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A comment on ‘Resolving spurious regressions and
serially correlated errors’

Daniel Ventosa-Santaularia* J. Eduardo Vera-Valdés'
Alejandra I. Martinez Olmos?

Abstract

In order to diminish size distortions of the ¢-test in a time-series linear specifi-
cation, Agiakloglou (2013) [Empir Econ (2013) 45:1361-1366] proposed to (1) in-
clude the first lag of the dependent variable as a regressor, or (2) estimate it using
the first differences of the variables. He provided finite-sample evidence to support
his proposal. In this paper we extend the Monte Carlo experiment to different data-
generating processes, and calculate the asymptotic behavior of the modified speci-
fications. We show that including the lag of the dependent variable as a regressor
reduces size distortions when the variables are driftless unit roots, but this approach
does not hold under the presence of long memory, nonlinearities or structural breaks.

Keywords: Spurious regression, autocorrelation corrective methods, unit roots, shifts,
fractional integration
JEL clasification: C22

The spurious regression phenomenon occurs when a statistically significant relationship
between two or more variables (stationary or not) is inferred when in fact there is none.
It has been an ongoing topic in time series analysis since its discovery in the late twen-
ties (Yule, 1926), its rediscovery in time-series econometrics by Granger and Newbold
(1974), and the elegant asymptotic explanation of this phenomenon (assuming driftless
unit root processes as the data-generating process, DGP) by Phillips (1986). In the last
three decades many authors extended the realms of spurious regression by proposing more
elaborate DGPs and/or estimators (see Ventosa-Santaularia 2009 for a review), the main
insight being relatively simple: Econometricians must be cautious when making empiri-
cal studies given the ubiquity of the phenomenon of spurious regression when modelling
economic times series.

*Corresponding Author: Centro de Investigacién y Docencia Econémicas (CIDE) Carretera México-
Toluca 3655 Col. Lomas de Santa Fe 01210 México City, Mexico.
Email: daniel.ventosal@cide.edu
Phone: +52 01 800 021 2433.

fCREATES and Aarhus University. The author acknowledges support from CREATES - Center for
Research in Econometric Analysis of Time Series (DNRF78), funded by the Danish National Research
Foundation.

tUniversidad de Guanajuato, Departamento de Economia y Finanzas



Nevertheless, several authors, such as McCallum (2010), Kolev (2011), and Agiakloglou
(2013), inter alia, consider that the spurious regression phenomenon is rather due to a
poorly-controlled autocorrelation problem. They further propose that an estimation pro-
cedure that controls for its presence eliminates the spurious regression phenomenon. Mc-
Callum (2010), for instance, proposed a Cochrane-Orcutt procedure to avoid nonsense
inference, but Martinez-Rivera and Ventosa-Santaularia (2012) provided evidence that his
proposal does not always work.

Recently, Agiakloglou (2013) suggested that (i) adding the first lag of the dependent vari-
able as a regressor (equation 3) or, (i1) using the variables in first difference (equation 2),
instead of the original regression (equation 1), reduces the size distortion of ¢-statistics
(under both, stationarity and nonstationarity). Agiakloglou shows the effectiveness of his
proposal through a Monte Carlo experiment. The latter is carried out simulating 1,000
replications, each of which generates two independent series, z; and y;, which follow an
AR(1) process with different parametric settings. The average rejection rate of the t-ratio
(as well as the average value of the Durbin-Watson statistic and the average rejection rate
of an ARCH(1) test), shows that his autocorrelation-correcting procedure works well in
finite samples.

Y = a+ By + €, (1)
Ay = a+ BAx: + €, (2)
Y = o+ Bry + 0y + & 3)

Agiakloglou concludes that the model with lags (3) eliminates, in most cases (and for
rather small values of the autoregressive parameter), the evidence of spurious results and
serially correlated errors, while the model with differences (2) eliminates the size distor-
tions when the AR parameter is large.

Although Agiakloglou’s proposal is interesting and valuable, its scope remains limited
given that it is only based on Monte Carlo simulations (no theoretical arguments are pro-
vided), the employed DGP, an AR(1), is rather simple, and it remains unclear whether the
latter can be considered as representative of most economic time series. Also, his Monte
Carlo evidence is built upon the specification of the same AR parameter to generate both,
x¢ and y; in each simulation. Given the potential usefulness of Agiakloglou’s proposal, we
aim to cope with such limitations and thus clarify its reach. Our strategy is threefold:

We first provide a new set of DGPs, close to the one employed by Agiakloglou (all the
processes are stationary), but allowing for constant terms and different parameter values
for z; and y; (this is, the constants, the autogressive terms and the variances are different
for each variable). The results appear in Table (1).

The rejection rates presented in Table (1) confirm Agiakloglou’s findings: the size distor-
tions are greatly reduced when the regression in estimated in first differences or with a lag
of the dependent variable. Model (2) is particularly useful when the AR parameters are
large, whilst model (3) when the AR parameters are rather small. More importantly, these
simulations also provide some evidence that both proposals are useful when the DGP pa-
rameters are not the same for each variable, something not considered in Agliakloglou’s
work. Moreover, the presence of constant terms does not seem to affect the size-distortion
reduction capabilities of the proposed specifications. It is noteworthy to emphasize that
the simulated processes in table (1) are stationary.
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T Model AR(1) AR(2)
¢y =010 ¢, =030 ¢, =050 ¢, =070 ¢, =090 ¢, =—0.30, ¢y, = 0.20
Gy =025 ¢, =045 ¢, =065 ¢, =085 ¢, =095 ¢1,=0.10, ¢pp = —0.50

(1) 0.065 0.082 0.156 0.298 0.558 0.018

100 2) 0.101 0.079 0.063 0.067 0.052 0.046
3) 0.056 0.058 0.059 0.071 0.089 0.035

(1) 0.055 0.070 0.164 0.327 0.594 0.015

200 2) 0.086 0.076 0.078 0.060 0.061 0.041
3) 0.047 0.042 0.047 0.062 0.089 0.029

(1) 0.063 0.088 0.166 0.329 0.587 0.023

500 ) 0.116 0.076 0.068 0.047 0.047 0.035
3) 0.057 0.056 0.045 0.049 0.060 0.042

(1) 0.068 0.079 0.178 0.322 0.587 0.018

1,000 2) 0.094 0.073 0.068 0.059 0.045 0.040
3) 0.065 0.047 0.053 0.053 0.058 0.036

Table 1: Proportion of rejection of the null hypothesis for the t-test with a 5% nominal value. All
the simulated processes are stationary. The constant term and the standard deviation of y; and x,
are 0.3 and 1.8, and 0.5 and 1.4, respectively.

In the second part of our strategy, we provide the theoretical underpinning for Agiak-
loglou’ procedure for the unit root case, and show that his proposal is correct except that a
nonstandard asymptotically pivotal distribution should be employed instead of the classi-
cal Normal distribution under the null hypothesis; this result is summarized in the follow-
ing Theorem.

Theorem. Let {y;},, and {x};°, be two independent I(1) processes, z; = z_1 + Us,
for z = x,y, uy ~ 1id(0,02). Then, as T — oo:

1. Model (2):
T1/25 D way(1)oy
Or
ts 2 way(1),
2. Model (3):

.5 g, fwuwy+5@@OV—1ﬂ%w+wy N A R )
Tﬁ*aﬂy vy T ([ J @2 — 2 [, [ wy [ waioy + (] way)?

D Yy fwxdwy [ (%/(1)2 — )Yy +wy(1 fww fwy - fwxwy fwy]

Vol @y + (fwn)? [ =2 [ ws [ wy [ wawy + (] waw, )

2
Yy = </wy) _/WZ and, Yoy = /wyw:]c —/wx/wy,

D e .
where — denotes convergence in distribution, wz( ) represents a standard Wiener process,

with

and f w,(r) represents the stochastic integral fo w,(r)dr.



Proof: see appendix A.

Under model (2) the estimated 3 collapses to zero at a rate of 7~ '/? while tz converges
to a standard normal. This last result should come as no surprise given that we are under
a process I(1), which, when differentiated, becomes an 1(0) process. The Theorem also
shows that under model (3) the statistic ¢35 does not converge to a standard normal but to
a nonstandard distribution (a function of Brownian motions) without unknown nuisance
parameters. Given the above, a new set of critical values must be computed. We did so
using a Monte Carlo simulation with 100, 000 replications for different sample sizes. The
critical values are shown in Table 2.

T 1% 5% 10%

50 £3.4677 +£2.7057 +2.3088
100 +3.4123 +2.6912 +2.3079
250 £3.3847 +2.6852 +2.3055
500 +3.3733 +£2.6703 +2.3068
00 £3.3685 +2.6752 +2.3031

Table 2: Critical values of the t-ratio associated to 3 in eq. (3).

Note, however, that these critical values are adequate only under the assumption of drift-
less unit roots with 72d noise at the base. The inclusion, for example, of a drift in the DGP
(not considered in Agiakloglou) invalidates them. To clarify and extend the later point, we
present the third part of our strategy by providing Monte Carlo evidence using different
DGPs. It would be a strong assumption in practice to consider that economic time series
can always be represented as AR(1) processes. By allowing a wider variety of DGPs,
we show that the size-reduction capacities of Agiakloglou’s procedure can be consider-
ably lower in some cases. In other words, we obtain evidence that the spurious regression
phenomenon is not systematically eliminated when applying Models (2) and (3). On Ta-
ble 3 we present the proportion of rejections (out of 1,000 replications for samples sizes
of T" = 100, 200, 500, and 1,000) of the null hypothesis for the ¢-ratio with a nominal
value of 5%. We considered six different DGPs: ARFIMA(0,d,0), AR(2), I(1), 3-Regime
SETAR, and I(1)+drift+break. All the DGPs are nonstationary, except the (nonlinear) 3-
Regime SETAR, which is globally stationary although the corridor regime is not (for ;).
Note also that all the considered DGPs (except the I(1) DGP) include deterministic com-
ponents. The parameters of the simulations appear in Table 4 in the appendix. For reasons
of space we only present a subset of our simulation study. The complete experiment is
available as supplementary material.

Table (3) allow us to make two main observations: First, note that the proportion of re-
jections of the null hypothesis in all cases (except the I(1)* case, where correct critical
values have been used) is greater than the nominal value of 5%. This indicates that if
the practitioner were to work with variables generated by some of these DGPs, which
she probably would not know ex-ante, by following Agiakloglou’s procedure, the risk of
erroneously conclude that there is a relation between the variables, when in fact there is
none, is greater. That said, note that, for all DGPs considered in Table (3), Agiakloglou’s
alternative specifications still reduce considerably the size distortions; for the nonstation-
ary ARFIMA case, for instance, size distortions are reduced from around 0.8 to close to
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T Model  ARFIMA(0,d,0) AR(2) ARIMA(1,1,0) I(1)* 3-R SETAR  I(1)+drift

+breaks

(1 0.695 0.954 1.000 — 0.965 0.999

100 ) 0.058 0.147 0.258 — 0.113 0.304
3) 0.175 0.656 0.359 0.052 (0.165) 0.839 1.000

€8 0.786 0.988 1.000 — 0.850 1.000

200 2) 0.078 0.126 0.260 — 0.118 0.318
3) 0.250 0.805 0.371 0.048 (0.174) 0.693 1.000

1 0.819 1.000 1.000 — 0.553 1.000

500 2) 0.082 0.149 0.250 — 0.126 0.341
3) 0.166 0.894 0.376 0.052 (0.176) 0.383 1.000

1 0.808 1.000 1.000 — 0.271 1.000

1,000 2) 0.095 0.140 0.272 — 0.136 0.347
3) 0.119 0.931 0.400 0.049 (0.173) 0.227 1.000

Table 3: Proportion of rejection of the null hypothesis for the t-test with a 5% nominal value. All
the simulated processes are nonstationary except the nonlinear 3-Regime SETAR (with a corridor
regime being nonstationary). Column I(1)* allows to compare the results using the critical values
of Table 2, and standard critical values (in parentheses).

0.10 when the sample size is 1,000. The same can be said when the underlying DGP is a
nonlinear 3-R SETAR.* When the variables are generated as unit root processes with drift
and a break or as nonstationary AR(2) processes, model (2) also reduces considerably the
size distortions, although the rejection rate remains close to 0.30 in the former case, and
around 0.14 in the latter.

Second, the inclusion of breaks greatly exacerbates the problem. This can be seen on
the last column of Table (3), the I(1)+drift+break case, having the greater rejection pro-
portions for either model. Recall that the reasoning behind Agiakloglou’ proposal was
that spurious regression come from an uncontrolled autocorrelation problem, so a word of
caution must be made if structural breaks are suspected.

To summarize, our comment on Agiakloglou’s procedure provides a threefold extension:
First, it extends the finite sample experiment by allowing constant terms and different pa-
rameter values for each variable; the size-distortion reduction of Agiakloglou’s proposal
is preserved for autoregressive stationary data-generating processes. Second, it also pro-
vides the underlying asymptotic theory for the driftless unit root case. In short, limit
expressions for the slope estimate and its associated t-ratio under stochastic nonstationar-
ity were presented. The ¢5 for model (2) converges to a normal standard, whilst, for model
(3), it converges to a nuisance-parameter-free function of Brownian motions (critical val-
ues for the latter case were calculated). Finally, it also limits its reach: practitioners have
to be cautious, and aware of the limitations of Agiakloglou’s spurious regression solution.
When applied to a wider variety of data-generating processes other than simple AR(1)
processes, the spurious regression phenomenon, in the form of greater rejection rate of the
null than the nominal value of the test, although reduced, is still present.

*The size-distortion reductions also occur for different specifications of the 3-R SETAR, and for other
persistence parameter values in ARFIMA models, as can be seen in Tables 14 and 21, respectively, in the
supplementary material.



A Proof of Theorem

1.- Model 2: Given that x; and y; are unit-root processes and the regression is estimated
using the variables in first differences, the results in part (1) of the Theorem are straightfor-
ward. First differences of both unit-root processes behave as simple 2id 1(0) independent
processes. Therefore, classic econometric theory applies, so we know that, under the null,
the t-ratios converge to a Standard Normal random variable (rv). Note that the standard
Brownian motion, w,,(-), stated in the first part of the Theorem, is precisely a standard
Normal rv. Note too that, when the differenced variables are not id but rather stationary
ARMA processes (for instance), typical autocorrelation ensues.

2.- Model 3: We present a guide as to how to obtain the asymptotic expression of the esti-
mates and their associated t-ratios using OLS where the variables 1, and x; are generated
as independent unit root processes, and specification 3 is estimated. Let o= (&, B , 5)’ :

0= (X'X)"'X'Y, Var(®) =6*(X'X)"",

3 b

téc = Oi27 t/S’ = 5 y tS = 9
AN AN
where,
T Z Ty Z Yi—1 Z Yt
X'X=|>x Yz Ywoypal; XY=|>xy|;
Z Yt—1 Z TtYt—1 Z yt271 Z YtYt—1
and,

o = T [Zy§+@2T+BQZx?+52Z?J?—1_deyt—QBZ%yt
20 Z YY1 + 2073 Z Ty + 240 Zt + 235 Z xtyt,l] )

The estimated parameters &, B, and 0 and their corresponding t-ratios are functions of the
following expressions (initial conditions are set as xg = 1y = 0). We use well-known
asymptotic results (available, inter alia, in Hamilton, 1994, Proposition 17.1, p.486). Let

t
z=y,xand §; = Zizl Ui

1
T7-3/2 Z&’H Y az/ w,(r)dr,

0

1
1Y ¢ B [ )P
0
1
T Gtz = 025 ([wa (1)) — 1),
1
T ngtflgytfl =t Uny/ wewy(r)dr,
0

1
r Z Eyt—1 Uzt = Uny/ Wy (1) dewy (1),
0



where w (1) is a standard brownian motion and 5 denotes convergence in law. The later
results allow us to fill the OLS matrices and then compute the parameter estimates and
the t-statistic associated with each. Note that we also require sums involving the lagged
dependent variable, which can be easily obtained:

da=> Gt u
Z Y1 = Z Eyt-1
DA =Y E Y w42 L,
i =D) G,
Doy =) Eubu+ D it Y Gty + > Uiy,
Doy =Y by + Y Sy atia,
DYl = D G D et

Replacing the sums that appear in the OLS formulae with the above asymptotic expres-
sions and letting 7" — oo yields the results stated in the Theorem. The algebra involved is
cumbersome but does not present any particular complication. Codes in algebraic manip-
ulation programs with the calculations are available upon request.



B Data Generating Processes

ARFIMA(0,d,0) (L — L)%, = tp, tyy ~ 6idN(0, 1)
(1 — L)O'Syt = uyﬂg Uth ~ Z/LdN(O, 1)
AR(Q2) 2, = 2.00 + 0.4521_; + 0.55%_3 + Uy, Usy ~ 1dN(0,5)

Y = 0.80 + 0.50:1]15,1 + 0.50yt72 + Uy t, Uyt ™~ ZZCZN(O, 5)

ARIMA(1,1,0)

(1— L)y = 5.00 + 0.7024_1 + gy, Ugy ~ idN(0,5)
(1 — L)y = 5.00 + 0.80y, 1 + ty, yy ~ 1dN(0,5)

I(1) Ty = Tp_1 + Ugy, Ugy ~ 1GdN(0,5)
Yi = Yp—1 + Uy ty Uyg ™ ZZdN(O, 5)
1+0.50z—1 + g1y if x;_1 > 18
3-R SETAR Ty = 14+ 0.30x¢—1 +0.2024—9 + ugo, 115 <2y <18
14+ 0.402—1 + ug3 ifx, 1 <15
Ugy s ~ 1dN(0,0.4), Upoy ~ iidN(0,4/0.6), uys, ~ iidN(0,+/0.4)
14+ 0.10y;—1 + uy1 ¢ ify,_1 > 16
Yy = 1+ 0.65yt71 + 0-35%72 + Uyt if 12 < Yi—1 <16
1+ O.GOyt_l + Uy3,t if Ye—1 S 12
Uy 1 ~ 1N (0,5), Uy o ~ 15dN(0,1/2.2), w3 ~ 1idN(0,/1.5)
I(1)+drift+break x; = 5.00 — 0.50t 4 2.00DT; + &,

fx,t = gx,tfl + Ugty Ugt ™ ”dN(Ou 52)

yr = 0.50 — 3.00t + 7.00DT s + &,y

gy,t - €y7t71 -+ uy,ta 'Uyﬂg ~ ZZdN(O, 32)
DTy = DT, = (0,0,...,0,1,2,...,T/2)

Table 4: Data-generating processes. L is the lag operator.
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