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ABSTRACT Accurate and efficient performance prediction of thermoelectric generators (TEG) is important
for integrated and multi-parameter optimization especially in large-scale energy harvesting applications.
In this paper, a comprehensive analytical model coupled with non-identical temperature-dependent material
properties and effective heat transfer coefficient (EHTC) of both-sides heat exchangers is built to investigate
the internal and external characteristics of the TEG. Parametric optimization of the TEG is carried out
to maximize the output power and efficiency over a wide range of EHTCs, fill factor, and geometry of
thermoelectric (TE) elements. The developed model can be efficiently solved by function solver (i.e. fsolve)
in Matlab software, and its accuracy is validated with previous multi-physics numerical TEG model. The
results show that statistical parameters of the TE element present non-linear behavior with variation of
electrical load resistance. The optimal load ratio is larger than unit, and it reduces monotonically with
increment of the cold-side EHTC, but changes inversely with the hot-side EHTC. For a fixed sum value
of both-sides EHTCs, there are two different optimal ratios of the hot-side EHTC to the cold-side EHTC for
maximum efficiency and power. In addition, the optimal length and cross-sectional area ratio of the
TE elements are investigated with detailed analysis.

INDEX TERMS Thermoelectric generator, parametric optimization, thermal reservoirs, temperature-

dependent materials.

I. INTRODUCTION
Due to the world-wide increasingly serious problems of
energy shortage and environment pollution, there is a growing
interest in applying novel technologies to maximize the total
utilization efficiency of energy systems [1]. Thermoelectric
generator (TEG) is a promising method which can directly
convert thermal energy into electricity without any moving
parts, and thus it has great application potential in indus-
trial energy systems to harvest the large amount of waste
heat [2]-[4].

In order to obtain maximum output power and effi-
ciency, one tends to select high-performance heat exchangers

with large heat transfer coefficient and thermoelectric (TE)
materials with high dimensionless figure-of-merit (ZT).
Another method is to improve the way where existing
TEGs are currently used [2]. For the latter method, the out-
put power of the TEG needs to be predictable. The per-
formance of TE modules for different applications such as
hybrid systems [5]-[7], automotive [8], [9], data centers [10],
human body [11], geothermal [12], solar [13]-[15], spac-
ing [16], and for different type of TEGs such as one
TE panel and multi TE panels [17]-[19], in series and
parallel [20], [21], helical and linear structures [22], [23], has
been modelled.

2169-3536 © 2018 IEEE. Translations and content mining are permitted for academic research only.
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In fact, there are many design parameters such as ther-
moelement lengths (L,, L,) and footprint areas (A, A,) of
p-type and n-type TE elements and heat exchangers that
can significantly influence the performance of the TEG sys-
tem. Rowe and Min [24] showed that the thermoelement
length plays an important role in the power generation.
Yilbas and Sahin [25] found that there is an optimal slender-
ness ratio X,y = (Ap/Lp)/(An/Ly) to maximize efficiency
of the TEG. Moreover, Yazawa and Shakouri [26] found that
the optimal internal parameters of the TEG module such as
thermal conductivity of TE element are strongly correlated
with the external parameters, e.g. the load ratio and the sum of
external thermal resistances. It has been gradually recognized
that the co-design optimization including the geometry of
TE elements and the heat exchangers is critical for achieving
maximum output power and efficiency.

Some analytical and numerical models were developed to
optimize geometry of the TE elements and heat exchangers,
nevertheless approximations of the critical parameters and
assumptions such as the identical materials and temperature-
independent properties of TE elements were used in these
studies [27]-[32]. With the assumption of identical materials,
it is found that the predictions of TEG numerical model
under constant material properties differ much with that
of temperature-dependent varying material properties [33].
The thermoelectric properties such as Seebeck coefficient,
electrical conductivity and thermal conductivity of p- and
n-type TE elements are not identical and are temperature
dependent, so that cause different temperature distribution
and thermal-electrical behavior in the TE elements [34].
Zhang [35] proposed a one-dimensional model by giv-
ing the nonlinear analytical solution of heat conduction
equation and using control volume method to predict the
optimal parameters (e.g. fill factor) of TEG with temperature-
dependent material properties. Barry et al. [36] developed
aone-dimensional analytical model combined with complete
thermal resistance network to optimize the geometry of
TE elements, and found that performance of the TEG can
be significantly improved by geometric optimization.
Shen et al. [37] developed a comprehensive one-dimensional
steady-state theoretical model to stress the side surface heat
transfer (SSHT) with the assumption that the end temperature
of p-type element equals to that of n-type. Manikandan
and Kaushik [38] built a thermodynamic model to study
the influence of the Thomson effect on the performance
optimization of two-stage TEG. Feng et al. [39], [40] studied
the Thomson effect on the performance of a TEG-driven heat
pump combined device and a TEG-TEC device. Wu et al. [41]
built a device-level theoretical model to study the influ-
ence of contact thermal resistance, the Thompson effect,
the Joule heat and heat leakage on the TEG performance.
Chen et al. [42] proposed a one dimensional numerical
model which can deal with the temperature-dependent mate-
rial properties with an assumption that the end temperature
of p-type element equals to that of n-type. They, further-
more, developed a three-dimensional model implemented
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in a computational fluid dynamics (CFD) simulation envi-
ronment [43]. This model can be conveniently connected to
various CFD models of heat sources as a continuum domain
to conduct co-design optimization of the TEG system [44].
Rezania et al. [45] developed a three-dimensional uni-couple
model with different heat transfer coefficient imposed on the
cold junction. They used finite element method to solve this
model, and found an optimal ration forA,, /A, to achieve maxi-
mum output power. Using a three-dimensional multi-physics
TEG model, Meng et al. [46] proposed a multi-parameters
optimization method, including optimal uni-couple number,
footprint length and fill factor, to obtain maximum out-
put power, with an assumption that the p-type and n-type
TE element have same properties and geometry.
Niu et al. [47] developed three-dimensional numerical mod-
els including temperature-dependent material properties to
predict the heat and electrical transfer in the TEG, and
found that changing the shape of TE element from normal
cuboid (constant cross-sectional area) to hexahedrons (vari-
able cross-sectional area) could increase the power output
significantly. Erturun et al. [48] found that both width and
height of TE element have a significant effect on power
generation and thermal stresses, by using statistical and finite-
element methods. Hogblom and Andersson [49] proposed a
novel model allowing the heat flow coupled with the electric
current in a large system of modules, in which the thermal
model allows for a two-way coupling in CFD analysis.

As mentioned above, many analytical and numerical mod-
els were built to optimize the parameters of TEG system.
In general, these parameters include the geometry of p-type
(Ap, Lp) and n-type (A, L) elements, the fill factor, the load
resistance (which is usually used as virtual load in maxi-
mum power point tracking algorithm [50], but is treated as
equivalent heating resistance in this study) and the geome-
try of typical heat exchangers at the hot and cold sides of
the TEG, which means a great deal of time expense. In this
case, the analytical model based on assumptions of identical
material and temperature-independent material properties is
very convenient to optimize a TEG system [27], [28], how-
ever these assumptions obviously degrade the accuracy [33].
Conversely, the three-dimensional numerical model includ-
ing temperature-dependent material properties and almost all
the multi-physics processes can obtain higher accuracy, but
the time expense is significantly larger [33], [43]-[49].

Therefore, it is necessary to develop an accurate and
efficient model for multi-parameter optimization of TEG.
In this study, a fully coupled 1-D analytical TEG model is
built. The temperature-dependent properties such as Seebeck
coefficient, electrical resistivity and thermal conductivity of
TE materials, the thermal resistances of ceramic substrate and
heat exchanger corresponding to p-type and n-type TE ele-
ments, and the junction temperatures of p-type and n-type
TE elements at hot side (71, T1,) and cold side (T2, T2,) as
well as the geometry of p-type (Ap, L) and n-type (A, L,)
TE elements are considered. A wide range of effective heat
transfer coefficient is imposed on the hot side (%) and cold
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FIGURE 1. (a) Schematic sandwich diagram of TEG; (b) thermal resistance
network for TEG: corresponding to p-type TE elements (right side) and
n-type (left side).

side (h;) to study the internal and external characteristic
variation in the TEG. The proposed model is validated to have
comparable accuracy in comparison to three-dimensional
numerical models.

This paper is organized as follows: The governing ana-
lytical TEG model is described in Section 2. The developed
analytical model is validated in Section 3. Section 4 presents
discussions and results with detailed parametric analysis to
reveal the internal and external characteristics of the TEG.
Conclusions are given in Section 5.

Il. MODELLING

The typical schematic of TEG is shown in Fig. 1. In this
study, NV, uni-couples are connected electrically in series and
thermally in parallel between two dielectric ceramic plates to
form the TEG module. Optimal junction temperatures at the
hot side of the p-type and n-type TE elements (77,, T,) and
at the cold side of the elements (T2, T2,) and the optimal geo-
metric parameters such as footprint areas (4, A,,) and lengths
(Lp, Ly) of the TE elements are not identical. The mate-
rial properties such as Seebeck coefficient (a,(T), o, (1)),
electrical resistivity (o,(T'), pn(T)) and thermal conductivity
(kp(T), kn(T)) [25], [26], [45] are temperature dependent.
The fill factor of the TE elements is defined as:

F =Ny (Ap “I‘An)/Atotal (D

where, A;y;si=WxL is the area of ceramic substrate.
Temperatures at the hot and cold reservoirs are fixed
as Ty and T, respectively.

A. GOVERNING EQUATIONS
The average Seebeck coefficient of the uni-couple is:

a=ap,—ay

TIP Tin
= o,dT, — / o, dT, (2)
Tlp TZp / per T — Ton e
Ty Ton
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where, o), and &, are, respectively, the average Seebeck coef-
ficient of p- and n-type TE elements.

The temperature dependent electrical resistance and ther-
mal conductance of the p- and n-type TE elements are [42]:

Lpn
Ty, (x
Rpn = / ppn Tpn @) (3a)
Apn
0
1
Kpn = (3b)

Lp.n
[ dx/[kp.n (T (x)) Ap.u]
0

Based on the three-dimensional numerical results, the tem-
perature through the TE elements approximately obeys linear
distribution [33]. Therefore, with the assumption of linear
temperature distribution along TE elements, (3a) and (3b)
become:

Tlp,n
Ly, 1 Lyn _
Rpp=2" | p dl =2"5 (4a)
P Ap,n Tlp,n - T2p,n P Ap,n P
T2p,n
A 1 A 1
p.n p,n
Kpn =7 T
p.n A D, n

1
T]p,n_T2p.n Tz{:n kp,n
where, 0, and 71, are the average electrical resistivity
(2m) and average thermal resistivity (mK/W) of the p- and
n-type TE elements respectively. Therefore, the total internal
resistance of the TEG module is R = Ny(Rp + Rp).
Consequently, circuit current of the TEG is as follows:

U
I =
R+ Ry,
. Nyc [&p (Tlp - T2p) —ay (T1n — T2n)] (5)
B R (14 m)
And the output power and efficiency of the TEG are [26]:
w=ImR=N2—"
“R(1+m)?
_ - 2
X [ap (Tlp - T2p) — oy (T1n — T2n)] (6a)
w
n=— (6b)
Oh

where, U is total electric voltage, and m = Ry /R is resistance
ratio. The underload voltage is U,,;= IRp. In (6b), Qp is
the total heat flux transferred from the hot reservoir to the
TE module.

B. THERMAL RESISTANCES NETWORK OF THE TEG

The thermal resistance network for the TEG is shown
in Fig. 1(b). For simplicity, electrical and thermal contact
resistances between module layers are neglected. The copper
interconnectors have high thermal conductivity in compari-
son to that of ceramic substrate and TE elements, therefore,
the thermal resistance of the interconnectors can be neglected
in this study.
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For thermal resistance of the ceramic substrate, since
F <1, the total heat dissipation area Ay, of the ceramic sub-
strate is geometrically divided into a *“‘gap” heat dissipation
area, Agqp=(1—F)Aa1, and correspondingly an “occupied”
heat dissipation area, Aoccupicd =FArrai = Nuc(Ap + Ap).
The spreading thermal resistance at the “gap” area reduces
the heat flow cross-section area. According to [26] and [51],
the total thermal resistances of the ceramic substrate corre-
sponding to the p-and n-type TE elements are:

)\crp,n
Nuckcr (1 + 2)\crp,n tan (Dcrp,n) Ap,n

Ipcrp,n = (7)

where,

<Dcrp,n = 5.86In ()\crp,n) +40.4 0.0011 < A.crp’n <1
Deppn = 46.45 — 6.048). .99 Appn > 1,

crp,n

Aepn = ter/\JApn, and ke and t. are the ther-
mal conductivity and depth of the ceramic substrate,
respectively.

For the hot side and cold side heat reservoirs, the total
thermal resistances are:

I/fh = 1/(hhAtotal)a 1//6 = 1/(hcAt0tal) (8)

where, the unit of A, and h. is W/K per m? of ceramic
substrate.

C. ENERGY BALANCE AT THE INTERFACE BETWEEN

HEAT RESERVOIRS AND CERAMIC SUBSTRATES

At the interface between the hot-side heat reservoir and
ceramic substrate, the thermal flux is:

(Th - Tcst)
Yn
where, Qp, = (Tcst - Tlp)/wcrp and Oy = (Test — Tin) /Vem
are the total thermal flux from the hot-side ceramic substrate

to the p and n-type TE elements, respectively.

At the interface between the cold-side ceramic substrate
and heat reservoir, the thermal flux is:
. (Tcxb - Tc)

Ve

where, Ocp = (T2p - Tcsb)/ 1//crp and Qcn = (Ton — Tesh) /e
are the total thermal flux from p and n-type TE elements to
cold-side ceramic substrate respectively.

On = = th + Omn 9

Oc = Qcp + Ocn (10)

D. ENERGY BALANCE FOR COLD AND HOT JUNCTIONS
OF TE ELEMENTS

By taking thermal energy conversation at the cold and hot
junctions of the TE elements [26], [28], the heat transfer
at hot and cold junctions of the p-type TE elements are as
follows:

Oip = Nuc [@pITip + Kp(Tip — Top) — IRy 2]

— w (11a)
crp
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TABLE 1. Comparisons of analytical and numerical results.

Quantity present results Meng ef al.’s results[33] Chen et al.’s results[43]

0, (W) 783 81.2 81.8
w (W) 345 3.88 3.62
I (A) 1.01 1.08 1.032
n (%) 4.41 4.77 4.43

Qcp = Nyc [&plTZP + Kp(Tlp - TZp) + Isz/Z:I
. T2p - Tcsb)

wcrp

And the heat transfer at hot and cold junctions of the n-type
TE elements are:

th = Nyc I:_&nITln + Kn(Tln - T2n) - Ian/Z:I
o (Tcst - Tln)

(11b)

(12a)
wcrn
an = Nuc [_&anZn + Kn(Tln - T2n) + Ian/z:I
T, —
_ ( 2n csb) (12b)
I//crn

By solving (9)-(12b) combined with auxiliary (2), (2)-(8),
the effect of critical design parameters on the performance of
TEG can be analyzed over wide range of A and h,.

IlIl. MODEL VALIDATION: THE ACCURACY AND
COMPUTATIONAL EFFICIENCY

In order to check validation of the developed model,
the results of this study are compared with previous litera-
tures. All the geometrical dimensions and physical param-
eters are taken the same as multi-physics field numerical
models by Meng et al. [33] and Chen et al. [43] with the TEG
hot and cold conjunctions’ temperature at 423 K and 303 K,
respectively. The thermal conductivity and the thickness
of the ceramic substrate are taken k. =130 W/K/m and
to» = 0.2 mm, respectively. The length of the temperature
dependent TE elements is L, = L,=1.6 mm for a cross-
sectional area of A, = A,=1.4x 1.4 mm?.

Under conditions above, Oy, w, I and 71 can be predicted
by the three models and measurement, as shown in Table 1.
As Table 1 shows, Oy and I of present model are very close
(i.e. almost all the deviations are lower than 5 %) to results
from Meng et al. and Chen et al.; although w and n of present
model are respectively 11.08 % and 7.55 % lower than results
of Meng et al., they are respectively 4.7 % and 0.45 % lower
than results of Chen ef al. Therefore, the present model can
approximately offer accurate results in comparison to the
three-dimensional numerical models.

In the present analytical model, only 6 unknown param-
eters, i.e. T1p, T1n, Top, Ton, Tese and T in (9)-(12b) need
to be solved. As a steady-state, 1-D thermoelectric conver-
sion problem, the 6 equations associated with the auxiliary
equations (1)-(8) can be solved easily by function solver,

60855



IEEE Access

S. Qing et al.: Analytical Model for Performance Optimization of Thermoelectric Generator

x10° (@

0.5 : :
250 350 450 550 650
T(K)

%107 ‘ (b)

) ‘ ‘
250 350 450 550 650
T(K)
C
. ©
o — %
™ P
25 ™ = =k
E > T
g ~
Bl
g15
i
05"
250 350 450 550 650
T(K)

FIGURE 2. Thermoelectric properties of p-type (ZnySbs) [52] and n-type
(Mg, Si; _Snx) [53] TE materials. (a) electrical resistivity, p; (b) Seebeck
coefficient, «; (c) thermal conductivity, k.

namely “fsolve” in Matlab software. The solver is very
efficient, and the calculated accuracy can be self-validated
by checking errors of the 6 equations. Therefore, the present
model is more efficient for performance prediction of the
TEG, in comparison with three-dimensional multi-physics
numerical models which need to solve the three-dimensional
temperature distribution of each TE element.

IV. RESULTS AND DISCUSSIONS

In this study, the TEG substrate area is W x L=4 cmx4 cm.
Fig. 2 shows the non-identical and temperature-dependent
thermoelectric properties of the p- and n-type materials,
Zn4Sbz [52] and Mgy Sij—xSny [53] respectively, used in
this study. The total area of the p- and n-footprints (A,+Aj)
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is fixed at 8 mm?. The ceramic substrate is made of

Alumina with thermal conductivity of 30 W/K/m and thick-
ness of 7.,,=10 um. Below, for a specific calculation, nor-
mally following parameters are used: N,.=160, F = 0.8,
Ap = Ap, L, = L, =2mm, T, = 650 K, T, = 300 K,
hy = he = 1000 W/K/m?.

A. KEY PARAMETERS VARIATION VERSUS LOAD
RESISTANCE
In order to show impact of thermoelectric properties of the
TE elements on the system performance, the cross sectional
area and TE elements length are taken equal, i.e. A, = A,
L, = Ly, which gives V., = ¥, based on (7). Moreover,
due to k;, ~ 3k, in Fig. 2(c), the thermal conductance of
n-type would be much bigger than that of n-type based
on (4b), i.e. K, ~ 3K}, which indicates that Oy, should be
much bigger than Qy,. However, the junction temperatures
of n-type TE element (T, and 17,) are very close to that
of p-type TE element (T, and T3,), due to the thermal
resistances of ceramic substrate corresponding to n- and
p-type TE elements (Y, and ;) are very small.

Indeed, as shown in Fig. 3(a), the junction temperatures
of p- and n-type TE elements are very close. Moreover, one

VOLUME 6, 2018
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can see that variation of the load resistance Ry, influences the
junction temperatures of TE element dramatically. It needs
to point out that, K, Ky, Ry, Ry, @ and so on vary slightly
with increment of Ry, while the circuit current, /, reduces
significantly with increment of Ry (see Fig. 3(b)). For this
reason, the Joule heat term / 2Rp/2 in (11a) decreases which
tends to increase Qp,, but the decrement of Peltier heat
term & 1,171, in (11a) tends to decrease Qp,. We found that
the latter tendency is dominant, i.e. Oy, decreases with the
increments of Ry, leading toT,, increases with the increment
of Ry based on (11a), as shown in Fig. 3(a); for the same
reason, T, also increases with the increasing of R;. Simi-
larly, due to the electric current /decreases remarkably with
the increasing of Ry, (see Fig.3 (d)), both T, and 7>, would
decrease according to (11b) and (12b).

Due to variation of the junctions’ temperatures in Fig. 3(a),
the total open circuit voltage U increases with the Ry, leading
to increment of underload voltage U,,; = URL/(R + Rp),
as shown in Fig. 3(b). Since the increasing rate of U is
lower than unit (i.e. dU /dR; <1 V/Q), the electric current /
decreases with the increasing of Ry, based on (5), as shown in
Fig. 3(b). Therefore, due to the inverse variety of U,,; and I,
the output power w and efficiency 5 present non-monotonic
variety. It is worthy to note that there are two optimal load
resistances corresponding to maximum output power Wi,y
(Rropr=3.3 ) and maximum conversion efficiency 7mqx
(Rropr=3.5 Q).

B. EFFECT OF HEAT TRANSFER COEFFICIENT

ON SYSTEM PERFORMANCE

As shown in Fig. 4(a), the temperature differences across the
TE elements enhance as the A, and /A, increase, which causes
that the internal electrical resistance R varies with the heat
transfer coefficients, and, therefore, the optimal resistance
ratio mg), changes, Fig. 4(b). According to (6a), (6b) and
variation of U, R and my,, the results show that the maximum
output power and the corresponding efficiency enhance with
increment of Ay, and A,.

Hendricks et al. [4] predict that the optimal resistance
ratio mgy, should be slightly higher than unit. In this paper,
the results of this study reveal optimal values of m,,
for maximizing the output power. When m = mg, =
Ripopt/R, 0w/dm = 0 (see Fig. 3(b)); d(Tp, — T2p)/0m # 0,
(T, — Trp)/om # O (see Fig. 3(a)), aU/om # O
(see Fig. 3(b)); and dR/0m =~ 0 according to (4a) and
Fig. 2(a) and 3(a). Therefore, by taking the above character-
istics into the equation of output power, i.e. (6a), the optimal

load ratio can be modified as follows:
10U
Mopr = 1+ 2m0p, (1 + mgp,) [va—m} (13)

m=mgp¢

Since U /dm > 0 (see Fig. 3(b)), m,y; would be larger
than unit. As a function, m,),, can be re-written as:

Mopr — 1 1 U
_— == — =C (14
2mop; (1 + mapt) U om —

f (mopt) =
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FIGURE 4. Effect of hy and h¢ on TEG performance: (a) temperature
difference through p-type TE element; (b) optimal resistance ratio mg;.

where, f(mop;) is an increasing function related to
Mopr. Therefore, mgy, varies proportionally with C =
[OU /0m)/Ul ey

As h. increases, U enhances significantly, but dU/
dm|m=m,, is a small value (~(6.36—5.81)/1= 0.55 according
to Fig. 3(b)), consequently, C decreases. Thus, m,,, decreases
monotonically with increment of /., as shown in Fig. 4(b).

As hj, increases, U increases too. When h. <
500 W/K/m?, Mgp increases monotonically with /4, because
increment of U /dml| m=ops is greater than that of
U |m:m0p ,with increment of 4. On the contrary, when i, >
500 W/K/m? and hj, > 150 W/K/m? (in this study) Mopt
decreases with increment of /; because the increasing rate
of 8U/8m|m:mopt is smaller than that of Ul,,—,,,. For

high k., m,),, has a peak value at h; ~150 W/K/m?.

C. OPTIMAL HEAT TRANSFER COEFFICIENT RATIO FOR
MAXIMUM PERFORMANCE

The maximum output power in thermoelectric system can
be enhanced by using more powerful heat exchangers with
higher heat transfer coefficient. However, former literatures
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FIGURE 5. Optimal hy/h¢ for maximum efficiency and output power
versus hy, + hc.

indicate that the cost of heat exchanger is proportional to heat
transfer coefficient [54]-[56], and thus there is an optimal
value of h+h, to achieve maximum cost performance ($/W).
This section considers optimal ratio of effective heat transfer
coefficient for a given value of hj, + h., in order to obtain
maximum output power or efficiency.

As shown in Fig. 5, the optimal ratio of &, / k. for maximum
conversion efficiency and power generation increases as the
hp + hc increases. For a given value of A, + hc, as hp/h.
increases, the heat transferred to the TEG’s hot junction, i.e.
O = Onp+Opy increases at first due to &y, increases, but then
decreases due to T, and T, rise and &, decreases. After the
optimal ratio of the hy/h. that gives the maximum wy,,, for
a constant hy, + h, O, decreases with higher rate than the
Wmax, leading to increment of 1 based on (6b). Therefore,
the optimal ratio of Ay, /h for g, 1s higher than that for wy,g, .

D. OPTIMAL FILL FACTOR FOR MAXIMUM POWER
GENERATION

Since the cross sectional area of the TE elements is constant
in this study, number of uni-couple, N, varies proportionally
with the fill factor, F', and the junction temperatures at hot
junction (T, T1,) of p- and n-type TE elements decrease
for given thermal boundary conditions discussed in (11a)
and (12b). Furthermore, the junction temperatures at cold
junction (Tp, T2,) of p- and n-type TE elements increase,
leading to reduction of 7,4, according to (6b) and the classic
TE theory [57].

The optimal fill factor F,p, for maximum output power
is shown in Fig. 6. At low heat transfer coefficients, tem-
perature differences between the cold and hot junctions of
the TE elements, (T, — T2p) and (T, — T2,), decrease
significantly with the increment of F. Therefore, a smaller
value of F is required to provide the optimal temperature
difference for the maximum output power. While at high heat
transfer coefficients, j; = he > 2000 W/K/m? in this study,
(T1p — Top) and (T1, — T2y) is less sensitive to variation of
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the F and a higher value of the F is required to maximize
output power by enhancing the heat transferred across the
TE elements. Therefore, F, increases monotonically with
the increasing of Ay, and h,.

For the special case (i.e. hj, = h,, the black line in Fig. 6),
Fop increases linearly with the increasing of /4, and A, before
reaching unit.

E. OPTIMAL LENGTH OF TE ELEMENTS COUPLED WITH
HEAT RESERVOIRS

When the length of TE elements (L, = L,) increases, the
temperature differences across p- (T, — T2p) and n-type
(T, — Top) TE elements enhance, leading to increment of
Nmax according to (6) and the classic TE theory [57].

As the L, = L, increases, [&p (Tlp — sz) —oty (T, — Tzn)]
in (6a) enhances. On the other hand the internal resistance R
in (6a) approximately proportionally increases with length
of the TE elements. Therefore, the maximum output power
presents a parabolic behaviour with increment of TE element
length.

VOLUME 6, 2018



S. Qing et al.: Analytical Model for Performance Optimization of Thermoelectric Generator

IEEE Access

a)

0.7 — ( — ;
065 |- ==h,=h, ]
06 F | ——p, =50WK 'm™

055 1 —o— =100WK'm™

057 | —a—h, =200WK'm?
0.45 £ |—o—h, =S00WK 'm™

04 |—v—n,=1000WK'm™
| |—a—n,=2000WK 'm”
s —>— i1, =S000WK ' m?

—&— I, =10000WK 'm™

for maximum output power
(=]
(71

_Soas K
X e
S, 0——o-=—0—
I 02 * i w
10! 10° 10° 10*
B (WK'm?)
0.38 (b)
- =hyh,
0306 [ E

——h,=SOWK T

t

034 H o ~100WK'm

icien

0.32 [|—a—n,=200WK'm™

G e -1 -2
w 03 —O—II’FS()l)\VK m \
] s 5
g —v—h, =1000WK '
2 o028} 4 i
= i =N, =2000WK "m~
‘-8 i h j -

2.0.26 [{—p—1,=5000WK 'm™

Q
s —&—h,=10000WK "m™
J_0241
E ’,

0.22 T -
02— s ]
10! 10° 10 10*
h (WK 'm?)

FIGURE 8. (a) Optimal cross-section area ratio for maximum output
power; (b) optimal cross-section area ratio for maximum efficiency.

The optimal TE element length (L, = L;)op; for maximum
output power is shown in Fig. 7. For fixed hj, the opti-
mum length decreases monotonically with increment of 4.
Furthermore, for a fixed h., the optimal length decreases
monotonically with increment of hj. For the special case
(i.e. hy = he, the black line in Fig. 7, (L, = Ly)ops has
approximately a hyperbolic trend with variation of Ay and A,.

F. OPTIMAL CROSS-SECTION AREA RATIO COUPLED
WITH HEAT TRANSFER COEFFICIENTS

According to classic TE theory [25], [57], there is an
optimal slenderness ratio of p-type TE element to n-type,
ie. Xopr = (Ap/Lp)/(An/Ly) to obtain maximum system
efficiency.

In general, when A, /A, increases from a very small value
(e.g. 1072), Ty, tends to reduce because of the corresponding
total heat conduction area of n-type TE elements increases.
Moreover, the junction temperature at cold junction of the
n-type TE element increases. Therefore, the temperature dif-
ference through n-type TE element (77, — T»,) reduces.
Conversely, the temperature difference across the p-type
TE element enhances as the A, /A, increases.

VOLUME 6, 2018

Due to the inverse variation of (71, — Tp) and (T, — T2,)
with the increment of A,/A,, the maximum output power
and efficiency have non-monotonic trends according
to (6a), (6b) and the classic TE theory [57]. The optimal
cross sectional area ratio of the TE elements, (A,/Ap)op:, for
maximum output power is shown in Fig. 8(a). With increment
of hj, or he, the (A,/Ap)op: increases monotonically. When
h, < 200 W/K/m?, the (An/Ap)op: 1s nearly changeless as
he increases. However, the (A,/A})op; increases significantly
with increasing of 4. when A, >500 W/K/m?2.

The optimal (A,/Ap)op: for maximum efficiency is shown
in Fig. 8(b). With the increasing of h¢, (Au/Ap)opr stays
almost constant when hy, is very low (i.e. the case h, <
200 W/K/m?), while it has monotonically increment for the
cases of h;, >500 W/K/m2. For arbitrary A, the (Au/Ap)opr
increases with increasing of Ay,

V. CONCLUSIONS

A fully coupled analytical model is established to couple
internal and external critical design parameters for maximum
output power and conversion efficiency. The model contains
the main non-identical temperature-dependent material prop-
erties. By consideration of a wide range of Ry, hy, h¢, F
and dimensions of TE elements, systematic calculations and
analysis were carried out. The results show that, the internal
parameters of TE elements are strongly correlated with the
external load resistance, and the statistical parameters of
TE element present non-linear behaviour. The hot junction
temperature of the TE element increases monotonically as
Ry increases, while the cold junction temperature decreases.
The optimal resistance ratio m,y, is greater than unit and
it decreases monotonically with the increasing of h.; while
with the increasing of /,, m,p; monotonically increases when
h. < 500 W/K/m?2, and it has non-monotonic trend for
he > 500 W/K/m?. Optimal values for hy/h. in order to
reach maximum output power and conversion efficiency are
obtained for fixed Ay, + h. The optimal fill factor F,,, for
Wmax can reach unit when Ay, and A, are relatively high. The
optimal (An/Ap)opr TOr Wyay is larger than that for 1,4y, and
as hy, or he increase the variation of (A,/Ap)opr fOr Wy, and
Nmax Decomes very complex.

The proposed model is validated to be accurate and effi-
cient for parametric optimization analysis of TEG. In future
work, multi-parameter co-optimization of TEG system will
be conducted by applying some intelligent algorithms, e.g.
genetic algorithm, particle swarm optimization, and neural
network algorithm, etc.
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