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 

Abstract— The DC microgrid (MG) system has several 
advantages over the AC one. Therefore, it recently became 
a preferred architecture in numerous industrial 
applications. Many loads in DC MGs are electronically 
regulated and they challenge the stability of the system 
due to their constant power load (CPL) behavior. This 
paper proposes a systematic and simple approach to 
design an improved state feedback controller for the 
power buffer that can stabilize the DC MGs with multiple 
CPLs. Based on the so-called sector nonlinearity 
approach, the nonlinear DC MG with several CPLs is 
exactly represented in a Takagi-Sugeno (TS) fuzzy model. 
Then, by employing the quadratic D-stability theory, the 
sufficient conditions to guarantee the stability and 
transient performance of the closed-loop system are 
obtained in terms of linear matrix inequalities (LMIs), such 
that the decay rate and oscillatory behavior of the closed-
loop DC MG system are guaranteed to lie inside a pre-
defined region. The LMI conditions can be numerically 
solved by utilizing the YALMIP toolbox in the MATLAB. 
Finally, to illustrate the merits and implementation validity 
of the proposed approach, some hardware-in-the-loop 
(HiL) real-time simulation (RTS) results on a DC MG, which 
feeds two CPLs, are presented. In comparison with the 
state-of-the-art techniques, the RTS results indicate the 
simplicity, validity, and better performance of the 
proposed approach. According to the results, one can 
conclude that the proposed approach not only 
theoretically assures the stability but also guarantees the 
fast convergence and less oscillatory response of the DC 
MGs with multiple CPLs.  

 
Index Terms— DC microgrid (MG), power buffer, 

constant power load, Takagi-Sugeno (TS) fuzzy modeling, 
D-stability, hardware-in-the-loop (HiL), real-time simulation 
(RTS). 

 
NOMENCLATURE 

𝑟𝑗  Resistance of the j-th CPL 

𝐿𝑗   Inductor of the j-th CPL 

𝑖𝐿,𝑗  Inductor current of the j-th CPL 

𝑣𝐶,𝑗   Capacitor voltage of the j-th CPL 

𝐶𝑗  Capacitor of the j-th CPL 

𝑃𝑗  Constant power of the j-th CPL 

𝑉𝑑𝑐  Voltage of the DC-link 
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𝑖𝐿0,𝑗  
Equilibrium point of the inductor current for the j-th 

CPL 

𝑣𝐶0,𝑗   
Equilibrium point of the capasitor voltage for the j-th 

CPL 

𝑃𝑚𝑎𝑥,𝑗   Maximum value of 𝑃𝑗 

𝑟𝑠  Resistance of the supply part 

𝐿𝑠  Inductor of the supply part 

𝑖𝐿,𝑠  Inductor current of the supply part 

𝑣𝐶,𝑠  Capacitor voltage of the supply part 

𝑖𝑒𝑠  Controller injection current 

𝐶𝑠  Capacitor of the supply part 

𝑖𝐿0,𝑠  Equilibrium point of the inductor current for supply part 

𝑣𝑐0,𝑠  
Equilibrium point of the capacitor voltage for the supply 

part 

𝑀𝑗  Normalized membership functions 

𝑄  Number of CPLs 

𝑥𝑗   State variables of the j-th CPL 

𝑥𝑠  State variables of the source 

𝑋̃  Overall state variables 

ℎ̅𝑗  Nonlinear terms of the j-th CPL 

ℎ𝑗  Nonlinear terms of the j-th CPL in the equilibrium point 

𝐴𝑗  System matrix for the j-th CPL 

𝐴𝑠  System matrix for the supply part 

𝐴𝑗𝑠  
System matrix for the correlation between the j-th CPL 

and the supply part 

𝐴𝑐𝑛  
System matrix for the correlation between the supply 

part and the j-th CPL  

𝐴  Overall system matrix for the multiple CPLs case 

𝑑𝑗   The coefficient matrix of the j-th nonlinear term ℎ̅𝑗 

𝐷  
The coefficient matrix of the nonlinear term for the 

multiple CPLs case 

𝑏𝑒𝑠  Input matrix for the input variable 𝑖𝑒𝑠 
𝑏𝑠  Input matrix for the input variable 𝑉𝑑𝑐 

𝐵𝑒𝑠  
Overall input matrix for the input variable 𝑖𝑒𝑠 for the 

multiple CPLs case 

𝐵𝑠  
Overall input matrix for the input variable 𝑉𝑑𝑐 for the 

multiple CPLs case 

𝐴̃1   System matrix for the fuzzy rule 1 

𝐴̃2  System matrix for the fuzzy rule 2 

𝐾𝑖  Control gain matrix of the i-th fuzzy rule 

𝑊  LMI decision variable 

𝑍𝑖  LMI decision variables for the i-th rule 

𝐼  Identical matrix 

𝑅𝑗,𝑥  The validity region of TS fuzzy model 
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I. INTRODUCTION 

HE advances in the power electronics technology have enabled the 

novel architectures like DC and AC microgrids (MGs). The high 

efficiency, robustness, and compatibility with the DC type 

distributed generators (DGs) like photovoltaics (PV) and batteries, as 

well as with electronic loads  make DC MGs often a preferable 

architectural option compared to AC MGs [1], [2]. Power electronics 

plays an important role in stability, and reliability of DC MGs (e.g. 

clustering of MGs  [3]). Recently, in the literature of the related 

topics, the problem of stabilizing and controlling DC MGs with 

constant power loads (CPLs) has drawn a lot of attention because 

most of the electronic loads exhibit constant power behavior. Such 

loads are nowadays essential parts of several applications, including 

shipboard power systems (SPS) [4], and aerospace [5]. One of the 

challenging issues in controlling of DC MGs is coping with the 

negative incremental resistance effect of CPLs, which tends to 

destabilize the system. 

Due to the property of the negative incremental impedance of 

CPLs, the overall DC MG system with CPLs can become unstable. 

Because of the nonlinearity structure of CPLs, several nonlinear 

control approaches are presented to cope with the instability behavior 

and destructive effect of the CPLs [6]–[8]. Ref. [5] designs a linear 

state feedback controller such that the stability of the closed-loop 

system is guaranteed. Subsequently, by employing the presented 

control law, an injecting power reference is generated to stabilize the 

system. However, this approach mandates that an injecting stabilizing 

current is fed to each of the CPLs. In Refs. [7] and [8], the 

backstepping methods are used in which some derivative terms are 

used. Since the system is affected by noise, these approaches are not 

able to completely reject the CPLs nonlinearity characteristics [9]. In 

[10], to investigate the applicability of the control algorithm, some 

hardware-in-the-loop (HiL) real-time simulations (RTS) tests are 

presented. However, the DC MG is controlled by a linear PI 

controller and the performance of the system is not investigated. 

Additionally, the linear controller is only valid inside a small vicinity 

of the equilibrium point. Furthermore, the destructive effects of CPLs 

are not addressed in [10]. 

Among aforementioned control methods in the area of designing a 

controller for DC MGs with multiple CPLs, the Takagi-Sugeno (TS) 

fuzzy modeling is becoming a timely and interesting topic in the 

literature [9], [11]. In the TS fuzzy model, the nonlinear system is 

split into local linear subsystems called fuzzy rules. Then, by fuzzy 

blending of the local fuzzy rules, the overall fuzzy model will be 

achieved [12], [13]. Compared to the linear modeling techniques, the 

fuzzy model-based controller design procedure for TS fuzzy model is 

as simple as linear one; meanwhile, the performance of the fuzzy 

model-based controllers is significantly better. Therefore, numerous 

fuzzy control methods such as state feedback controller [14], fuzzy 

observer-based controller [15], output feedback controller [16], 

distributed sampled-data fuzzy controller [17], and distributed fuzzy 

polynomial controller [13], have been investigated in the literature. 

During the recent years, the linear matrix inequality (LMI) 

approaches are distinguished to construct a systematic, simple, and 

effective way to analyze the stability and stabilization of DC MGs 

with CPLs [9], [11]. However, only the stability analysis of the TS 

fuzzy model is addressed in [11]; and, [9] confines the controller 

design of TS fuzzy systems to a robust linear controller. Such linear 

controller for nonlinear DC MGs reduces the closed-loop system 

performance.  

Reviewing the literature reveals that, the transient performance 

improvement in the almost all of existing linear and nonlinear control 

schemes for the DC MGs with CPLs is left behind. The main reason 

is that the existing nonlinear approaches (such as backstepping, 

sliding mode, feedback linearization) are too complex to involve the 

transient performance. Thereby, theoretically improving the 

performance as well as the stability based on the conventional 

nonlinear approaches is very hard and may be impossible for 

different systems. Also, it is shown that linear control methods fail to 

simultaneously improve the settling time and overshoot performances 

[18]. Thus, besides the stability issues, further efforts are needed to 

mitigate the effect of the CPLs in an optimal and effective manner. 

This paper proposes a novel and enhanced TS fuzzy controller to 

assure the stability and performance of the DC MG with CPLs. By 

utilizing the sector nonlinearity approach, the nonlinear DC MG 

system with CPLs is modeled by a TS fuzzy structure. Based on the 

concept of parallel distributed compensations (PDC) and employing 

the quadratic D-stability theory, the sufficient conditions are achieved 

in terms of LMIs. The obtained LMIs guarantee that the decay and 

oscillating rates of the state variables evolutions for the closed-loop 

nonlinear DC MG system lie into the predefined region. The 

proposed nonlinear controller is as simple as the linear one presented 

in [5], [9], [10]. However, the transient performance of the closed-

loop system in the proposed method is significantly improved 

compared to the nonlinear techniques [7]–[9]. Finally, to evaluate the 

validity and practically implementation of the results for the proposed 

approach, some HiL RTSs are presented. The results indicate that the 

proposed approach is robust, and the settling time and oscillation of 

the response are significantly improved compared to the state-of-the-

art techniques.  

The organization of this paper can be summarized as follows: The 

nonlinear dynamic modeling of DC MG comprising CPLs is 

presented in Section II. The exact TS fuzzy model of the obtained 

nonlinear DC MG system and structure of the fuzzy controller are 

discussed in Section III. Section IV studies the problem of designing 

quadratic D-stable controller. The HiL RTS results are addressed in 

Section V. Finally, the paper is closed by conclusions in Section VI.  

II. DYNAMICAL MODELLING OF DC MICROGRID  

Fig. 1 illustrates a common DC MG, which is utilized in different 

applications including navy ships, electric aircraft, and automotive 

industries. The overall DC MG in Fig. 1 contains several CPLs, 

generators, and energy storage system (ESS). To better investigate a 

complicated DC MG, first, a single CPL and a DC source, each of 

which is connected to a DC source, are considered in Figs. 2 to derive 

the dynamical model. Then, the obtained relations for a single CPL 

are utilized to describe a DC MG with multiple CPLs. 

An ideal CPL is modeled as a current sink whose current injection 

is given by its power divided by the CPL voltage [19]. As is 

illustrated in Fig. 2, the 𝑗-th CPL is connected with the DC source 

through a RLC filter and is modeled as follows: 

{
 
 

 
 𝑖̇𝐿̇,𝑗 = −

𝑟𝑗

𝐿𝑗
𝑖𝐿,𝑗 −

1

𝐿𝑗
𝑣𝐶,𝑗 +

1

𝐿𝑗
𝑉𝑑𝑐

𝑣̇𝐶,𝑗 =
1

𝐶𝑗
𝑖𝐿,𝑗 −

1

𝐶𝑗

𝑃𝑗

𝑣𝑐,𝑗
                   

 (1) 

where 𝑃𝑗 is a constant power, and 𝑟𝑗 = 𝑟𝑑𝑐,𝑗 + 𝑟𝐿,𝑗. The Jacobian 

matrix of (1) has a negative real part. Therefore, it guarantees the 

existence of a real-operating point, if the equilibrium point 

[𝑖𝐿0,𝑗   𝑣𝐶0,𝑗] satisfies the following constraint [18]: 

𝑃𝑗 < min {
𝑉𝑑𝑐
4𝑟𝑗

,
𝑟𝑗𝐶𝑗𝑣𝐶0,𝑗

2

𝐿𝑗
} = 𝑃𝑚𝑎𝑥,𝑗  (2) 

T 
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Fig. 1. The overall schema of DC MG of navy ships, electric aircrafts, 
automotive, etc. 
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Fig. 2. Overview of a DC MG for the j-th source and power converter 
load as a CPL. 
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Fig. 3. Overview of the energy storage supply. 

 

The first and second terms in right side of inequality (2) assure 

finding a real-operating point for the DC MG and guaranteeing the 

negative real part of the eigenvalues of the Jacobian matrix, 

respectively [18]. Until the CPLs are considered in the DC MG 

system, the safe operation of the DC MG system must be investigated 

[18]. Furthermore, the source subsystem, which is illustrated in Fig. 

3, can be represented as: 

{
 

 𝑖̇𝐿̇,𝑠 = −
𝑟𝑠
𝐿𝑠
𝑖𝐿,𝑠 −

1

𝐿𝑠
𝑣𝐶,𝑠 +

1

𝐿𝑠
𝑉𝑑𝑐

𝑣̇𝐶,𝑠 =
1

𝐶𝑠
𝑖𝐿,𝑠 −

1

𝐶𝑠
𝑖𝑒𝑠                     

 
(3) 

where 𝑖𝑒𝑠 denotes the controller injection current. By utilizing 

suitable change of variables as follows: 

{
 
 

 
 𝑖̇̃𝐿,𝑗 = 𝑖𝐿,𝑗 − 𝑖𝐿0,𝑗
𝑣̃𝐶,𝑗 = 𝑣𝑐,𝑗 − 𝑣𝑐0,𝑗

𝑖̇̃𝐿,𝑠 = 𝑖𝐿,𝑠 − 𝑖𝐿0,𝑠
𝑣̃𝐶,𝑠 = 𝑣𝑐,𝑠 − 𝑣𝑐0,𝑠

 (4) 

where 𝑖𝐿0,𝑗, 𝑣𝑐0,𝑗, 𝑖𝐿0,𝑠, and 𝑣𝑐0,𝑠 are the equilibrium points of the DC 

MG, the equilibrium points of nonlinear systems (1) and (3) are 

shifted to the origin. Consequently, for (1), one can conclude [18]: 

{
 
 

 
 𝑖̇̃̇𝐿,𝑗 = −

𝑟𝑗

𝐿𝑗
𝑖̇̃𝐿,𝑗 −

1

𝐿𝑗
𝑣̃𝐶,𝑗                     

𝑣̇̃𝐶,𝑗 =
1

𝐶𝑗
𝑖̇̃𝐿,𝑗 +

𝑃𝑗

𝐶𝑗𝑣𝐶0,𝑗

𝑣̃𝐶,𝑗

𝑣̃𝐶,𝑗 + 𝑣𝐶0,𝑗
 

 (5) 

 and (3) is converted to 

{
 

 𝑖̇̃̇𝐿,𝑠 = −
𝑟𝑠
𝐿𝑠
𝑖̇̃𝐿,𝑠 −

1

𝐿𝑠
𝑣̃𝐶,𝑠                   

𝑣̇̃𝐶,𝑠 =
1

𝐶𝑠
𝑖̇̃𝐿,𝑠 −

1

𝐶𝑠
𝑖̃𝑒𝑠                        

 (6) 

By considering a CPL unit and a source sub-system, the overall 

scheme of a DC MG with an ESS and multiple CPLs is shown in Fig. 

1. Based on the dynamical model (1) for single CPL, the 𝑗𝑡ℎ CPL can 

be represented in the form of 

𝑥̇𝑗 = 𝐴𝑗𝑥𝑗 + 𝑑𝑗ℎ̅𝑗 + 𝐴𝑗𝑠𝑥𝑠 (7) 

where 𝑗 = {1,2,… , 𝑄}. Furthermore, the 𝑥𝑠 = [𝑥1,𝑠   𝑥2,𝑠]
𝑇
=

[𝑖𝐿,𝑠  𝑣𝐶,𝑠]
𝑇

 and 𝑥𝑗 = [𝑥1,𝑗   𝑥2,𝑗]
𝑇
= [𝑖𝐿,𝑗  𝑣𝐶,𝑗]

𝑇
 are the source and 

CPLs state vectors, respectively; ℎ̅𝑗 = −
1

𝑣𝑐,𝑗
 . The system matrices in 

(7) are as follows: 

𝐴𝑗 =

[
 
 
 
 −
𝑟𝑗

𝐿𝑗
−
1

𝐿𝑗
1

𝐶𝑗
0
]
 
 
 
 

,   𝑑𝑗 = [

0
𝑃𝑗

𝐶𝑗

],   𝐴𝑗𝑠 = [
0

1

𝐿𝑗
0 0

] (8) 

By considering (3), which presents the dynamical model of a 

single energy storage supply, the source subsystem connected with 𝑄 

CPLs can be rewritten as 

𝑥̇𝑠 = 𝐴𝑠𝑥𝑠 + 𝑏𝑠𝑉𝑑𝑐 + 𝑏𝑒𝑠𝑖𝑒𝑠 + Σ𝑗=1
𝑄
𝐴𝑐𝑛𝑥𝑗  (9) 

where 

𝐴𝑠 =

[
 
 
 −

𝑟𝑠
𝐿𝑠

−
1

𝐿𝑠
1

𝐶𝑠
0
]
 
 
 

, 𝑏𝑠 = [

1

𝐿𝑠
0

] , 𝐴𝑐𝑛 = [

0 0
−1

𝐶𝑠
0] ,

𝑏𝑒𝑠 = [

0

−
1

𝐶𝑠

] 

(10) 

By applying the same coordinate change around the operating 

point as for the (1) and (3) to derive (5) and (6), the overall DC MG 

dynamical model for Fig. 4 can be rewritten as follows [17]: 

𝑋̇̃ = 𝐴𝑋̃ + 𝐷ℎ + 𝐵𝑒𝑠𝑖̃𝑒𝑠 + 𝐵𝑠𝑉̃𝑑𝑐 (11) 

where 𝑋̃ = [𝑥1
𝑇   𝑥2

𝑇   …   𝑥𝑄
𝑇   𝑥𝑠]

𝑇
and 

𝐴 =

[
 
 
 
 
𝐴1 0 … 0 𝐴1𝑠
0 𝐴2 ⋯ 0 𝐴2𝑠
⋮ ⋮ ⋱ ⋮ ⋮
0 0 ⋯ 𝐴𝑄 𝐴𝑄𝑠
𝐴𝑐𝑛 𝐴𝑐𝑛 ⋯ 𝐴𝑐𝑛 𝐴𝑠 ]

 
 
 
 

, 

𝐷 =

[
 
 
 
 
𝑑1 0 … 0
0 𝑑2 ⋯ 0
⋮ ⋮ ⋱ ⋮
0 0 ⋯ 𝑑𝑄
0 0 ⋯ 0 ]

 
 
 
 

, 𝐵𝑒𝑠 = [

0
⋮
0
𝑏𝑒𝑠

] , 𝐵𝑠 = [

0
⋮
0
𝑏𝑠

] 

(12) 

and ℎ = [ℎ1, … , ℎ𝑄]
𝑇

 with 

ℎ𝑗 =
𝑣̃𝐶,𝑗

𝑣𝐶0,𝑗(𝑣̃𝐶,𝑗 + 𝑣𝐶0,𝑗)
 (13) 

The 𝑗-th CPL is stable in the local region 𝑅𝑗,𝑥 = {𝑥̃|−𝑤1,𝑗 ≤ 𝑖̇̃𝐿,𝑗 ≤

𝑤1,𝑗   &   − 𝑤2,𝑗 ≤ 𝑣̃𝐶,𝑗 ≤ 𝑤2,𝑗} where 𝑤1,𝑗  and 𝑤2,𝑗  are positive 

scalars that can be calculated through an optimization algorithm such 

as an LMI technique [9]. The change of variable eases designing the 

controller by making the origin to be the equilibrium point of the new 

nonlinear dynamic (11). 

The goal is to design the control input 𝑖𝑒𝑠 such that the closed-loop 

stability and performance are guaranteed. To achieve this target, a TS 

fuzzy based controller is proposed in this paper. In the following, the 

equivalent TS fuzzy model (11) will be derived.  
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𝑖𝑒𝑠

Sys. s=Q+1
Sys. 1

Sys. 2

Sys. Q

𝑉𝑑𝑐
𝑣𝐶,1

𝑣𝐶,2𝑖𝐿,2

𝑖𝐿,1

𝑃2
𝑣𝐶,2

𝑃1
𝑣𝐶,1

𝑃𝑄
𝑣𝐶,𝑄

𝑣𝐶,𝑄𝑖𝐿,𝑄

𝑖𝐿,𝑠 𝑣𝐶,𝑠

 
Fig. 4. A DC MG with 𝑄 CPLs and a source. 

III. TS FUZZY MODELING AND FUZZY CONTROLLER  

During recent years, the TS fuzzy model is converted to a 

promising research topic for designing controller for nonlinear 

systems. The TS fuzzy model has several advantages in comparison 

with the conventional existent controllers. The TS fuzzy model is 

known as a bridge among the nonlinear systems and linear control 

theory and convexity theory [12]. In other words, the TS fuzzy model 

approaches deploy the straightforward linear control theory to design 

local linear controllers which are then aggregated through the fuzzy 

techniques to assure the stability and performance issues. Thereby, 

the TS fuzzy model constructs a simple and effective way to analyze 

the nonlinear systems  and facilitates considering different transient 

performances in the design procedure [12], [19]. In the following, the 

nonlinear DC MG is systematically exactly represented by TS fuzzy 

model trough the so-called sector nonlinearity method [12]. 

For the case of the DC MG (11) with a CPL (i.e., 𝑄 = 1) and in 

the local region 𝑅𝑗,𝑥 with 𝑗 = 1, the upper and lower sectors of the 

nonlinear term (13) are computed as 𝑈𝑚𝑖𝑛𝑣̃𝐶,1 ≤ ℎ1 ≤ 𝑈𝑚𝑎𝑥𝑣̃𝐶,1, 

where 

𝑈𝑚𝑖𝑛 =
1

𝑣𝐶0,1(𝑤̃2,1 + 𝑣𝐶0,1)
, 𝑈𝑚𝑎𝑥 =

1

𝑣𝐶0,1(−𝑣̃𝐶,1 + 𝑣𝐶0,1)
  (14) 

with −𝑤̃2,1 ≤ 𝑣̃𝐶,1 ≤ 𝑤̃2,1. Based on the sector nonlinearity 

approach, the nonlinear term ℎ1 can be decomposed to  

ℎ1 = 𝑀1𝑈𝑚𝑖𝑛𝑣̃𝐶,1 +𝑀2𝑈𝑚𝑎𝑥𝑣̃𝐶,1 (15) 

where 𝑀1 and 𝑀2 are normalized membership functions such that 

satisfy 

𝑀1 +𝑀2 = 1 (16) 

By solving (15) and (16), the normalized membership functions 𝑀1 

and 𝑀2 results in 

{
 
 

 
 𝑀1 =

𝑈𝑚𝑎𝑥𝑣̃𝐶,1 − ℎ1
(𝑈𝑚𝑎𝑥 −𝑈𝑚𝑖𝑛)𝑣̃𝐶,1

𝑀2 =
ℎ1 − 𝑈𝑚𝑖𝑛𝑣̃𝐶,1

(𝑈𝑚𝑎𝑥 − 𝑈𝑚𝑖𝑛)𝑣̃𝐶,1
 

 (17) 

Thereby, the membership functions of the TS fuzzy model are 

obtained systematically. The fuzzy IF-THEN rules for DC MG with a 

single CPL are obtained will be of the forms [12]: 

Rule 1: IF 
ℎ1

𝑣̃𝐶,1
 is 𝑈𝑚𝑖𝑛 THEN 𝑋̇̃ = 𝐴̃1𝑋̃ + 𝐵𝑒𝑠𝑖̇̃𝑒𝑠 + 𝐵𝑠𝑉̃𝑑𝑐 

Rule 2: IF 
ℎ1

𝑣̃𝐶,1
 is 𝑈𝑚𝑎𝑥 THEN 𝑋̇̃ = 𝐴̃2𝑋̃ + 𝐵𝑒𝑠𝑖̇̃𝑒𝑠 + 𝐵𝑠𝑉̃𝑑𝑐 

(18) 

where 

𝐴̃1 =

[
 
 
 
 
 
 
 
 −
𝑟1
𝐿1

−
1

𝐿1
0

1

𝐿1
1

𝐶1

𝑃1
𝐶1
𝑈𝑚𝑖𝑛 0 0

0 0 −
𝑟𝑠
𝐿𝑠

−
1

𝐿𝑠

−
1

𝐶𝑠
0

1

𝐶𝑠
0
]
 
 
 
 
 
 
 
 

, 𝐵𝑒𝑠 =

[
 
 
 
 
0
0
0

−
1

𝐶𝑠]
 
 
 
 

, 

  𝐴̃2 =

[
 
 
 
 
 
 
 
 −
𝑟1
𝐿1

−
1

𝐿1
0

1

𝐿1
1

𝐶1

𝑃1
𝐶1
𝑈𝑚𝑎𝑥 0 0

0 0 −
𝑟𝑠
𝐿𝑠

−
1

𝐿𝑠

−
1

𝐶𝑠
0

1

𝐶𝑠
0
]
 
 
 
 
 
 
 
 

, 𝐵𝑠 =

[
 
 
 
 
0
0
1

𝐿𝑠
0 ]
 
 
 
 

 

(19) 

and 𝑋̃ = [𝑖̇̃𝐿,1 𝑣̃𝐶,1 𝑖̇̃𝐿,𝑠 𝑣̃𝐶,𝑠]
𝑇

. Then, by utilizing the singleton 

fuzzier, product inference engine, and center of average defuzzifier, 

the overall TS fuzzy model will be achieved as follows: 

𝑋̇̃ = Σ𝑖=1
2 𝑀𝑖{𝐴̃𝑖𝑋̃ + 𝐵𝑒𝑠𝑖̇̃𝑒𝑠 + 𝐵𝑠𝑉̃𝑑𝑐} (20) 

Remark 1: Although, the procedure of the deriving an equivalent 

TS fuzzy model for the DC MG with one CPL is provided, the sector 

nonlinearity approach can also be employed for a general DC MG 

with multiple CPLs. From (11) one concludes that each CPL adds 

one nonlinear term in the state space model of the DC MG system. By 

the means of the sector nonlinearity approach, each nonlinear term is 

described by two sectors. Then, the overall TS fuzzy model will be 

obtained by aggregating of sectors and has 𝑟 = 2𝑄 rules. 

 

The TS fuzzy model is the basis of designing fuzzy model-based 

controller. Based on the TS fuzzy model (20) and a PDC scheme, the 

following fuzzy controller is suggested: 

𝑖̇̃𝑒𝑠 = Σ𝑖=1
2 𝑀𝑖𝐾𝑖𝑋̃ (21) 

where 𝑀𝑖 are membership functions and the control gain matrices are 

denoted by 𝐾𝑖, which will be designed through LMI techniques. 

Based on (20) and (21), the closed-loop system can be calculated as 

follows: 

𝑋̇̃ = Σ𝑖=1
2 𝑀𝑖{𝐴̃𝑖 + 𝐵𝑒𝑠𝐾𝑖}𝑋̃ = 𝐴𝑋̃ (22) 

where 𝐴 = Σ𝑖=1
2 𝑀𝑖{𝐴̃𝑖 + 𝐵𝑒𝑠𝐾𝑖}. The control signal (21) has to 

guarantee that the state variables of the DC MG converge to their 

nominal values as fast as possible with a minimum overshoot. Thus, 

the D-stability concept is proposed for the DC MG to obtain such 

robust transient performance. 

IV. DESIGN OF QUADRATIC D-STABLE CONTROLLER 

Definition 1 (LMI region) [20], [21]: Consider the characteristic 

function which is defined as follows: 

𝑓𝐷(𝑧) = 𝑇 + 𝐺𝑧 + 𝐺
𝑇𝑧̅ (23) 

For any arbitrary symmetric matrix 𝑇 and matrix 𝐺, the LMI region 

in the complex plane is defined as 

𝐷 = {𝑧 = 𝑥 + 𝑗𝑦:         𝑓𝐷(𝑧) < 0} (24) 

Definition 2 (Quadratic D-stability) [20], [21]: Consider an LMI 

region D which is defined in definition 1. The nonlinear system 

𝑥̇(𝑡) = 𝑓(𝑥(𝑡))𝑥(𝑡) is quadratic D-stability if there exists a 

quadratic Lyapunov function 𝑉 = 𝑥𝑇𝑃𝑥 with a positive definite 

symmetric 𝑃 such that: 

𝑇⨂𝑃 + 𝐺⨂(𝑃𝑓(𝑥(𝑡))) + 𝐺𝑇⨂(𝑃𝑓(𝑥(𝑡)))
𝑇
< 0 (25) 

where ⨂ is the Kronecker product. 

In the conventional Lyapunov stability, the goal is to derive 

sufficient conditions that assure  𝑉̇ < 0 which only guaratnees the 

closed-loop stability. However, in the D-stability method, the  
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Fig. 5. Proposed D-stability criteria. 

 

sufficient conditions that guarantee 
𝑉̇

𝑉
∈ 𝐷 will be obtained. The LMI 

region 𝐷 is defiend by its own matrices 𝑄 and 𝐺. A proper selection 

of matrices 𝑇 and 𝐺 not only brings about the closed-loop stability 

but also assure the some predefined performance criterions. Fig. 5 

shows the defined LMI region based on which the controller will be 

designed. The region 𝑅𝑒𝑎𝑙{𝑧} < −𝜆 provides a fast response 

convergence, by increasing the decay rate of the response. 

Meanwhile, the region tan (
𝑅𝑒𝑎𝑙{𝑧}

𝐼𝑚𝑎𝑔{𝑧}
) < 𝜃 leads to a less oscillatory 

response by placing the poles of the system near the real axis. By 

selecting a higher 𝜆, the decay rate is incereasined. Also, choosing 

small 𝜃 results a low oscillatory rate. The matrixes 𝑇 and 𝐺 are 

computed so that both of the aforementioned regains are introduced 

based on the Definition 1, as follows [22]:  

𝑇 = [
2𝜆 0 0
0 0 0
0 0 0

] , 𝐺 = [
1 0 0
0 sin(𝜃) cos(𝜃)

0 −cos(𝜃) sin(𝜃)
] (26) 

where 𝜆 and 𝜃 are defined in Fig. 5. Regarding to the robust 

performance of the DC MG closed-loop system based on the D-

stability theory, the following theorem is proposed. 

Theorem 1: The overall closed-loop TS fuzzy model (22) is 

quadratic D-stable with the matrices (26), if there exist a symmetric 

matrix 𝑊 and any matrices 𝑍1 and 𝑍2 such that the following LMI 

conditions are held: 

𝑊 > 0 (27) 

𝑇⨂𝑊 + 𝐺⨂𝐴̃𝑖𝑊+ 𝐺⨂𝐵𝑒𝑠𝑍𝑖 + (𝐺⨂𝐴𝑖𝑊 +𝐺⨂𝐵𝑒𝑠𝑍𝑖)
𝑇

< 0 
(28) 

where 𝑖 = {1,2}. Besides, the control gain matrices are obtained by: 

𝐾𝑖 = 𝑍𝑖(𝑊
−1) (29) 

Proof: Substituting the closed-loop system (22) into (25), results 

in 

 

 

𝑇⨂𝑃 + 𝐺⨂(𝑃[Σ𝑖=1
2 𝑀𝑖{𝐴̃𝑖 + 𝐵𝑒𝑠𝐾𝑖}])

+ 𝐺𝑇⨂([Σ𝑖=1
2 𝑀𝑖{𝐴̃𝑖 + 𝐵𝑒𝑠𝐾𝑖}]

𝑇
𝑃) < 0 

(30) 

Since Σ𝑖=1
2 𝑀𝑖 = 1, by utilizing the associativity property of the 

Kronecker product [23], (30) equals to: 

𝐼𝑇⨂𝑃𝐼 + 𝐼𝐺⨂(𝑃{𝐴̃𝑖 + 𝐵𝑒𝑠𝐾𝑖}) + 𝐺
𝑇𝐼⨂ ({𝐴̃𝑖 + 𝐵𝑒𝑠𝐾𝑖}

𝑇
𝑃)

< 0 
(31) 

where 𝐼 is the identical matrix. Based on the mixed-product property 

of the Kronecker product [23], one has:  

(𝐼⨂𝑃)(𝑇⨂𝐼) + (𝐼⨂𝑃)(𝐺⨂{𝐴̃𝑖 + 𝐵𝑒𝑠𝐾𝑖})

+ (𝐺𝑇⨂{𝐴̃𝑖 + 𝐵𝑒𝑠𝐾𝑖}
𝑇
) (𝐼⨂𝑃) < 0 

(32) 

Pre- and post-multiplying (32) by (𝐼⨂𝑃)−1 = 𝐼−1⨂𝑃−1 =
𝐼⨂𝑃−1, one has 

(𝑇⨂𝐼)(𝐼⨂𝑃−1) + (𝐺⨂{𝐴̃𝑖 + 𝐵𝑒𝑠𝐾𝑖})(𝐼⨂𝑃
−1)

+ (𝐼⨂𝑃−1) (𝐺𝑇⨂{𝐴̃𝑖 + 𝐵𝑒𝑠𝐾𝑖}
𝑇
) < 0 

(33) 

Employing the mixed-product property of the Kronecker product 

results in 

𝑇⨂𝑃−1 + 𝐺⨂{𝐴̃𝑖𝑃
−1 + 𝐵𝑒𝑠𝐾𝑖𝑃

−1}

+ 𝐺𝑇⨂{𝑃−1𝐴̃ 𝑖
𝑇 + 𝑃−1𝐾𝑖

𝑇𝐵𝑒𝑠
𝑇 } < 0 

(34) 

By defining the change of variables 𝑃−1 = 𝑊 and 𝐾𝑖𝑃
−1 = 𝑍𝑖, the 

proof will be completed. 

 

Remark 2: Although, Theorem 1 provides sufficient conditions of 

designing a fuzzy controller for the DC MG with one CPL, the 

suggested approach can be simply extended to the case of DC MGs 

with multiple CPLs. To do this, it is only needed to consider the 

number of fuzzy rules in (18) and (28) as 𝑟 = 2𝑄 (which is discussed 

in Remark 1) and compute 𝑍𝑖 for 𝑖 = 1,… , 2𝑄. 

 

Remark 3: The overall procedure of the proposed Quadratic D-

stable controller is indicated in Fig. 6. First, the nonlinear DC MG 

system is exactly represented by TS fuzzy model and the number f 

fuzzy rules (i.e. 𝑟), the fuzzy membership functions (i.e. 𝑀𝑖), local 

system matrices (i.e. 𝐴̃𝑖 for 𝑖 = 1,… , 𝑟), and the input matrix (i.e. 

𝐵𝑒𝑠) are computed. The conditions (27) and (28) of Theorem 1, are 

solved with respect to the given 𝑟, 𝐴̃𝑖, and 𝐵𝑒𝑠 to numerically 

compute the matrices 𝑊 and 𝑍𝑖. Note that, several toolboxes in 

Matlab, including the YALMIP can solve such conditions. Now, the 

control gain matrices are obtained by (29). Finally, by considering 

the normalized membership functions, the fuzzy controller of the from 

(21) is designed and applied to the nonlinear DC MG system. The 

sufficient conditions of Theorem 1 are independent to the structure 

and nonlinearity of the DC MGs. Therefore, by changing the 

parameters and structure of the DC MG, one needs to compute the 

equivalent TS fuzzy system and use the YALMIP toolbax to design the 

controller. Consequently, a systematic design procedure for any DC 

MG with any number of the CPLs is proposed.  

 

Remark 4: Compared to the existing control methods, the 

proposed quadratic D-stable controller has the following advantages 

over the other control methods: 

1. In comparison with the sliding mode [24] and the 

backstepping [25], [26] controllers, time derivatives are not 

appeared in the structure of the proposed approach. Thus, the 

robustness of the proposed approach against noise is 

significantly improved. Additionally, the design procedure for 

the nonlinear DC MG system needs significant efforts. 

However, the design procedure for the proposed nonlinear 

control method for DC MG is straightforward. The reason is 

that in the other techniques, the control gains are computed 

analytically; meanwhile in the proposed approach, they are 

calculated numerically through the well-known LMI software. 

2. In comparison with the feedback linearization method [8], the 

proposed approach does not utilize any nonlinearity 

cancelation. Thus, a more robustness of the proposed 

approach is assured compared with state-of-the-art feedback 

linearization methods. 

3. In comparison with Mamdani fuzzy controller [27], the 

closed-loop stability and performance of the proposed 

approach is theoretically guaranteed by the quadratic D-

stability theory. 

4. In comparison with the conventional linear control 

approaches [9], [10], the transient performance of the 

proposed approach is significantly improved from decay rate 

and oscillating ratio points of view. Although the design 

procedure for both the proposed and the linear control 

methods are simple and is based on linear control theories, 

the proposed PDC fuzzy controller is more suitable for the 

nonlinear nature of DC MGs.  

 

2𝜃 

𝜆 

https://en.wikipedia.org/wiki/Associativity
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Fig. 6. The overall schematic of the proposed approach. 
 

TABLE I  
PARAMETERS FOR DC MG WITH ONE CPL 

𝑟1 = 1.1 Ω 𝑥1,20 = 198.34 𝐶𝑠 = 500 𝜇𝐹 

𝐿1 = 39.5 𝑚𝐻 𝑥̃2𝑁 = 130.4 𝑉𝑑𝑐 = 200 𝑉 

𝐶1 = 500 𝜇𝐹 𝑟𝑠 = 1.1 Ω  

𝑃1 = 300 𝑊 𝐿𝑠 = 39.5 𝑚𝐻  

 

 
Fig. 7. The HiL RTS setup and configuration of the OPAL-RT setup. 

 
TABLE II  

CLOSED-LOOP PERFORMANCE OF THE DIFFERENT APPOACHES 

 
Settl. Time 

(s) 

Integral of  

error 

Norm-2 of 

𝑢(𝑡) 

Prop. 

Approach 
0.0093 0.2644 0.0018 

Ref. [5] 0.0240 0.4815 0.0021 

Ref. [9] 0.0309 1.0615 0.0029 

Input free 0.0936 2.1172 0 

Improvement 61.25% 45.08% 14.28% 

 

V. HARDWARE-IN-THE-LOOP REAL-TIME SIMULATION RESULTS 

To evaluate the validity of the proposed approach, some HiL RTS 

results on the DC MG with a CPL are extracted. The main feature of 

the HiL RTS compared to the conventional off-line simulations is its 

ability to emulate delays and errors and to investigate the 

computational burden of a controller. Fig. 7 illustrates the HiL setup 

and its overall configuration. The HiL consists of 1) a set of OPAL-

RT, 2) a computer, and 3) a router. By employing an Ethernal board, 

the OPAL-RT is connected to the DK60 board.  

 
(a). 

 
(b). 

 
(c). 

 
(d). 

 
(e). 

Fig 8. The evolutions of the closed-loop state variables of the DC MG 
for the proposed approach, [5], [9], and the unforced system are 
illustrated by dash-dot blue line (-.), dotted black line ( . . ), dashed 
green line (- -) and solid red line (-), respectively. (a). 𝑖𝐿1  (b). 𝑣𝑐1  (c). 

𝑖𝐿2  (d). 𝑣𝑐2  (e). 𝑖𝑒𝑠. 

 

Consider the DC MG with the structure presented in Fig. 4 and 

consider only one CPL is in the circuit. The parameters of the DC 

MG are presented in Table I. Based on the designed quadratic D-

stability controller, the evolutions of the state variables are 

Nonlinear DC MG system with CPLs 

TS fuzzy modeling 

Obtain 𝑟, 𝑀𝑖, 𝐴̃𝑖, and 𝐵𝑒𝑠 

Use Theorem 1 

Compute 𝑊 and 𝑍𝑖 

Compute the controller gain matrices 𝐾𝑖 = 𝑍𝑖(𝑊
−1) 

Design control signal 𝑖̇̃𝑒𝑠 = Σ𝑖=1
2 𝑀𝑖𝐾𝑖𝑋̃ 
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guaranteed to lie inside the LMI region, which is illustrated in Fig. 5. 

The feasible solutions of Theorem 1 are obtained by considering the 

parameters of the LMI region as 𝜆 = 100 and 𝜃 =
𝜋

10
. By solving the 

proposed LMI conditions presented in Theorem 1, the controller gain 

matrices will be achieved as follows: 

𝐾1 = [142.4601   19.5947  − 44.1408    5.2364] 
𝐾2 = [190.7203   26.8210  − 60.3274    6.8071] 

The control signal is designed by utilizing equation (21). Also, to 

compare the results, the LMI conditions proposed in [9] are 

numerically solved. The controller gain matrix of [9] is obtained as 

follows: 

𝐹 = [29.8742     0.6326     1.1017     0.3556] 
and the signal control of [9] is designed by 𝑖̇̃𝑒𝑠 = 𝐹𝑥̃. The control 

signal  𝑖̇̃𝑒𝑠 for the proposed approach, [5], and [9] are considered to 

be limited by ±10. Utilizing the initial conditions 𝑥 =
[1.7   210    1.7    210]𝑇, the evolutions of the state variables (i.e. 

voltage and current of the ESS and CPL, controlled by the current of 

the storage energy supply) of the proposed approach, [5], and [9] are 

depicted in Fig. 8. The simulation results clearly indicate that, based 

on the proposed approach, the transient performance such as settling 

time and oscillating behavior of the evolutions of the state variables 

are improved compared with the state-of-the-art methods [5], [9].  

Furthermore, the settling time, integral of error of the system 

response, and norm-2 of the control input of different approaches are 

provided in Table II. As can be seen in Table II, the proposed 

approach not only enhances the transient and steady sate 

performances, but also consumes less injecting power than the other 

methods to stabilize the DC MG. 

VI. CONCLUSIONS 

As it is clear from the simulation results, one can conclude that the 

transient and steady state performance of the closed-loop DC MG 

system with CPL was significantly improved compared to the newly 

published papers. This goal was obtained by designing the D-stable 

controller for nonlinear DC MG system. The quadratic D-stability 

criteria not only guarantees the stability of the closed-loop DC MG 

system, but also ensures that all of the Eigenvalues of the closed-loop 

TS fuzzy model are located within a predefined region. Thus, the 

negative impedance characteristic of CPLs was compensated. 

Additionally, the transient performance of the closed-loop DC MG 

system was improved significantly. The same as a linear controller, 

the PDC controller has a simple design procedure, which is based on 

the linear control theory. However, the designed controller was 

suitable for the nonlinear nature of the DC MG system. Additionally, 

apart from the behaviors of state variables, the injecting power was 

adjusted by PDC controller and applied to the nonlinear DC MG 

system through the ESS. The stabilizing injecting power was reduced 

compared to state-of-the-art methods. Thus, the better performance of 

the DC MG system was guaranteed by consuming less amount of 

injecting power. 

For the future work, the authors suggest the following research 

topics: 

1. Designing a robust 𝐻∞ controller to guarantee the stability of 

the uncertain DC MGs with CPLs. 

2. Analyzing the stability of DC MGs in the presence of AC side 

and rectifier unit. 

3. Applying the proposed methods on different configurations of 

the MG, with different loads, renewable sources and grid 

typologies. 
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