composed of the translational axes, called planar 2T1R
DPMs.

According to the method introduced here, the planar
2T1R DPMs will be derived. The results are shown in Figures
5 and 6.

In Figure 5, the moving platform (MP) is connected by
three limbs whose DOFs are different. The relationship of the
subspace of L; is

s;'Ds, sy (40)

The MP has three independent motions (2 translations
and 1 rotation). The rotation of the MP depends on driving
pair R;;, and the translations of the MP depend on driving
pairs P,; and P;,. The configuration is decoupled. The driving
pair is installed in the fixed platform. The moving inertia of
the mechanism is smallest.

In Figure 6, the moving platform (MP) is connected by
three limbs in which L, and L, have the same DOF. The
relationship of the subspace of L; is

=8, D8 (41)

s

The MP has three independent motions (2 translations
and I rotation). In Figure 6(a), the rotation of the MP depends
on driving pair R;,, and the translations of the MP depend on
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(a) PCR-C(R)PRR-PPR

() C(R)RR-C(P)RR-PPR

FIGURE 4: Spatial 2T1R DPMs.

(a) PUU-C(P)RR-PPR

(b) RUU-PCR-PPR

FIGURE 5: Planar 2T1R DPMs.

driving pairs P,, and P;;. In Figures 6(b) and 6(c) the rotation
of the MP depends on driving pair R,;, and the translations
of the MP depend on driving pairs P, and P;;.

Similarly, the driving pair is installed in the fixed plat-
form. The moving inertia of the mechanism is smallest.

In total, 12 parallel mechanisms with decoupled 2T1R
motions were synthesized. To the authors’ best knowledge,
this is the first time that these mechanisms are synthesized
and reported.

5. Analysis of the Synthesized 2T1R DPM

Figure 7 shows one of the spatial 2TIR DPMs (Figure 3(c)).
According to the modified Kutzbach-Grubler criterion [28],
the DOF of the spatial parallel mechanism is readily found as
3.

As shown in Figure 7, there are two prismatic pairs
(P, P;) and cylindrical pair C, is the driving pair. H is one
point of line [ on the moving platform. g; (i = 1,2,3) is the
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(b) C(P)RR-C(R)RR-PPR

(c) PCR-C(R)RR-PPR

FIGURE 6: Planar 2T1R DPMs.

FIGURE 7: One of spatial 2TIR DPMs.

moving distance of the driving pairs. d; (i = 1,2,3) is the
moving range of P;, C,, and Py, where d; = d; +d..
The kinematic equation is

arctan %

H‘Px
Hx = 2 . (42)
Hy

P

Differentiating (42) with respect to time yields

H,, S 00|([h

B =] hA ' 4
x| = 0o 10l||P|- (43)
H, 0 0 1|Lps

J, is a diagonal matrix with different diagonal element.
The PM is a decoupled mechanism in the whole workspace.

6. Conclusions

This paper presents a new design method to synthesize DPMs
by virtue of Lie groups and screw theory. The method is
developed by synthesizing separately at limb and configu-
ration levels. At limb level, Lie group is used to synthesize
the limbs with required DOFs. At configuration level, the
screw theory is adopted to determine configurations with
synthesized limbs that satisfy the type synthesis criteria of
DPMs. A number of constraints on the joint axes are analyzed
and formulated.

With the synthesis method, type synthesis was conducted,
which leads to totally 12 decoupled parallel mechanisms for
2T1R motions. Of these mechanisms, seven are able to pro-
duce spatial motions, while the remaining five produce planar
decoupled motions. This is the first time these mechanisms
are synthesized, which is a major contribution of this work.
All the mechanisms can be considered for their practical
applications of engineering.

The proposed synthesis method is based on the orthog-
onal conditions of limbs, namely, a set of constraints of joint
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axes in the kinematic chain of a limb. Generally, all decoupled
mechanisms have to be synthesized with orthogonal condi-
tions. For this work, these conditions are established for the
2T1R motion. When the method is extended for other types
of motions, particularly for motions with more degrees of
freedom, the conditions have to be checked and validated.
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