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LOCAL SPECTRAL DEFORMATION

by Matthias ENGELMANN,
Jacob Schach MOALLER & Morten Grud RASMUSSEN (*)

ABSTRACT. — We develop an analytic perturbation theory for eigenvalues with
finite multiplicities, embedded into the essential spectrum of a self-adjoint opera-
tor H. We assume the existence of another self-adjoint operator A for which the
family Hy = e'®A He 194 extends analytically from the real line to a strip in the
complex plane. Assuming a Mourre estimate holds for i[H, A] in the vicinity of the
eigenvalue, we prove that the essential spectrum is locally deformed away from the
eigenvalue, leaving it isolated and thus permitting an application of Kato’s analytic
perturbation theory.

RiSUME. — Nous construisons dans cet article une théorie de perturbation ana-
lytique pour des valeurs propres avec multiplicités finies, plongées dans le spectre
essentiel d’un opérateur auto-adjoint H. Pour pouvoir faire ¢a on suppose l’exis-
tence d’un autre opérateur auto-adjoint A pour lequel la famille Hy = !4 He=104
a une extension analytique de la ligne réelle & une bande dans le plan complexe.
En supposant que l'estimation de Mourre soit vraie pour i[H, A] au voisinage de la
valeur propre, on montre que le spectre essentiel est localement déformé afin qu’il
ne contienne plus la valeur propre permettant ainsi ’application de la théorie de
la perturbation analytique de Kato.

1. Introduction

The investigation of the essential spectrum of a self-adjoint operator
via spectral deformation techniques goes back to two papers by Aguilar—
Combes and Balslev—Combes, see [1] and [3]. The starting point of the
whole theory is the behavior of the Laplace operator under dilations. We
define the unitary group of dilations on L%(R%) by

U0)(z) = e2%)(e’z), for 6 € R.

Keywords: Analytic perturbation theory, spectral deformation, Mourre theory.
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768 M. ENGELMANN, J. S. M@LLER & M. G. RASMUSSEN

Under conjugation with U(6) the Laplace operator transforms into
UB)AUB) L =e 2PA.

The right-hand side extends by analytic continuation to § € C. Thus, the
spectrum of e=2? A is a half-line starting at 0 which has an angle of —2Im 6
to the real line. The observation by Aguilar and Combes was that for certain
one-body potentials V', the essential spectrum of the Schrédinger operator
H = —A 4V exhibits the same behavior, when conjugated with U(6).

This idea is generalized by Balslev and Combes to the situation of many-
body Schrédinger operators. After dilation, the essential spectrum consists
of multiple half-lines, one starting at each threshold (eigenvalue of a sub-
system Hamiltonian) protruding into the complex plane at a common angle
—2Im 6. Any non-threshold embedded eigenvalue will remain on the real
axis, as an isolated eigenvalue of finite rank for which Kato’s analytic per-
turbation theory applies [17].

The class of (pair-)potentials for which this strategy works are called
dilation analytic. The theory of dilation analytic potentials and its appli-
cation to quantum mechanics is summed up in [26]. The method has been
refined to include potentials that may be locally singular using so-called
exterior complex scaling, which is needed to treat e.g. Born—-Oppenheimer
molecules [29].

In the paper [15], Hunziker and Sigal considered an abstract setup, where
the unitary group U(0) is, in principle, arbitrary and allowing for an an-
alytic extension of Hy = U(0)HU(#)* into a strip around the real axis.
Supposing that the continuous spectrum is locally deformed down into
the lower half-plane, when Im# > 0, leaving behind only isolated eigen-
values with finite rank Riesz projections, Hunziker and Sigal show that
there is a one-one correspondence between embedded eigenvalues of H and
real eigenvalues of the deformed Hamiltonian Hy, in the region where the
essential spectrum has been cleared away. This in turn permits an applica-
tion of Kato’s analytic perturbation theory for isolated eigenvalues of finite
multiplicity, thus enabling an analytic perturbation theory of embedded
eigenvalues as well as an analysis of resonances (poles of the resolvent are
complex eigenvalues of the deformed Hamiltonian).

In the present paper, we provide a natural set of abstract conditions on a
pair of self-adjoint operators H and A that ensures a local — in energy —
deformation of the essential spectrum of Hy, leaving embedded eigenvalues
isolated behind. Here A drives the unitary group U(f) = e'%4. Together
with the results of [15], this allows for an analytic perturbation theory of
“non-threshold” embedded eigenvalues. In fact, exterior complex scaling
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LOCAL SPECTRAL DEFORMATION 769

may be viewed as an example of our general result. We note that there are
refinements of exterior scaling that does not fit into our framework, where
U(#) is not a group [14].

To elucidate the role of the Mourre estimate in the theory of analytic
deformations, it is useful to expand Hy as a formal power series:

2
(1.1) Hy =% He 94 = H — 6i[H, A] + %P[[H, AL Al — ...

In fact, we shall in Subsect. 2.1 make sense out of this series strongly on
D(H).

Suppose Ag € R is an (embedded) eigenvalue of H. Based on the expan-
sion (1.1), it is reasonable to expect that a Mourre estimate

(1.2) i[H, Al > e~ CE(H — Xo| > w)(H) — K

will force the essential spectrum of Hy with Im 6 > 0 down into the lower
half-plane, at least near \g. Here, as usual, ¢,x,C > 0 and K is a com-
pact operator. The use of commutator estimates of this form goes back to
Mourre [22]. The compact error in the Mourre estimate leaves room for
finitely many eigenvalues to stay behind. In fact, Ay will stay behind, but
resonances — eigenvalues with negative imaginary part — may appear as
well. Exploiting the Mourre estimate in conjunction with the series (1.1) is
not new, cf. e.g. [21, 16].

The main difficulty in establishing the spectral picture discussed in the
preceding paragraph, comes from the fact that Hy is not (in general) normal
when Im 6 # 0. In Subsect. 2.2, we assume a Mourre estimate and perform
a Feshbach analysis to study the structure of the essential spectrum of Hy.
This puts us in a position to invoke [15]. In Subsect 2.3, we employ Kato’s
analytic perturbation theory, to conclude a theorem on analytic dependence
on parameters of embedded eigenvalues of H.

The main result of this paper, Theorem 2.13, may be summed up suc-
cinctly as follows: Let H, A be a pair of self-adjoint operators. Put Hy =
A He=194 for § € R, and assume

e V¢ € D(H), the map R 5 0 — Hpt (is well-defined and) extends
to an analytic function in a strip around the real axis.

e A Mourre estimate is satisfied for the pair H, A in the vicinity,
energetically, of an eigenvalue \g of H.

Then, for # with Im 6 > 0 not too large, we have

Oess(Hg) N {2z € C|Imz > —€'Im6/2, |[Rez — Xg| <K'} =0.

TOME 68 (2018), FASCICULE 2



770 M. ENGELMANN, J. S. M@LLER & M. G. RASMUSSEN

Here 0 < ¢/ < e and 0 < &’ < k plays a role similar to e and & in (1.2).
Apart from the two main conditions itemized above, we have to impose
some technical conditions on the pair H, A in order for the analysis to go
through.

Combining our main result, Theorem 2.13, with Hunziker—Sigal [15]
and Kato [17], yields an analytic perturbation theory for embedded “non-
threshold” eigenvalues, summed up in Theorems 2.19 and 2.21.

In Section 3, we apply our analysis to two-body dispersive systems with
real analytic one-body dispersion relations and a “dilation analytic” pair
interaction. Such a system is translation invariant, and we study the ana-
lytic dependence of possible embedded non-threshold eigenvalues on total
momentum.

The underlying motivation for this work in fact stems from three-body
scattering for dispersive systems. While there are several unresolved issues
surrounding scattering theory for three-body dispersive systems, one of
them arises when dealing with scattering channels consisting of one incom-
ing/outgoing free particle and one incoming/outgoing bound two-particle
cluster. The free dynamics of the two-particle cluster is governed by an
effective dispersion relation, which is in fact an eigenvalue of the two-body
subsystem as a function of the total momentum of the two-particle cluster.
If one cannot rule out the existence of embedded eigenvalues, then knowing
that such effective dispersion relations are real analytic would allow one to
argue that the associated threshold energies are nowhere dense. We can only
say something about non-threshold energies, but that should in principle
suffice, since the threshold set of two-body systems is well understood.

To conclude this introduction we discuss two examples. A trivial case
of an operator which admits a band of embedded eigenvalues depending
real-analytically on a parameter is provided in the following example.

Example 1.1 ([7]). — Let Hy = A? as an operator on H*(R?). Let
f € C5°(R?) be nonnegative, f > 0.
Then, for any & > 0 and since (—A + &)~ is positivity improving, we
have u(§) = (—A+&) 71 f is Schwartz class and strictly positive everywhere.
Put .
V() = ——(—A =& f € C(RY).
(©) = —og (A -0 € CE®)
Then
V(©Qu(é) = ~(=A = &) f = ~(-A = (A + u() = —A%u() + E2u().
Hence (Ho + V (€))u(¢) = £2u(€) and consequently, H (&) = Ho + V(€) has
an embedded eigenvalue at the energy E = £2.

ANNALES DE L’INSTITUT FOURIER
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One can choose to read V(€) as a function of £ > 0. The associated family
of operators H(£) = A? + V(&) will now have a persistent (real analytic)
band of embedded eigenvalues E(£) = £2.

Since the strategy of the paper is to transform the Hamiltonian into a
non-self-adjoint operator with receding essential spectrum in the area of in-
terest, the question whether or not our assumptions are too strong arises.
In particular, one could be tempted to hope that the minimal requirements
of Kato’s theory are sufficient. This however is not the case, since the fol-
lowing example illustrates that one cannot expect the usual conclusions of
Kato to hold true, when one considers the behavior of embedded eigenval-
ues of self-adjoint operators under analytic perturbations. We recall from
Kato [17] that for one-parameter holomorphic families of self-adjoint oper-
ators, isolated eigenvalues of finite multiplicity may split up while locally
preserving total multiplicity and forming real analytic branches that (suit-
ably ordered) are real analytic through crossings. For non-normal holomor-
phic families it is only the algebraic multiplicity that is locally conserved
(in C), and eigenvalue branches may have at most algebraic singularities
at crossings.

Example 1.2. — Let H = L*(R?) @ C and define

—A-1z|<1 0
= (47 o)
with domain H?(R?) & C. There exist p > 0, such that For ¢ € R with
0 < |€] < p, the operator —A — £21[|x| < 1] has a unique eigenvalue \(€),
which is simple and depends real analytically on 0 < |¢] < p. See [28].
We may extend A to a continuous function on (—p, p) by setting A(0) = 0.
Hence, for & € (—p,p), opp(H(E)) = {A(&),0} and & — H() is clearly
analytic of Type (A). We observe two things:

(1) At & = 0, there is a single simple eigenvalue A = 0. But we have
two branches of eigenvalues coming out for £ # 0. That is, the total
multiplicity of the eigenvalue cluster is not upper semi-continuous.

(2) The lower of the two eigenvalue branches £ — A(€) does not con-
tinue analytically through & = 0, nor does it have an algebraic
singularity at & = 0, more precisely; |A(€)| < e (@€ for some
a >0, cf. [28].

For a closely related example, see [12, p. 585].

Acknowledgement. The authors thank an anonymous referee on an
earlier version of this manuscript, who observed that one of our assumptions
— now removed — from Section 2.2 was superfluous.
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2. General Theory
2.1. Generalized Dilations

In this subsection H and A denote two self-adjoint operators on a com-
plex separable Hilbert space H. The inner product (-, -) is assumed linear
in the second variable and conjugate linear in the first variable. We asso-
ciate to an (unbounded) operator T with domain D(T), its graph norm
Il = [|T%]| +]%]], as a norm on the subspace D(T"). We shall frequently,
for self-adjoint 7', exploit the easy estimate % ||¢[lr < |[(T +i)¢|| < [|[¢[|7

We work throughout Section 2 under the following condition:

CONDITION 2.1.
(1) Abbreviating U(t) = €' for t € R, we assume U(t)D(H) C D(H)
for all t € R and
Yy e D(H): sup |[HU(t)Y| < .

It1<1
(2) The quadratic form on D(H) N D(A) x D(H) N D(A) given by
is continuous w.r.t. the norm ||(¢, ©)||m := |¥lla + ¢l w-
(3) There exists R > 0 such that for any ¢ € D(H), the map
Rot— Hpp:=U@)HU(-t)
extends to a strongly analytic H-valued function { Hyp1 }gecs,,, where
(2.1) Sk = {z € C|[Im(2)| < R}.
This defines a collection of linear operators {Hg}ocs, with domain
D(H).
(4) For Hy defined above, note that Ho(H +1)~* € B(H) by the closed
graph theorem.®") We suppose that

M := sup |He(H+1)!| < o0.
6eB%(0)
Remarks 2.2.

(1) In Condition 2.1(1), the demand that supy <, [HU#)Y| < oo,
for v € D(H), is in fact a consequence of the assumption that
U(t)D(H) C D(H) for all t. For a proof of this fact, we refer the
reader to [2, Prop. 3.2.5].

(l)Hg is closable, since Hg C Hj.

ANNALES DE L’INSTITUT FOURIER



LOCAL SPECTRAL DEFORMATION 773

(2) The Conditions 2.1 (1) and (2) go back to Mourre [22] and are equiv-
alent to saying that H is of class C*(A) with commutator [H, A]°
bounded as an operator from D(H) into H. See [19, Prop. B.11].

(3) Another consequence of Conditions 2.1(1) and (2) is the density
of D(H) N D(A) in both D(H) and D(A), equipped with their
respective graph norms. See [19, Lemma B.10].

(4) It suffices that the map 6 — Hyt extends from (—R, R) to B%(0)
in order to obtain an extension into Sg. Indeed, since we assume
that U(t)D(H) C D(H), the composition HyU (t) makes sense on
D(H) for all § € BS(0). Let t € R and 0 € (t — R,t + R), then

Hopp =U(t)Hg_U(—t)y
extends from (¢t — R,t + R) to an analytic function on B%(t) for

all v € D(H). Sliding t along the real axis produces an analytic
continuation of Hy1 to the whole strip Sg.

We recall from [17] that if U C C is open then a family {7y }oecr of closed
operators is said to be analytic of Type (A) if the domain of Ty does not
depend on # and the map U > 6 — Ty is analytic for any v in the common
domain. If U C C%, then {Tp}pey is said to be analytic of Type (A), if it
is separately analytic of Type (A) in each of its d variables.

LEMMA 2.3. — Assume Conditions 2.1(1) and 2.1(2). The following
holds:

(1) For any ¢ € D(H), 6 € C and m € N, we have
wm(e) — e—A2/(2m)+i0Aw c D(H)
(2) If0 € R, we have limy, 00 ¥ (0) = U(0)y in the topology of D(H).
In particular (8 = 0), the set of vectors in D(H) that are analytic

vectors for A are dense in D(H).
(3) For ally € D(H) and m € N, the map 0 — H1,,(0) is entire.

Proof. — Put ), (0) = e=4"/(2m)+194y, Using the Fourier transform, we

may write

wm(e) _ ﬁe—m02/2/e—mt2/2+m9tU(t)w dt.
2w R

Note that for any m € N, the integral converges absolutely in D(H), since
U@ pemy < eltl, for all t € R, where ¢ > 0 is some constant. This is a
consequence of Condition 2.1 (1) and implies (1).

Let 6 € R. To show that 1,,(0) — U(#)y in D(H), it suffices to argue
that Hi,, () — HU ()9 in H. Since U(6)y € D(H) for real 6, it suffices

TOME 68 (2018), FASCICULE 2



774 M. ENGELMANN, J. S. M@LLER & M. G. RASMUSSEN

to prove this with 6 = 0. Here we observe that

vm e 2 () dt — 0,
[t1>1
due to the estimate ||U(t)¢|p(m) < el from before. Furthermore, the
estimate

(2.2) [(HU(t) = U@ H)P|| = [[(H- — H)p|| < Clt],

valid for |¢| < 1 with some C' > 0, follows from Condition 2.1(3) and finally
yields (2).

We now establish (3). Since the map 0 — 1),,,(0) is entire it suffices, by
Vitali-Porter’s theorem, to show that n|H(H + in)~'4,,(0)| is bounded
locally uniformly in 8 € C. But this follows easily from the estimates already
invoked above. O

It turns out that under the assumption in Condition 2.1 (1), the remain-
ing three items are equivalent to the statement that all iterated commu-
tators of H with A are H-bounded and satisfy a certain growth bound. If
these bounds are satisfied the analytic continuation of the family Hy can
be written as a power series in a neighborhood of 0. More precisely, we can
prove

PROPOSITION 2.4. — Assume Condition 2.1(1). Then the following two
properties are equivalent:
(1) Conditions 2.1(2)—(4).
(2) There exists a constant C > 0 such that: the iterated commutators
ad® (H) exist as H-bounded operators for all k € N and

(2.3) Had’j,(H)(H + i)’1H < CFRl.

If Condition 2.1 holds, then {Hpg}gc gc (0y With common domain D(H)
(o)t

is an analytic family of Type (A), and for all 6 € B((C?’C)_1 (0) and ¢ € D(H),

we have

0o _9 k'
(2.4) Hyp =" ( k!) i* adly (H)y
k=0
and
1
(2.5) SIlle <IWlla, < 2[¥ln-
Remark 2.5. — If one supposes (1) with given R and M coming

from Condition 2.1(3) and (4), respectively, then one may choose C' =
max{1, M}/R in (2.3).
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LOCAL SPECTRAL DEFORMATION 775

Conversely, if one assumes (2) with a given C, then one may choose
R=(3C)"tand M = 3.

Since we have elected to state our assumptions in terms of an analytic
extension of H, we shall below employ the estimate (2.3) with

max{1, M}
—Fr

The expansion (2.4) of Hy and the relative bounds (2.5) will then hold true
for 0 € BS,(0), where

(2.6) C =

1 R

- _ vt
27) r= 3C  3max{1,M}’

Proof. — We begin with (2) = (1). Therefore, we assume that for all
k, the iterated commutators exist as H-bounded operators adZ(H ) and
that (2.3) holds.

That Condition 2.1(2) follows is obvious (take k = 1).

Note that Condition 2.1(1) ensures that Hy is well-defined for real 6 as
an operator with domain D(H).

Exploiting (2.3), we may for ¢ € D(H) and |0| < 1/C estimate

—[[6% [(H + )|
=0
Hence, the prescription
o (=0)*
(2.9) Sorp =Y i adi (H)y
k=0 ’

defines an analytic #{-valued function defined in the disc Bf/C(O). It is now
easy to check that the map ¢ — Syt defines — for each 6 € Bf/C(O) —a
linear operator with domain D(H).

The estimate (2.8) implies that

(2.10) Ve DH): |ISev] < (1 - Clo) " ¥ln,

and in particular that Sy is H-bounded.

We proceed to show that H and Sy (for 6 in a sufficiently small disc
centered at 0) define equivalent graph norms on D(H). Note that (2.10)
already establishes that there exists a constant C; > 0 independent of

0 c Bic/(30) (0) such that

[¥lls, < Crllglla -

TOME 68 (2018), FASCICULE 2
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In complete analogy to the first estimate, we estimate for ¢ € D(H) and
6 € By )0(0):

1ller = 1ol + [ H | < ], + D _(ClON* Il

k=1
Clo|

(2.11) = [[¥llsy + 1—7C’|9|H¢HH'

Hence, for 6 € Bic/(3c)(0) we have
1Yl < 2(1¢lls, -

This proves the claimed equivalence of graph norms and thus that Sy is
closed as an operator with domain D(H) for all § € Bf/ (3¢ (0). Abbreviat-
ing R = 1/(3C), we have now proved that {59}063%(0) is an analytic family
of Type (A). (Note that redoing the estimate (2.8) using || < 1/(3C) yields
llls, < 20lwlla as well.)

It remains, recalling Remark 2.2(4), to argue that Sy = Hy for 0 €
(=R, R). Let 1, ¢ € D(H) and put ¢,,, = e=4"/m)y and ¢,,, = e~ 47/ @m) g,
Then, with the notation of Lemma 2.3, we have

fm(e) - <wm>H0¢m> = <wm(é)vH¢7n(0)>
a priori for real 6, but extending to an entire function of . Here we used
Lemma 2.3(3).
We may use the assumption on the existence of iterated H-bounded
commutators ad¥ (H) to compute
d* fin
dox

= <"/va (_i)k ad]le(H)¢m> :
6=0
Since analytic functions in B%(0) are determined by their derivatives at
zero, we may conclude that

<7/}m; H0¢m> = <wm7 50¢m>

for all € Bg(O). Finally, we exploit Lemma 2.3 once more to compute the
limit m — oo in the above identity and conclude that for all § € (—R, R)
and ©¥,¢ € D(H) N D(A), we have (¢, Hoop) = (¢, Sp¢). By density of
D(H) N D(A) in D(H), we conclude that Hy = Sy for § € (—R,R) as
desired. It now follows from (2.10) that we may choose M = 3 in Condi-
tion 2.1(4).

In order to prove that (1) = (2), we assume that Conditions 2.1(2)—(4)
holds true. Let n,¢» € D(H). By Condition 2.1(1) and the analyticity of
0 — Hyp1, we may use [20, Prop. 2.2] to argue that all iterated commutators
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of A with H exists and are implemented by H-bounded operators, provided
we can establish that for every j € N there exist H-bounded operators H|; (@ )
such that
47
VO (-RR): o (n How)lg_o = (n HG').
As a starting point we use the analyticity of 8 — Hyt to obtain a power
series expansion for |f| < r < R, that is

(212) (n,Hoyp) = ZG be(n, ),  be(n,¢) = 2; /9 "1(n, Hyyp) 40

r,
where n € H and I, is the circle in the complex plane with radius r centered
at 0. Observe that the bg(n,1)’s define sesquilinear forms.

Using Condition 2.1(4), we get an M > 0 such that

b1 (0, )| < ||77||H¢||HRk,
where we also took the limit » — R. For every ¢ € D(H) (and k € N) there
thus exists a vector 1 such that by (n,v) = (n,¢) for alln € D(H). It follows

that the assignment Byt := 1) defines an H-bounded linear operator on
D(H). With this construction, we have

47
257 (1 Hovlg—o = (0, K'Bi)

and [20, Prop. 2.2] now implies that (2.3) holds with C := max{1, M}/R.
O

In the following we abbreviate

o Nk

2.13 Wy := Hy — H = (=) i ad® (H
k! A

k=1 :

as an operator with domain D(H). Observe for § € B%,(0) the estimate

_ C|0] 3C
2.14 Wo(H +1)7Y < —=— < =19,
(214) IWo( +0)7!1 < 1= g < 510
We have the following — rough but sufficient — spectral localization
result.

PROPOSITION 2.6. — Assume Condition 2.1. Then

V0 e BS(0): c {z+iy|lyl <4C10|(|=[ + 1)}.

TOME 68 (2018), FASCICULE 2



778 M. ENGELMANN, J. S. M@LLER & M. G. RASMUSSEN

Proof. — Let z € C with Im z # 0 and compute on D(H):
Hy—z=[1+Wy(H —2)"'] (H - 2).

Hence, Hy — z is invertible if |[Wy(H — 2z)~!|| < 1 due to the Neumann
series. The norm appearing in the previous inequality can be estimated
trivially by

WoH — 27 < [Wo(H + 1) sup 21
per [P — 2|
Let ¢ > 0. Suppose z = x +1iy with |y| > ¢(|z| +1). Then [p+i|?/|p— 2|?> <
(P*+1)/((p—2x)?+ 22 +?) < 4/c? uniformly in p, z and y. Using (2.14),
we have:

_ 3C6
(e =)~ < 290
for z = x + iy with |y| > ¢|z| The choice ¢ = 4C0| ensures convergence of
the Neumann series. g

LEMMA 2.7. — Assume Condition 2.1 and let 6 € B%,(0). We have
D(H;) = D(H) and Hj = H;.
Proof. — Let ¢, ¢ € D(H). We compute

(, Hyop) = fj<w7( O i a <H>¢>

k=0
= i <(_9)kik ady (H)y ¢> = (Hz¢b, ¢)
N k! A AR AR
k=0
Hence Hy C Hy. Conversely, let ¢ € D(H), ¢ € D(Hg) and set
(2.15) y = max {1,8CR'}.

Observe that iy € p(Hp) \ R, due to Proposition 2.6. We compute, using
the notation from (2.13)

(0, Hp)| < |(1, Hop)| + (0, W)
= (¢, Hod)| + |(¢, (Ho — 1y)(Ho — iy) ' Woo)|
< NHz vl + [[(Hy +iy)wll|(Ho — iy) "' Wad| .

Note that
Hy —1iy = (H —iy)(1
and that, recalling (2.7), (2.14) and (2.15

+ (H — )_1W9)

)

+(
)
z 1/2

oz =) wall < (sup Z220) ot = wal < 5.
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Abbreviating By = (1 + (H — iy) "'Ws) ™!, we may estimate
I(Ho —iy) ™ Woll < | Bollll(H — iy) ™' Woell < Cll¢].
Hence, there exists a C'y, > 0 such that

VoeD(H): [, Hp)| < Cylloll,

and therefore we may conclude that v € D(H*) = D(H), exploiting the
self-adjointness of H. This shows that D(H;) = D(H) and that Hj =

Hy. O

2.2. The Mourre Estimate

At this stage we will single out a specific energy Ay € R, where we shall
assume that H has an eigenvalue. In order for the dilated Hamiltonian
to have its essential spectrum out of the way of the eigenvalue, we shall
impose a Mourre estimate locally around Ag. To formulate the requirement,
we need the notation Fp(B) for the spectral projection associated with a
Borel set B C R and the self-adjoint operator H.

CONDITION 2.8. — Let Ay € R. For a pair of self-adjoint operators H
and A satisfying Condition 2.1, we further assume:
(1) Ao € opp(H).
(2) There exist e,C,k > 0 and a compact operator K, such that
(216) iadA(H)ZB—CEH(R\[/\o—H,/\0+/€])<H>—K

in the sense of quadratic forms on D(H).

Notation 2.9. — We write Py = Eg({)\o}) for the orthogonal projection
onto the eigenspace of H associated with the eigenvalue \g. Furthermore,
we abbreviate Pg = 1 — P, for the projection onto the orthogonal comple-
ment of the eigenspace.

Remarks 2.10.

(1) Observe that it is a consequence of Conditions 2.1(1), (2), 2.8(2),
and the Virial Theorem [9] that Py is a finite rank projection.

(2) Choosing x possibly smaller, one may replace the compact operator
K in (2.16) with a positive multiple of the eigenprojection Py. More
precisely,

(2.17) iads(H) > ¢ —C' (Eg(R\ [Mo — &', do + K (H) + Py),
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for suitably chosen constants ¢ € (0,¢], ¥ € (0,x] and C' > C.
It is in this form that we shall use the Mourre estimate, and for
convenience we assume &' < /3.

(3) Equation (2.17) differs from the more usual version of Mourre’s
estimate:

Ey(Diada(H)En(I) > eEn(I) — K,

where I = [Ag — K, A0 + k]. Under Condition 2.1, most notably
the consequence that ada(H) is an H-bounded operator, the two
estimates are equivalent. This would be false if the factor (H) is
replaced by 1 on the right-hand side of (2.17).

As a preparation for a Feshbach analysis, we have:

LEMMA 2.11. — For Ay € R and a pair of self-adjoint operators H and
A, we assume Conditions 2.1 and 2.8. The following three statements are
true for all § € B%,(0):

(1) PoHgPy is a closed operator with dense domain PoD(H).

(2) [PoHoPo)* = PoHgPo on the domain PyD(H), considered as an
operator on PyH.

(3) For all § € B%,(0): 0(PoHyPy) C {x + iy’ ly| < 4C|0|(|=| + 1)}

Proof. — As for (1), note first that HyPy with domain D(H) is closed,
since PoD(H) C D(H) and Hy with domain D(H) is a closed operator
(Proposition 2.4). To conclude, observe that the graph of PoHyPyq is the
range of the open map H & H > (v,p) — (Poy, Poyp) € PyH & PoH
applied to the graph of HyP.

We turn to the claim (2). Clearly, PoHzPy C [PoHgPo]*. Let ¢ €
D([PoHyPy|*) viewed as an element of PoH C H, and compute for ¢ €
D(H):

(¢, Hotp) = (Posp, Ho(Po + Po)y)
= (p, PoHoPoy)) + (Pow, HoPoy)) .
Since Py is finite rank operator and Hy is closed, it follows from the Closed
Graph Theorem that HyP, is bounded. Hence, there exists C' > 0 such
that

{0, Hot)| < Cl],
which implies that ¢ € D((Hp)*) = D(Hy) = D(H). Here we used Lem-
ma 2.7. Since PoH N D(H) = PoD(H), we are done.

The last claim (3) may be established by repeating the proof of Propo-
sition 2.6. ]
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In formulating the following proposition and in its proof, we make use of
the eigenvalue A from Condition 2.8 and the constants e’ and ' from (2.17).
The radius R’ was defined in (2.7). For the open upper half-plane, we use
the notation

(2.18) C*:={z€C|Im(z) > 0}.

PROPOSITION 2.12. — For a real number \g, and a pair of self-adjoint
operators H and A, we assume Conditions 2.1 and 2.8. Abbreviate for
o,p>0andf € C*:

(2.19)
Ro(o,p) = {z€C|Re(z) € (Ao —p, Ao+ p),Im(2) € (—o Im(f),0)},

There exist constants R”,p > 0 with R” < R', such that
(2.20) Voe B, (0)NCT: Role'/2,p) No(PoHePy) = 0.

Proof. — Using the constants from (2.17), we define a bounded operator
(2.21) L:=C'Eg(R\ [N — &', Ao+ K'])(H)(H — Xo) "

Note that |L|| < 4C'(\o)/k’, where we used ' < /3 and that ()\) <
2(Xo){(A — Ao). We claim suitable choices

. e
p = min {1’ 160'<>\0>/H’}7

(2.22)
R’ = min {R’,

6/

24C (5| M| + 11)(C" (Ao} /K + C) }

where C' and R’ were defined in (2.6) and (2.7), respectively. Recall that
R'C < RC<1/3.

Let 6 € CT N B%,(0) and pu € Ry(e’/2, p) N o(PoHyPy). Note that due
to Lemma 2.11(3), we may estimate

1/2

(2.23) lul < (Aol +p+1) (L+16R?C?) " < 2|A| + 4.

By Lemma 2.11(1), we may apply Lemma A.l to the operator T =
PyHyPy acting in PyH. Assume first that there exists a sequence 1, €
PoD(H) with [[1),]| = 1, such that

(2.24) 0y, 1= HPO(H@ — M)ﬁol/}nH — 0, forn— oco.
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We estimate for all n using (2.5) and (2.14) (recalling that C|0] < CR" <
1/3)

1Povnlly < 2[[Povnl,

<
<2 (Hﬁngﬁo’l/JnH + HPOWOPO'QZ%H + 1)
<2 (on+lu + = (|/\0|+1)+1>

(2.25) =20, + 5|Ao| + 11.

Here we used (2.23) in the last step. Exploiting the power series expan-
sion (2.4) of Hy, the Mourre estimate (2.17) and simplifying for real expec-
tation values, we obtain for any n

Im(u) =Im <F0¢n7 (/1' - H9)ﬁ0wn> + Im <P0wnu H0ﬁ0¢n>
= Im (Potn, (1 — Hg) Pothn) — Tm (Pyth, O ad a(H ) Pyt )
~Im <? b i SO (H)Poy) >
0%¥n, P k' A 0%¥n
= Im (Potn, (u — Ho) Pyt ) — Im(0)(Potpy,,iada(H)Poty,)

> Im ((— kY , _
By M@O% i* ad’y () Pov, )

k!
k=2
<op —Im(0) [¢ — C'(Poty, E(|H — A| = ') (H)Potpy, )]
> 1 —-0)F) _
(2.26) - ((T))<Pown,ik adfg(H)POzpn>.
k=2 ’

Note that for all k, we have | Im((—6)%)| < 2¥|Im(#)||6|*~1. Therefore,

522 CO8) (. a1 P

k!
k=2

<Y [ ((=0)%)| C* [[Potoul

k=2
< Cm(0) Y 2510 CF [Py
k=2

2000]
Tacp) IPovnla

(2.27) < 6[Im(0)| R"C? (20, + 5|A\o| + 11),

I

— C'[Im(9),
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where we used (2.25) and that C]6] < 1/3 in the last step. We estimate
using (2.14), recalling the definition (2.21) of the bounded self-adjoint op-
erator L,

C/

(Potm, Err(R\ [Ao = &', Ao + #]) (H) Potn)|
= [(Pon, LPo(H — Xo) Potn)|

< |[(Potpn, LPo(H — 1) Potpn )| + [Ao — Re(u)| |[{Potpn, LPotn )|
< ILI[Po(Hp — ) Potn || + IIL]| [[WoPotu|| + Ao — Re(u)] [|L]|
<Ll o + L] [|Wo (H + 1) 7| [[Potn | ;; + 1L

3 —
< 1Ellon + SCRLIPotbnlla + plIL|

3

(228) < ILIH(L+3CR") op + 5 (5]do] + 11) CR" [ L] + p |IL],
where we used (2.25) in the final step.

Combining (2.26), (2.27) and (2.28) we obtain

3
) <~ 1a(8) (& = SOR" (51l + (121 +40) = plz]
+ (14 [Im(6)|(12R"C? + || L||(1 + 3CR"))) on -

By the choices of p and R” from (2.22) and the estimate ||L|| < 4C"(X\o) /<,
we observe that
e/
2

and thus, taking the limit n — oo using (2.24), we arrive at

3
S B'CGol + 1)(IL] +4C) + ol L] <

e/

5 .
This estimate contradicts the choice of u € Ry(e’/2, p), cf. (2.19).
If (2.24) does not hold, then by Lemma 2.11(2) and Lemma A.1, there

exists a sequence ¢,, € PoD(Hp), with |¢,| =1 all n and

(2.29) Im(p) < —Im(0)

(2.30) on = ||Po(Hg — i) Po)én| — 0, for n — oco.

We now repeat the estimates (2.25)(2.29), replacing u by i and 6 by 6,
and recalling that Im(¢) > 0. This results in the estimate

/

Im(77) > —Im(0) 5

Hence Im(p) < —Im(f)e’/2, which completes the proof. O
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In the following, we use the definition oess(H) = o(H) \ 04disc(H ), where
oaisc(H) is the set of all isolated points A € o(H) such that when T" is
a counterclockwise loop around A, which separates A from the rest of the
spectrum, the Riesz projection

1

e
omt JE T H) A2

onto the generalized eigenspace has finite rank.
The following theorem is proven using the Feshbach reduction method,
for which Proposition 2.12 above is an essential prerequisite.

THEOREM 2.13. — For a real number A\, and a pair of self-adjoint op-
erators H and A, we assume Conditions 2.1 and 2.8. Then

VO e B, (0)NCT:  ous(Hp) NRy(e'/2,p) = 0.
The constants p, R" and the sets Ry come from Proposition 2.12.

Proof. — By Proposition 2.12 there exist R”,p > 0 such that for all
|6] < R” the closed operator PoHyP — 2Py is invertible on PoH for all
z € R :=Ry(e'/2,p). Define reduced resolvents

Ro(z) := (PoHy Py — 2Pg)

on PoH for z € R. Recall that Wy is defined in (2.13). For z € R we can
construct the Feshbach map on the finite dimensional subspace PyH:

FPo (Z) = P()(H9 - Z)PO - P()HQP()EQ(Z)P()HQPO
= PQ(W9 + Ao — Z)PQ - PQW@PQRQ(Z)POWQPO.

Clearly, Fp,(z) is a finite rank operator, which can be interpreted as a
matrix, and hence; by isospectrality of the Feshbach reduction [6, 11],

w€o(Hg) NR & det (Fp, (1)) =0.

Since for |Repu — M| < €//2 and Imp large it holds that u & o(Hp)
(cf. Proposition 2.6), we conclude by the Unique Continuation Theorem
for holomorphic functions that the set o(Hy) MR is locally finite. Note that
i € 0(Hp) N'R is necessarily an eigenvalue for Hy. In order to establish the
theorem, it remains to prove that the Riesz projections pertaining to the
eigenvalues in R are of finite rank. Let y € R No(Hy) and choose r > 0,
such that D C R\ o(Hyp), where D = {z € C|0 < |z — p| < r} denotes a
closed punctured disc.
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The inverse of Fip,(z) for z € D has a Laurent expansion

Fp,(2 ZB —w)F 4+ Bi(z— )t
k=0

convergent in the punctured disc D. Here N > 1 and { By }72 _ 5 denote lin-
ear operators on PyH. See [24, §6.1]. Note that the inverse has no essential
singularities since we are in finite dimension.

By [6, 11], for z € R\ o(Hy), the inverse Ry(z) of Hy— z can be recovered
from the inverse Feshbach operator and the reduced resolvent via the block
decomposition

PyRy(2)Py = Fp,(2)7*,

PyRy(2)Po = —Fp,(z) ' PoWyPoRo(2),

PoRy(2)Py = —Ry(2)PoWePyFp,(2) ',

PoRy(2)Po = Ry(2) + Re(2)PoWyPoFp,(2) ' PoWyPoRy(z).

Note that the map z — Rg(z) is analytic in R, so the only singularities are
those in o(Hp), coming from the inverse Feshbach operator.

Let v: [0,27] — C be the closed curve (t) = p + rel parametrizing the
(outer) boundary of D, encircling p. Recall the construction of the Riesz
projection

1

Py(n) = —5— | Ro(z)dz
y

associated with the eigenvalue p. The block decomposition of Ry(z) induces
a block decomposition of Py(u) and the Riesz projection has finite rank,
provided PoPy (1) Py is of finite rank. To check this, we compute

— FOPQ (M)?

= 27T1/ re +R0 POWGPOFPO( ) IPOWQP()EQ(Z)] dZ
vy

N
1 —
- Z 9 (2)PoWoPyB_y PoWyPoRy(z) dz

Z—
i

1 o0
o / >~ (e = ) Rale) PulPuBi P PoTi(z)
>

where we have used that the function R 3 z — Rp(z) is analytic. Moreover,
the integral in the last line of the equation above is carried out over an
analytic function, once again, and thus equals 0. The remaining N singular
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integrals can be evaluated by Cauchy’s Integral Formula:

1 _ _ —
5 [ (- 1) "R (2)PoWy Py B_1,PoWyPoRy(2) dz
ol
1 det s S
= mWRG(Z)POWQPOB—ICPOWGPORG(Z)

Z=u

_1,Z< > Dk — 1= )

x Ro(p) " PoWyPyB_, PoWyPoRo (1)
k—1
= (=" " Ro(u) T PoWo Py B_x PoWs PoRo ()" .
=0

Since each term in the sum above is a finite rank operator, we conclude
that PoPy(u)Py is of finite rank.

Since o(H) N'R is locally finite and all the associated Riesz projections
have finite rank, we have shown that oess(Hg) N'R = 0. This completes the
proof. O

Note that
D(U(9)) = {w €H ] /e”m@f dEy(z) < oo},
R

where Ey, is the spectral measure for A associated with the state . Moti-
vated by this we abbreviate for r > 0:

D,(A) = {qp e H’ /ReQTm dE,(z) < oo}.

Having established Theorem 2.13, we may conclude the following theorem
by invoking a general result of Hunziker and Sigal [15, Thm. 5.2].

THEOREM 2.14. — For a real number )y, and a pair of self-adjoint op-
erators H and A, we assume Conditions 2.1 and 2.8. Let § € B%,,(0)NC*.
Then the dilated Hamiltonian Hy has an isolated eigenvalue at Ag. Denote
by Py the associated Riesz projection. The following statements hold true:

(1) Range(Py) is the eigenspace of Hy pertaining to the eigenvalue \g.
(2) Py =U(-0)PyU(0) as a form identity on D) m(g)(4).
(3) Rank(Py) = Rank(Fy).
(4) Let r < R”. Then Range(Py) C D,(A).

Remark 2.15. — The above theorem implies that eigenfunctions per-
taining to the eigenvalue \g are analytic vectors for the operator A. This
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result was previously established by brute force in [20] under a slightly
weaker condition.

2.3. Analytic Perturbation Theory

CONDITION 2.16. — Let Ao € R, & € R?, and U C R an open (con-
nected) neighborhood of &y, A a self-adjoint operator on H and {H (§)}ecu
a family of self-adjoint operators on H.

(1) D(H(&)) =D(H(&)) =:D forall £ € U.

(2) For all € in U, the operator H() satisfies Condition 2.1 with the
same constants R and M.

(3) The triple Ay, A and H (&) satisfies Condition 2.8.

(4) There exists 6 € B%(0) with Im(6y) > 0, such that the map & —
Hy,(§) extends from U to an analytic family of Type (A) defined
for £ € Uc C C%, an open (connected) set with U C Uz NR.

Remark 2.17. — Suppose one strengthens Condition 2.16 and assumes
that £ — Hp (&) extends to an analytic family of Type (A) not just for one
6o but for all 8 in a complex disc of radius © < R around 0. Then one may
use Morera’s theorem to conclude that for any ) € D and n, we have

i ady (1 (€)= S /M/Q w6~ Hy (€)1 do,

2mi
a priori for real £, but since the right-hand side extends analytically to &

in a complex neighborhood of &y, so does the left-hand side. This will in
particular permit one to conclude that also for complex £ does the closed
operator H (&) iteratively admit commutators with A of arbitrary order.
(Note that H(E) ¢ H(&)*, by unique continuation.) Furthermore, the it-
erated commutators must coincide (strongly) with the analytic extension

from real & of ad’} (H (§))v, obtained above.

Recall the notation Ag for the eigenvalue of H(&p) with eigenprojection
Py. By Theorem 2.14, we know that \g is an isolated eigenvalue of Hy,(&o)
with finite rank eigenprojection Py,. Denote by ng the common rank of Py

and Py, .
Fix 0 < p’ < p, such that
(2.31) o (Hg, (£0)) N Bg, (M) = {Ao}

Remark 2.18. — We may choose 1’ > 0, such that for all £ € B}?,d (&o),
we have

o (He, (€)) N By (M) = opp(Ha, (€)) N By (ho)
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and the total algebraic multiplicity of the eigenvalues in BS, (Mo) equals ng
([17, §IV.4)).

By [15, Thm. 5.2], we may now conclude — just as we did with Theo-
rem 2.14 — that for all € € B}}}d (&o):

(2.32)  opp(H(E)) N (Ao = /s Ao+ p') = 0(H, (€)) N (Ao = o', Ao + p').

If the perturbation parameter £ is one-dimensional, we may in light
of Theorem 2.13 and Condition 2.16, invoke Kato, in the form of [17,
Thm. VII.1.8], and conclude the following theorem.

THEOREM 2.19. — Suppose Condition 2.16 and that d = 1. There exist
e >0 with (§ —r,éo+ 1) C U,

e natural numbers 0 < my < ng and nf,...,n}ni > 1 with nf +
cee n1:’|r:1j: < ng,
e real analytic functions )\1i7 e )\f,ii: Iy —» R, where I_ = (&, —1,&)

and I = (&,& + ), satisfying X (§) # A5 (€) for all 1 <i < j <
my and § € 14,
such that (recalling p' from (2.31))
(1) for any & € Iy, we have op(H(€)) N (Ao — o/, ho + p') = {AF(€),
RO,

(2) forall j =1,...,mx, we have limy, 5¢_¢, A7 (§) = Ao,

(3) the eigenvalue branches I+ > £ — A+(&) have constant algebraic
and geometric multiplicity njﬁ

(4) Each eigenvalue branch )\]i: I+ — R can be expanded in a con-
vergent Puiseux series near &y, that is; a convergent power series
expansion in (+(& — &))Y/¢ for some integer £ > 1.

Remark 2.20. — 1If )¢ is an isolated eigenvalue, then we know from
Kato [17] that the perturbed eigenvalues A are analytic at £ = &, that
is; in 4 one may choose £ = 1 (and the continuation through & yields one
of the other branches /\;F) Here we cannot exclude algebraic singularities
at &o, since the eigenvalues come from Hy,(§), which may not be a normal
operator. We do not know of an example of an embedded eigenvalue where
one cannot choose ¢ = 1.

In the case of multiple parameters, the structure of the point spectrum
becomes more complicated, and the right setting here is that of semi-
analytic sets, the definition of which is recalled in Appendix B. More pre-
cisely, we are interested in the analytic structure of the set

Spp = {(N &) ERxU| A€ opp(H(E))}-
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In the following section, we explore an example where £ is a total momen-
tum variable, in which case ¥, is the energy-momentum point spectrum.
The reader may wish to consult Definitions B.1(1) and B.1(2) before pro-
ceeding to the main theorem of this subsection:

THEOREM 2.21. — Suppose Condition 2.16. There exists r > 0 and
p > 0, such that with W = (Ao — p/, Ao + p/) X Bﬁl?d(fo), we have that
Yop NW € O(W). In particular, ¥, N W is a semi-analytic subset of W.

Proof. — Let 7’ be chosen as in Remark 2.18. The projection onto the

generalized eigenspace is the Riesz projection,
1 _
PO=PuO0O =gz [ e Ha @) e,
z—=Xo|=p’

T 2mi

which depends analytically on ¢ € BS(&). Write V(¢) = Range(P(¢))
for the generalized eigenspace of dimension ng and II: C* — TI(&) a
linear isomorphism identifying the unperturbed eigenspace with C™°. Fol-
lowing [10], we choose r € (0,r'] such that |[P(§) — P(&)| < 1/2 for
|€ — &l < 7. Then ©(§) := P({)|v(g,) defines a linear isomorphism from
V(&) onto V(&) with imverse ©-(€) = (1 + P(&) (P(€) — P(&))) " P(€0)
and
VEE BT (&) T(E) =10() " Hy, (OO

defines a family of linear operators on C% depending analytically on ¢ and
satisfying that o(T'(€)) = o(Hp,(£)) N BS,()\O). Hence, recalling (2.32),

Epp MW ={(A,§) € W| det(T'(§) — A) = 0}.

Here W is defined in the statement of the theorem. Split into real and
imaginary parts det(T(§)—\) = u(\, §)+iv(A, £), to obtain two real analytic
real-valued functions. Then

Spp MW = {(X, &) € W]u(X, &) =0} n{(\€) € W]|v(A,€) =0},
Since the right-hand side is an element of O(W), we are done. g

Remark 2.22. — 1In the one dimensional setup, the Puiseux expansion
of the eigenvalue branches in particular ensures that two distinct branches
separate as c|& —&|P/9 for some ¢ # 0 and some natural numbers p, g. (This
behavior is violated in Example 1.2) It is not apparent in the higher dimen-
sional setup that something like this holds true. There is however a remnant
in the theory of semi-analytic sets called the Lojasiewicz inequality, which
can be interpreted as a statement that two distinct strata that meet at a
common boundary stratum, does so with an algebraic lower bound in the
distance to the boundary. See [4, §7].
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3. Example

We introduce a two-particle Hamiltonian on L?(R¢) by
Hy = wi(p1) +wa(p2) + V(zy — 22) MK,
where p; = —iV,,, 7; € RY.
We impose the following set of conditions on wi,ws and V:

CoNDITION 3.1 (Properties of wy,wy and V).

(1) The w;’s are real-valued, real analytic functions on R? and there
exists R > 0, such that the w;’s extend to analytic functions in the
d-dimensional strip

i = {(zl,...,zd) € C*||Im(z)| < 2R,i = 1,...,d}.

We denote the analytic continuations of these functions by the same

symbols. B
(2) There exist real numbers s > s1 > 0 and a constant C > 0 such
that
« ~ S 1 S ~
(3.1) 0%w;(k)| < Ck)™ 5 |w;(k)] > 5(@ 1=

for every multi-index o € N¢, || < 1 and all k € S;lﬁ.

(3) Let d' = 2[d/2] + 2. We suppose that V e C¥(R%) and there
exists a > 0, such that for all a € N& with |a] < d’, we have
SUp, cpa €710V (2)] < o0.

Conjugating with the Fourier transform, we see that H{, is unitarily
equivalent to
Hy = wi (k1) + wa(k2) +tv,

where ty is the partial convolution operator

(ty ) (k1. k) = / V() (ks — sk +u) du

Rd
and
V(k) = (2m) %2 / e RV () da.
Rd
In order to fibrate Hy w.r.t. total momentum & = ki + k2, we introduce a
unitary operator I: L?(R? x R?) — L2(R%; L2(R?)) by setting

(L)) =FE—",-).

Under this transformation, we find that the Hamiltonian takes the form

D
IHyI* = H(¢)d¢, where H(E) =we+ Ty,
Rd
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and
(32)  welk) =wi(€—k) +wa(k),  (Tvf)k) = (V* f)(k).

Here V (k) = V(—F) is the inverse Fourier transform of V and V % f denotes
the convolution product.

We are now in a position to formulate our main result of this section.
We introduce the joint energy-momentum point spectrum

Spp = {(M ) ERX RN EZ,L(E)},  Bpp(é) = opp(H(E))
and the energy-momentum threshold set
T={(\eRxR | XeT(},
T ={NeR|TkeR?: we(k) =\ and Viywe(k) =0}.
The main result of this section is the following.

THEOREM 3.2. — Suppose Condition 3.1. Then we have

(1) T is a closed sub-analytic subset of R x R,

(2) For each ¢ € R, the set T (£) is a locally finite subset of R.

(3) Xpp \ T is a semi-analytic subset of (R x RY)\ T.

(4) For each ¢ € RY, the set X,,(€) \ T(€) is a locally finite subset of
RAT(E).

Remark 3.3.

(1) It is the claim (3), which is of interest here. The other properties
are more or less immediate. See the proof, which is located at the
end of this section.

(2) It remains an open question how bands of non-threshold eigenval-
ues, as functions of total momentum, may approach the threshold
set. For example, under what conditions is X, a semi- (or sub-)
analytic subset of R x R%? Example 1.2 provides an example where
such a result fails to hold true.

(3) In [13], Herbst and Skibsted study exponential decay of eigenfunc-
tions pertaining to non-threshold eigenvalues of one-body operators
of the form w(p) 4+ V, assuming w is a polynomial. Their results ap-

ply to H(§).

We define a self-adjoint operator for every total momentum £ € R™ by

i
(3.3) AE = 5 (Ug Vi + Vi '1)5),
where the vector field v¢ is given by
22
(3.4) ve(k) = ¥ 75 (Viwe) (k).
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Dilation in momentum space — of the type considered here — was previ-
ously employed for Schrédinger operators —A + V in [23].
In the following, we make frequent use of the estimate

(3.5) VpeRkk eRe: (k + E'YP < 2Ly Pl (1P|

referred to as Peetre’s inequality in [27, Lemma 1.18].

Remark 3.4.
(1) By Condition 3.1(2) C~1k)% — C < lw; (k)| < C(k)* and thus
D(M,,) = D(M.y;). Consequently, cf. (3.5), D(M,,) =

D(M.ys>) =: D, since sy > s1. Thus all operators H (&) have the
common domain D.

(2) The two estimates in Condition 3.1(2) are satisfied by the functions
f(k) = (k¥ +---+k2)7 for g € Nand g(k) = (1 + k% +--- + k2)*
for s > 0. As for the choice of E, for the function f any R >0 will
do, whereas for g one must choose R< d’1/2/2.

(3) Condition 3.1(2) and (3.5) imply the existence of C,,, C!, > 0 such
that

(3.6) VEkeSL: lve (k)| < C, < 00.
and
(3.7) VE ke S | Dve (k)| < O, < 0.

(4) Condition 3.1(3) on the potential ensures that V extends analyt-
ically to the strip S2. Fix an @’ € (0,a). The assumed decay and
smoothness permits to argue — using integration by parts — that
for some Cy > 0, we have

(3.9) vkesh:  [Pm|<ov (14 |1g|d’)_1 .

The choice of d’ is made to ensure that this estimate implies Ve
L' (RY).

The next well-known lemma expresses the action of the unitary group
generated by A¢ in terms of solutions of the ODE generated by the vec-
tor field ve. See e.g. the PhD thesis of one of the authors [25, Chap. 2,
Prop. 2.3]. Since ve: S% — C", we are led to study the parameter depen-
dent autonomous initial value problem

dy

(3.9) i ve(y), y(0)=k.
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The ODE is defined for y € SI%. That is, solutions are understood to take

values in S dﬁ.

LEMMA 3.5. — For k,¢& € R, the initial value problem (3.9) admits a
(unique) solution t + f(k) defined for all time t € R. Abbreviating

(3.10) Ji(k) = eo Tretitnds
we have for f € L?(R%) the formula
(3.11) (€< f) (k) =/ JE(R) f (e (K)).

One may — by direct computation — verify the useful relation
(3.12) VteR,VEk EcR:: T (k) = Jgtk)
Furthermore, (3.6) and the Fundamental Theorem of Calculus ensure that
(3.13) VteR,VE EcRY: lve(k) — k| < Cult].

LEMMA 3.6. — Let f € L (R?) and t € R. Then f! = fonf €
Lis.(RY),
e e D(My) = D(Mjy:) and et M, = Myrete,

Proof. — That f o 'yg is locally essentially bounded follows from (3.13).
We may also observe that el*4¢Cge(RY) C C§°(RY), cf. (3.11) and (3.13).
Finally, for ¢ € C§°(R?) we have M eeltAeyp = eft4e Mp1p. The lemma now
follows, since My« is closed and C§°(R?) is a core for M; . O

In the following Lemma, we need the strip width R from Condition 3.1 (1)
and the bound C,, on v¢ from (3.6).

LEMMA 3.7. — Assume Conditions 3.1(1) and 3.1(2). For k € R? and
e S%, the solution of (3.9), t — ~{(k), admits an analytic continuation
into the strip S,., where r = R/(C,, +1). Moreover, for 0 < r’ < r, we have
{vé(k) |z € S} C Sk C S%.

Proof. — By definition, ¢ — v{£(k) solves the ODE (3.9).

Since vg is analytic in S% C S;JE as a function of k, the function ¢t — 7§(k)
admits — by Cauchy—Kowaleskaya — an analytic continuation into some
region G = G(k;€) C C containing the real axis. Hence, for each z € R,
we may choose r(z, k;£) > 0, such that Bf;(x,k;g)(x) C G(k;€). By possible
decreasing 7(z, k, §), we may assume that 7Z (k) € S% for |z—z| < r(x, k; §).
Therefore, 7§ (k) — € € S;iﬁ and by Condition 3.1(1) and the definition of
ve we may form ve (v (k)).
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For each z € R, (and k € RY, ¢ € S%% the function y,(t) = ,yg+it(k)
solves the ODE

e (1) = iue e (1)

with the initial condition y,(0) = Ve (k). The solution is a priori defined for
[t < r(z, k;€).
The estimate (for ¢t > 0)

3.14)  [Im(y.(t))| = Mm(y=(t) — y(0))] < /0 |ve(ya(s))] ds < Curt,

ensures that the solution may be extended beyond |t| = r(z, k;€) at least
until [t| = r = R/(C, +1). (A similar estimate holds for ¢ < 0). This
defines an extension of 77 (k) from z € G(k,§) to z € S, for all k € R,
e S}%. Note that v (k) € Sé . C S% for all z € S,. It remains to argue
that the extension is analytic.

By Cauchy Kowaleskaya, for each x € R, k € R? and £ € Sflé, the
solution ¢ — y,(t) extends to an analytic function in a complex neighbor-
hood O(z, k;§) of [—r,r]. Let 0 = §(z,k; &) € (0,r(x,k;€)) be such that
[—r,r] x i[—6,0] C O(z, k; §).

By Unique Continuation, the extension y,(z) equals 'y§+iz(k) for z €
([=r,r] xi[—0,4]) ﬂB;C(%k;&) (0). This implies that ¢ — y, (t+iz’), for |2’| <
d(x, k; €), solves the same initial value problem as y,s(¢) and hence they
must coincide. This proves that 2 — ~ (k) is analytic in (z —d(z, k3 ),z +
(w3 k; €)) xi(—r, 7). Since x € R was arbitrary, we conclude that z — ¢ (k)
is analytic in S,.

The last claim about the range of z — ¢ (k) for [Im 2| <1’ < r, follows
from (3.14). O

Remark 3.8.
(1) Let z € S, and write u = z/|z|. The above lemma allows us to

estimate

|2l
(3.15) ‘fyg(k) —k| = ‘/0 % (v (k) — k) dr
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(2) Let k, k€ € R%. Abbreviate 5 (k, k') = v (k') — vz (k) and u(z) =
|B§(k,k")|2 for z € S,.. Then

du(z)
dz

- e . VL))

= 2Re { Bz (k. ) - (ve (7 (K) — ve(1% (K))) }

Estimating |ve(v¢ (k') — ve(VE (k)| < CL|BE (k, k'), using (3.7), we
arrive at the differential inequalities —2C7 v < @ < 2C/ u. There-
fore, we may conclude the estimate

(3.16) VzeS,: 1B (k. K')| > |k — K'JeCel=l.

The previous two lemmata allow us to explicitly compute how conjuga-
tion by the unitary group generated by A effects the fiber Hamiltonians
and argue that the so obtained expressions admit analytic continuations.

LEMMA 3.9. — Assume Condition 3.1. Then the map
R >t e AeTye e .= T

extends to an analytic B(H)-valued function defined in Sgr, where

/

a T
1 = mi .
(3.17) R mm{r’Cw—l—l’dCL—l—l}

We furthermore have the est1mate ITZ]| < CyCueldtd)ICLlEl for » € Sg,
where Cq = [, (1 + |k|?)~*

Proof. — We begin by computing for t € R

(eiAstT e—iAgtg)(k)

= JIE) [ 7 =5t 0) I a0 0
= JIEW) [ (L) = 280) I L) g0k
(3.18) = \/Jt(k /Rd LK) = AL (R)) (/TR g (k") AR,

Here we used substitution k' = ’yg(k” ) in the second equality and the
identity (3.12) in the final equality.

By Condition 3.1(3) and Lemma 3.7, the map t + V(’yg(k’) — £ (k)
extends to an analytic function on the strip Sg.
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It follows from Condition 3.1(1), (3.10) and Lemma 3.7 that ¢ — J{(k)
extends analytically to z € S,.. The estimate (3.7) implies:

(319) Vze S, kéecRe:
|JE(k)] < €l and | arg(JZ (k)| < dCL|Im 2],

where the second estimate — on Im( [ V - ve(7¢ (k) ds) — is most easily
derived by choosing a piecewise linear integration contour from 0 to z,
which runs along the real axis from 0 to Re(z) (contributing nothing to the
argument), and then from Re(z) to z. Here arg(¢) denotes the principal
argument of the complex number (. The estimate on the argument shows
that /J{(k) extends analytically to Sk (reading the square root as the
principal square root).

It remains to show that, if these analytic extensions are substituted into
the right-hand side of (3.18), it still defines a bounded operator on L?(R?).
We recall the notation ¢ (k, k') := 7Z (k") — v (k) and estimate using (3.8),
(3.16) and (3.19)

/Rd }Jﬁz(k” ‘/]Rd v(ﬂz(hk’))@g(k/) d’

/ / -1 2
<ot [ ([t o) ool ar) an

R

’ / ’ -1 2
< O 2ld+d)CL ] /Rd (/Rd (1+|k—k’|d> |g(k’)|dk’> dk

(3.20) < C2C2e2(d+d)CLA 191172 (gay -

2
dk

In the last step, we used (the sharp) Young’s inequality [18, Thm. 4.2]. Here
Cqg = [pa(1+ |k|4)=1 dk. The above estimate shows that the right-hand
side of (3.18) defines a bounded operator

for z € Sg.

That the extension to complex z € Spr is analytic now follows from
Morera’s Theorem. a

PROPOSITION 3.10. — Assume Condition 3.1 and let £, & € R?. Then
the pair of operators H (&), Ag, satisfies Condition 2.1 with R given by
(3.17) and M = M (&)** for some M, which does not depend on &.

Remark 3.11. — Below, the proposition above is proven by checking
each of the four assumptions in Condition 2.1 directly. In view of Proposi-
tion 2.4, it can also be proven by proving Condition 2.1 (1) and the commu-
tator bound in Proposition 2.4 (2). In fact, two of the authors have persued
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this idea, see [8]. However, their proof is much longer than the one presented
here.

Proof of Proposition 3.10. We begin by establishing Condition 2.1(1).
Since D(H(€)) = D = D(Mjy=), it suffices to show that e'**<«: D — D
for ¢ € [0, 1] and that

(3.21) V€ D: sup ||M(k ety < oo.
telo,

But this follows immediately from (3.5)7 (3.13) and Lemma 3.6.
As for Condition 2.1(2), we abbreviate wg := 1V - vg,, note that

AEO =iV - Vgy — iwg = ivgo - Vi +iwg
and compute as a commutator form on C§°(R9):

(3.22) H(£)Ag, — Ae, H(E) = —ivg, ~ka§ — iMy, Ty — iTy My,

—IZ ( Tiayv M), — M(vg())aTi%V)‘

The right-hand side defines a bounded operator. Condition 2.1(2) now
follows from [22, Prop. I1.1], since e'*4¢0 C5°(R?) C Cg°(RY).

By Lemma 3.6, Lemma 3.7 and Lemma 3.9, we may conclude that the
map t — Hy (&), for ¢ € D(H(E)), admits an analytic continuation into
the strip Sg. Here R is defined in (3.17). The extension is given by H,(§) =
Megonz + Ty This establishes Condition 2.1 (3).

It thus remains to examine whether or not Condition 2.1 (4) holds. Using
Lemma 3.9, we may estimate for ¢ € H and z € Si :

I (&) (H (€) +1) "¢
< Oy Cael T ICF (H(E) 4+ 1) 71| + | Maonz, (H(E) +1) |
(3.23) < CyCael Ty
+ Cu(27(6) + 1)2°2(Cuu2) ™ | Mgz (H(€) +1) 4.

Here we used that sy > s1, Condition 3.1(2) (from where the constant C,,
comes), (3.5) and (3.15) to estimate

|we (e, (k)] < Cu(€ =, (K)** + Cu(vg, (k)™
< G2 + D (g, (k)™
< w(281<£>81+1)282<sz>82<k>52

The proposition now follows since D(H (§)) = D (M sz ). O
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PROPOSITION 3.12. — Assume Condition 3.1. Let (A, &) € R x R4\ T.
Then there exist e, k,C > 0 and a compact self-adjoint operator K, such
that

i[H(§), A¢] 2 e = CEpe) R\ [A =k, A+ 5]) — K,
in the sense of forms on D(H(E)). If (A, §) & X,p, then one may choose
K =0.

Proof. — Note first that it suffices to establish the form estimate on

C§(RY).
We abbreviate g¢(k) := ek =€ |Viwe (k)| and write
(3.24) i[Ae, H(E)] = My, + K,

where K’ is i times the sum of the terms on the right-hand side in (3.22)
involving V.

Using the A € T(§) and that 7 (€) is closed, there exists £ > 0 such that
[A =2k, A+ 2k] CR\ T(&). Put

e :=inf {ge(k) | | k € R? with |we(k) — A| < 2k} >0
and C := sup{|ge(k) | k € R} < oo.
Choose an f € C§°(R) satistying: supp(f) C [A — 2k, A +2k], 0 < f < 1,
and f(N) =1 for [N — )\ <&.
We may now estimate using the just chosen e,C' and f :

My = Mo f(Mog)? + Mg (1 = (M)

> ef (M)
(3.25) > e —2e(1— f(My,)).
To pass from 1 — f(M.,,) to 1 — f(H(£)) we compute
F(E) = FOMg) = 1 [ T =27 = (M =) as
= = [0 f O =) Ty (M — ) a

Here f is an almost analytic extension of f. The operator Ty (M, — z)71
is compact (for the same reason K’ was compact). This shows that K" =
f(H(E)) — f(M,,) is a compact operator.
We may now combine (3.24), (3.25) and the estimate 1 — f(H(&)) <
Ere)(R\ [A = K, A + £]) to arrive at the Mourre estimate
i[Ag, H(f)] > e— QeEH(E)(R\ [)\ — K, A+ FL]) — K,

where K = —K' + 2eK" is compact.
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Finally, if X & Xp5(€), then KEp)([A — 5,A 4+ K]) = 0 for k — 0 in
operator norm. This implies the remaining claim. O

PROPOSITION 3.13. — Assume Condition 3.1. Suppose (Ao, &) € Zpp \
T.Let U := B%d (&o) and Ug := B%d (&0). Then Condition 2.16 is satisfied
with A = Ag, and M replaced by M supgcy(€)°.

Proof. — Let £ € U and put U(t) := exp(ide,t) for ¢ € R. That Con-
dition 2.16(1) holds, that is that D(H(£)) =: D is independent of £, was
discussed in Remark 3.4 (1).

Condition 2.16 (2) follows from Proposition 3.10 (with M = sup,(, <§>51M
and the R from (3.17)). Hence it remains to establish Condition 2.16(3)
and 4 (with the same R).

Condition 2.8 (1) is satisfied by assumption, and Condition 2.8 (2) follows
from Proposition 3.12, since (Ao, &) & T and (H(&)) > 1. This verifies
Condition 2.16(3).

Put
R

14+C,°

where R > 0 is as in (3.17) and the constants C,, and C!, are from (3.6)
and (3.7), respectively. In order to verify Condition 2.16(4), choose zg €
BE (0) € B%(0) with Im(zg) > 0.

Due to Lemma 3.7, 7{°(k) € Sf . C Sf C S for k€ R and £ € Ue C
S%. We therefore have £ —£°(k) € Sd for all ¢ € U and k € RY.

By Condition 3.1(1), the map U > § — M weor
function in Uc for every ¢ € D. To see that £ — T{°1 extends from U
to an analytic function defined for ¢ € Uc, we observe from (3.18) (with
t replaced by zg on the right-hand side) that it suffices to ensure that
|arg(JZ°(k))| < 7 for all k € R and ¢ € Uc. But this follows from (3.7),
(3.10) and the estimate | [° V- ve(vE(k)) ds| < |z0|dCL, valid for all k € R?
and £ € Sd Here we used that 1o < R < w/(1+dC.), cf. (3.17).

It follows that U > & — H,, (€)Y is analytic for all ¢ € D. This verifies
Condition 2.16(4), since all operators have a common domain by Proposi-
tion 3.10. ]

Proof of Theorem 3.2. — Let M = R x R and N = R?, both real
analytic manifolds. To show that 7 is sub-analytic, we write it as the

ro =

=01 extends to an analytic

image under a real analytic map of the semi-analytic subset
Y ={(\&k) €M x N |we(k) —A=0}
N (N9_y {(N, & k) € M x N | 0, we (k) = 0})
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of M x N =R x R? x R? Here we used that the semi-analytic subsets of
M form a ring. Let m: M x N — M be the projection w(X, &, k) = (X, €).
Then 7 = 7(Y). Since |we(k)| — oo as |k| — oo, this implies that 7T is
sub-analytic (m)y is a proper map). Since 7 is a closed subset of M, this
finishes the proof of (1).

Fix £ € R%. To see that T(£) is locally finite, consider the map 7¢ from
M = {(we(k), k) |k € R} into R defined by setting m¢(A, k) = A. Since
M¢ and R are real analytic manifolds and 7¢ is a real analytic proper map,
we get from Theorem B.3 sub-analytic stratifications {S, }aca of M¢ and
{Tﬁ}ﬁeB of R.

Let A € T(€). Then there exists k € R?, such that we(k) = A and Vywe (k) =
0. Let o € A be such that (A, k) € S,. Since dmg|s, (X, k)(n,u) =nand n =
u - Viwe(k) for (n,u) € Ty x)Sa, we conclude that rank(dme|s, (A, k)) = 0.
Let 8 € B be such that m¢(S,) = Ts. Then Ty is a zero-stratum, hence
a singleton, which must be Tz = {A}. By local finiteness of the stratifica-
tion {Ts}sep, we may therefore conclude that 7 (§) is locally finite. This
concludes the proof of (2).

We now turn to (3). In order to verify that ¥,,\ 7T is a (relatively) closed
and semi-analytic subset of R x R\ T, pick (\,&) € R x R%\ T.

If (N, €) & Epp, then we obtain from Proposition 3.12 constants e, x,C' >
0 such that

l[H(f),Ag] > e— CEH(@([)\ — KJ,)\ + K])

By a continuity argument, there exists a sufficiently small open neighbor-
hood W C R x R?\ T of (A &), perhaps new smaller positive constants
e <e, k' <k and a bigger C' > C, such that

V ()\/7§I) S W : 1[H(£/),AE/] Z 6/ — C/EH(gl)([)\/ — I{,, )\/ + KJ/]) .

Here we used that the map & — [H(¢'), A¢r] € B(L*(R?)) is continuous,
cf. (3.22). Hence, by the Virial Theorem [9], ¥,, "W = (). This shows that
Ypp \ T is a closed subset of R x R\ T, and that W N (X,, \ T) € O(W).
Recall from Definition B.1(1), the definition of O(W).

As for the case (), &) € Xpp, we obtain from Theorem 2.21 a neighbor-
hood W of (A,€), such that ¥,, N W € O(W). Here we used Proposi-
tion 3.13 to ensure the applicability of Theorem 2.21. This completes the
proof of (3).

The last property (4) is a standard consequence of having a Mourre
estimate satisfied for energies A € R\ 7(¢). O
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Appendix A. Approximate Eigenstates for Closed
Operators

LEMMA A.1. — Let T be a densely defined closed operator on a Hilbert
space H. Let u € o(T). At least one of the following two properties hold
true:

(1) There exists a sequence {¢,}22, C D(T) with |[¢,]| = 1 for all n
and
i [|(7 — e = 0,
(2) There exists a sequence {¢,}52; C D(T*) with ||¢,| =1 for all n
and
Jim ([T = 2)¢n] = 0.

Proof. — Note that u € o(T) implies that g € o(T*). Furthermore, if
T — p has a bounded left-inverse L, then L* is a bounded right-inverse of
T* — ii. Conversely, if L is a bounded left-inverse of T* — p, then L* is a
bounded right-inverse of T" — p. In particular, it is not possible for T — u
and T — i to both have a bounded left-inverse. Therefore we may suppose
that T'— pu does not have a bounded left-inverse.

Suppose (1) is false. Then there exists ¢ > 0, such that for all » € D(T)
we have ||(T — p)¥|| = c|jt||. This coercive estimate ensures that T — pu is
injective and that V' = Range(T — p) is closed. If V' = H, then T'— 1 has a
bounded left inverse by the Closed Graph Theorem, which we assumed it
did not have, and hence V' C H. We may now pick ¢ € V+ with ||¢| = 1.
Then, for ¢ € D(T), [(¢,T¢)| = |{¢, up)| < |u|||¥]|. This shows that
¢ € D(T*). For any ¥ € D(T), we may now compute (T*¢, ) = (¢, T) =
(o, pvy = (e, ), and conclude that T*¢ = fi. This concludes the proof,
since (2) will hold with the constant sequence ¢,, = ¢ for all n. a

Appendix B. Semi- and Sub-analytic Geometry

In this appendix we rather briefly summarize the notions of semi-analytic
and sub-analytic sets. For further background, we refer the reader to [4, 5]
and references therein.

DEFINITION B.1. — Let M be a real analytic manifold.

(1) Let W C M be an open nonempty set. We write O(W) for the
smallest ring'® of subsets of W containing sets of the form

(2) collection of sets stable under complement as well as under finite intersections and
unions.
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{y e W|fly) > 0} and {y € W| f(y) = 0} where f ranges over
real analytic functions f: W — R.

(2) A subset X C M is called a semi-analytic subset of M if: for any
x € M, there exists an open neighborhood W C M of x, such that
XNWeOoWw).

(3) A subset X C M is called a sub-analytic subset of M if: for each
point x € M, there exists an open neighborhood xr € W C M, a
real analytic manifold N and a semi-analytic subset Y C M x N,
such that

e The closure Y inside M x N is compact.
o 7(Y)=XNW, where m: M x N — R™ is the projection onto
the first coordinate.

The semi-analytic as well as the sub-analytic subsets of M form rings of
subsets of M. Semi-analytic subsets are of course sub-analytic as well. The
converse is in general false, but if dim(M) < 2, the two notions are the
same.

DEFINITION B.2. — Let M be a real analytic manifold and X C M a
semi-analytic (sub-analytic) subset. Let {Sqa}aca be a collection of subsets
of X. We say that {S4}aca Is a semi-analytic stratification (sub-analytic
stratification) if

Each S, is a connected real analytic manifold.

UaeaSa = X and S, N Sp =0 for a # B.

For any K C M compact, the set {o« € A|S, N K # 0} is finite.
(Local finiteness.)

o Ifa# 3 and S, N Sp # 0, then Sz C 0S,. (Frontier condition.)

e Each S, is semi-analytic (sub-analytic) as a subset of M.

The sets S, are called strata, more specifically k-strata if dim(S,) = k.
We note that any semi-analytic (sub-analytic) subset X C M admits a
semi-analytic (sub-analytic) stratification.

In this paper we need the following result:

THEOREM B.3. — Let M and N be real analytic manifolds and w: M —
N a proper real analytic map. Then there exist sub-analytic stratifications
{Sataca of M and {Ts}pecp of N, such that for each o € A, there exists
£ € B with

L] W(Sa) = Tg,
e rank(dmg, (s)) = dim(T}) for all s € S,,.
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