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1. Introduction

The flexure hinge is a kind of special kinematic
pair which makes use of the deformation of materials to pro-
vide finite angular displacement of complex movement
around central axis. Compared with the traditional rigid
structure, the flexure hinge has no friction, no abrasion, no
clearance, low noise, small space size. The flexure hinge can
be designed and fabricated in one body, which can realize
high precision motion. The compliance can be used to pro-
tect the mechanism against impact amongst many other ad-
vantages. Flexure hinges are extensively applied in various
fields requiring ultra-precision positioning, micromanipula-
tion, microelectronics, and micro assembly for optoelec-
tronic components, optics, bioengineering, and many other
fields [1-3].

Up to date, researches on flexure hinge are mainly
focused on the notch flexure hinge, reed flexure hinge, as
well as flexible elements, such as rods, reeds, and the com-
bination of flexure hinges with different notch shapes. The
notch flexure hinge has higher precision but a smaller range
of movement, which is more suitable for micro-displace-
ment application. The reed flexure hinge has a larger rota-
tion angle, but lower rotation accuracy. The combined hinge
has better comprehensive performance [4-11].

Extensive researches on flexure hinges have been
reported. Tian et al. proposed a V-type hinge structure, for
which the compliance and rotation precision characteristics
were analyzed by finite element method [12]. Chen et al.
obtained two generalized models that are the conic model
and the elliptic-arc-fillet model by using the ratio of the ra-
dius of curvature of the stress- concentrating feature to the
minimum thickness as the only fitting variable [13]. Xu et.
al. presented analytic models of four types of flexure hinges:
elliptic, circular, parabolic, and hyperbolic. These analytic
models are developed based on the theory of elasticity and
infinitesimal method, and devoted a hinge index by the ratio
of rotational precision and rotational stiffness, to estimate
the mechanical properties of diverse flexure hinges syntheti-
cally and quantitatively [14]. Li et. al. developed a general-
ized analytical compliance model that can quickly formulate
the equations of compliance and precision for hybrid flexure
hinges [15]. Wang et. al. presented the development of a
parametric model for the rotational compliance of a cracked
right circular flexure hinge. The rotational compliance of the
cracked right circular flexure hinge was obtained from the
sum of the rotational compliance of a healthy flexure hinge
and the change of the rotational compliance due to the crack
[16]. Li et. al. presented a new type power-function-shaped

flexure hinge, derived the closed-form compliance equa-
tions of the flexure hinge based on the unit-load method, and
investigated the motion accuracy [17]. Meng et. al. investi-
gated the existing stiffness equations for corner-filleted flex-
ure hinges. Three empirical stiffness equations for corner-
filleted flexure hinges were formulated based on finite ele-
ment analysis [18]. Li et. al. derived empirical compliance
equations for circular flexure hinge considering the effect of
stress concentration [19].

The notch flexure hinge is mostly applied to micro-
operation robots, magnifying mechanism for micrometric
displacement, and compliance straight-line guidance mech-
anism, which has simple structure and can be processed as
a whole. A thorough review of flexure hinges has indicated
that different notch shape flexure hinges have been utilized
to improve the performance. This paper presents a U-shape
flexure hinge with four structures and the compliance equa-
tions for the flexure hinges. The influences of the structure
parameters on the performance of these types of flexure
hinges are investigated. It is found that the U-shape flexure
hinges have a large compliance ranges corresponding to dif-
ferent notch size. This makes such flexure hinges capable of
being used in wide potential applications with different re-
quirements. The finite element analysis is used to comparing
fatigue life of U-shape flexure hinges and circular flexure
hinge, which reveals a longer fatigue life with U-shape de-
sign.

2. Compliance analysis

The U-shape flexure hinges are shown in Fig. 1,
where four structural forms are displayed. In the flexures,
notches are constructed with elliptic arc or circular arc con-
nected by straight line segments.
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Fig. 1 Four kinds of U-shape flexure hinges with different

structures: a — azb and 2b>m; b — azb and 2b=m;
¢ —a=b and 2b>m; d — a=b and 2b=m
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The structure parameters of the flexure hinge are
shown in Fig. 2, including:
the opening width m;
the opening depth n of straight-line segments;
the semi major axis a and semi minor axis b of the el-
lipse;
the minimum thickness t of the flexure hinge center;
the length L, width W and height H of the flexure hinge.

Fig. 2 Structural parameters of a U-shape flexure hinge

The compliance of the flexure hinges is mainly de-
termined by the material and structural parameters. Thus, it
is necessary to establish the relations between the compli-
ance and structural parameters of the flexure hinge and re-
veal the influence of the structural parameters on the com-
pliance to provide the theoretical basis for such engineering
design and optimization of the flexure hinge. In the engi-
neering application, the flexure hinge can have micro defor-
mations in the displacement and the angle under the external
load. In the analysis of compliance, it is assumed that the
left end of the flexure hinge (being fixed) and the right end
(being free) are each under the influence of the axial force
Fx; shear forces Fy, F;; and bending moments My, M, as
shown in Fig. 3. The coordinate system O-xyz is established
with the geometric center of the hinge as the coordinate
origin O.

The flexure hinge is subject to the above loads. Ac-
cording to Castigliano’s second theorem [20]:
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For the convenience of analysis and calculation, re-
gion segmentation has been made for the notch part of the
flexure hinge, as shown in Fig. 4.

In Fig. 4, lengths |4, Is and Ic are calculated by:

1,(xX) =2a—-2acos¢+t,

dx =bcosgdg, ¢e[—%,£]

2
I, (X) =2[n+acos¢, —acosg],
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where: d; is displacement corresponding to force Fi, V,, is
structural deformation energy, Fi is generalized force.

Fig. 3 The loads applied to U-shape flexure hinge

If Fi is axial tension pressure, Eq. (1) becomes:

f

where: Fy is axial force, E is modulus of elasticity, and A is
cross sectional area.
Otherwise, if F; is the bending moment, Eq. (1) is:

v, 0

oF  OF

R (0,

2EA @

&, o M?
= e L8 Mgy @
oF  oFJ 2EI

where: M is bending moment, and | is area moment of iner-
tia.

A flexure hinge will generate five kinds of dis-
placements, namely, linear displacements X, y, z and angular
displacements oy, o, respectively, which can be obtained
based on the theory of material mechanics about load-bear-
ing and deformation relations as follows:

R
0 a6
-m, 0 I F, I 4)
oo, 0 |IMy
0 C,.u M, |
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Let %: p, s(¢)=2p—-2pcos¢g+1, E:q,
n

2



k(¢) =1+ qcosg, —qcosg,

then: 1,(x) =t-s(g), 1,(x)=1.(x) =2n-k(g).

Fig. 4 Partition of the flexure hinge for compliance calcula-
tion

The compliance equations can be derived as fol-

low:
1) Angular compliance about y-axis and z-axis:
12b =2 cos¢
a;-Mz = EWt2 J‘,Zl 3d¢+
2[2a(1-cosg)+t]
3b 2 cos
] L, G2)
EWn™ % [n + acosg, — acos¢]
_ 12b? j‘% cos¢g do+
“F Ewt® -2 2a(1-cosg) + t
12b® Z cos
=k ] (5b)
EWE™ “% [n + acosg, — acosg]
12b% 2 cos¢
a-F, = EWt2 J.zlr[z 3d¢+
z[2a(1-cosg)+t]
3p* Z cos
+ > 2 ¢ Sd4, (5¢)
EWn® *® [n + acosg, —acosg]
_12b J.% cos¢ dp+
M Ewt® ’-% 2a(1- cosg) + t
12b 2
. cosg , (5 d)
EWt® "% n + acosg, —acosé
2) Linear compliance along x-, y- and z-axis:
_ b H cos¢ +
O EW -2 2a(1-cosg)+t
b .~
T . S— (5¢)

EW “% n+ acosg, —acos¢ ’
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Among Egs. (1-9):

2mb

2a+/4b? —m”?
n =%—(a+%)—%\/4b2 -m?.

@, = arctan m < 2b,

From Egs. (5 a— i), it can be seen that the compli-
ance of U-shape flexure hinge is inversely proportional to
the elasticity modulus and the width of the hinge. Moreover,
compliance is influenced by the parameters of the notch
size. Upon setting the basic structural parameters H and W
for the U-shape flexure hinge, its compliance can be ex-
pressed as a function of the notch sizes:

C =Cf (a,b,m,t). (6)

In the following section, the influence of the pa-
rameters of notch size on the compliance of the flexure
hinges will be analyzed.

3. Influences of the parameters of notch size on the com-
pliance

Without loss of generality, we assume that two of
the parameters of notch sizes are variables and the other two
parameters are constant. The structural parameters of the
flexure joint are given as H=30 mm, W=10 mm.

When m and t are set as constant, a and b are vari-
ables, varying in the ranges of a € [4,5] andb € [2,5] . When

aand b are fixed, m and t are variables, varying in the ranges
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of m e[4,8],t [4,5] . Then the relationship between com- Fig. 5, a— g show each compliance of the U-shape
pliance of the U-shape flexure hinge and the parameters of  flexure hinges with varying a and b. We can observe from
notch sizes a, b and m, t are plotted using Matlab, as shown  the plots characteristics, as described presently.
inFig.5,a—g.
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When a increases, the compliance decreases with  um value and C_ ,, has the minimum value within the
a nonlinearity. When b increases, the compliance increases o .
. y. . P! . . value range of aand b. When a=5 and b=2, each compliance
approximate linearly. The influence of b incompliance is

L ; . reaches the smallest value.
more significant. In each compliance, C, . has the maxim-
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Fig. 6 shows the compliance of the U-shape flexure
hinges varying with respect to m, t when a=b . Fig. 6
shows that the changes of the compliance of C, _,,  (Fig. 6,

y-r, » §—compliance C,

a), C.. s (Fig. 6, b) and Cyr, (Fig. 6, f) are consistent with
increase of m and t, the compliance increases approximately
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linearly as m increases, and the compliance decreases ap-
proximately linearly as t increases. The change of the com-
pliance of C. ¢ (Fig. 6, ¢), C, ¢ (Fig. 6, €), and C, .
(Fig. 6, g) are consistent with the increase of m and t. The
compliance increases approximately linearly as m and t in-
crease. The compliance Coom, (Fig. 6, d) increases nonlin-

early as m and t increase. When m and t are the smallest
value in the range, the compliance C C C

ay-F, ' Za,-M, 1 Px-F, 1
and C, . have the smallest value in the range. Fig. 7,a- g
show the compliance of the U-shape hinge varying with re-
spect to m and t when a=b . Fig. 7 shows that the changes
of the compliance of C, ,, (Fig. 7, a), Caszy (Fig. 7, b)
and Cy_,cy (Fig. 7, f) are consistent with increase of mand t,

the compliance increases approximately linearly as m in-

creases, and the compliance decreases approximately line-

arly as t increases. The change of the compliance of C_, .
~Fe

(Fig. 6, c), Canyy (Fig. 6, d), C, . (Fig. 6, ¢),and C, o

(Fig. 6, g) are consistent with increase of m and t, the com-
pliance increases nonlinearly as m and t increase. When m
and t are the smallest in the range, the compliance CayfFZ ,

C C

— Ll
ay,-M,

range too.

and C, . have the smallest values in the

x=F, !

4. Simulation of fatigue life

When the flexure hinge is applied to the flexible
mechanism, the deformation of the mechanism is mainly
caused by the large stress of the flexure hinge. The flexible
mechanism usually uses piezoelectric ceramics to drive the
flexure hinge to produce deformation. The mechanism fail-
ure is mainly reflected in the fatigue failure of flexure hinge.
Therefore, it is necessary to study the fatigue life of flexure
hinge to ensure the reliability of flexible mechanism.

The fatigue failure of flexure hinge under alternat-
ing load is generally occurred during the operation. Alter-
nating loads produce alternating stress. Generally, alternat-
ing loads are decomposed into a load of constant amplitude
and a load of variable amplitude. In this work, a periodic
load of constant amplitude 10 N in the X and Y directions is
considered. Material is structural steel with Young’s Modu-
lus 2e+011 Pa, Poisson’s Ratio 0.3, Bulk Modulus
1.6667e+011 Pa, Shear Modulus 7.6923e+010 Pa. The
stress and cycle times are shown in Table 1. The fatigue life

of U-shape flexure hinge was analysed by ANSYS simula-
tion, and a series of fatigue life of U-shape flexure hinge
with different notch size parameters were obtained, as listed
in Table 2.

The main notch parameters of the U-shape flexure
hinge are a, b, m, t. There are thirty models in three
groups. The notch parameters are as follows:

a=8, b=8, m=14, while t is variable;

a=6, b=5, t=6, while m is variable;

t=1, m=3, while a, b are variables.

The finite element model of the U-shape flexure
hinge is built in the workbench. The left end is fixed, the
right end loading (axial force, lateral force, bending mo-
ment), insert the fatigue analysis module Fatigue Tool and
set the correction coefficient of fatigue analysis. The fatigue
life cloud figure of the U-shape flexure hinge is shown in
Fig. 8. Fatigue life is obtained, as shown in Table 2.

Curve fitting is carried out in Matlab. The influ-
ence curve of the notch parameter on the fatigue life of flex-
ure hinge is obtained, as shown in Fig. 9, a —c.

Table 1
Stresses and cycles

Alternating stress, Pa | Cycles
3.999e+009 10
2.827e+009 20
1.896e+009 50
1.413e+009 100
1.069e+009 200

4.41e+008 2000
2.62e+008 10000
2.14e+008 20000
1.38e+008 1.e+005
1.14e+008 2.e+005
8.62e+007 1.e+006

-

Type: Life

Time: 0

2018/8/1 16:31

1e6 Max
B 7A816e5
. 5.5974e5
. 4.1877e5
3.1331e5
= 2.344e5
. 1.7537e5
1.3121e5
H 98163
73441 Min

0.000

e

Fig. 8 Fatigue life cloud figure of U-shape flexure hinge
with parameters a=8, b=8, m=14, t=5

0.030 (m)
0.015

Table 2
Fatigue life of U-shape flexure hinge under different incision parameters
a=8, b=8, m=14 t=1 t=2 t=3 t=4 t=5
N (logN) 13.803 (1.14) | 599.73 (2.778) | 2706.6 (3.4324) | 13090 (4.1169) | 73441 (4.8659)
a=8, b=8, m=14 t=6 t=7 t=8 t=9 t=10
N (logN) 186060 (5.2697) | 15545 (4.1916) | 36157 (4.5582) | 64214 (4.8076) | 85065 (4.9298)
a=6, b=5, t=6 m=3.5 m=4 m=4.5 m=5 m=5.5
N (logN) 146010 (5.1644) | 145230(5.1621) | 146750(5.1666) | 145460(5.1627) | 147840(5.1698)
a=6, b=5, t=6 m=6 m=6.5 m=7 m=7.5 m=8
N (logN) 145190(5.1619) | 145470(5.1628) | 147800(5.1697) | 147230(5.168) | 147300(5.1682)
t=1, m=3 a=2.5,b=15 a=3, b=2 a=3.5, b=2.5 a=4, b=3 a=4.5, b=3.5
N (logN) 17.16(1.2345) | 16.537(1.2185) | 13.775(1.1391) | 13.861(1.1418) | 15.006(1.1763)
t=1, m=3 a=5, b=4 a=5.5, b=4.5 a=6, b=5 a=6.5, b=5.5 a=7, b=6
N (logN) 14.77(1.1694) | 14.633(1.1653) | 14.042(1.1474) | 13.975(1.1454) | 13.811(1.1402)
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5 Comparison of the fatigue life and stress of U-shape
flexure

U-shape flexure hinges and circular arc flexure
hinge with the same center thickness t=6 are selected for
analysis and comparison. The notch parameters of circular-
arc-shaped flexure hinge are r=12, m=24, t=6; The model
is established in ANSYS to analyze the fatigue life and
stress. The analysis results of circular-arc-shaped flexure
hinge are shown in Figs.10, a-b. The notch parameters and
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analysis results of four structures U-shape flexure hinges are
shown in Table 3.

The results show that the fatigue life of the three
structures of U-shape flexure hinges (U-shape with a semi-
circle is tangent to a line segment, U-shape with a semi-el-
lipse is tangent to the line segment, U-shape with an arc in-
tersects the line segment) is higher than that of circular arc
flexure hinge, while the stress of three structures of U-shape
flexure hinges is less than that of circular arc flexure hinge.
Therefore, the three structures of U-shape flexure hinges are

more reliable than the circular arc flexure hinge.

Table 3
Fatigue life and stress of U-shape flexure hinges
Semicircle is tangent to a a=b=10 a=b=9 a=b=8 a=b=7 a=b=6
line segment notch m=20, t=6 m=18, t=6 m=16, t=6 m=14, t=6 m=12, t=6
Fatigue life 1.9397e5 1.9042e5 1.8603e5 1.7897e5 1.707e5
Stress 4.8043e6 4.8543e6 4.9154e6 5.005e6 5.1129e6
Semi-ellipse is tangent to | a=11.5, b=10 a=11, b=10 a=11, b=10 a=10, b=8 a=9,b=8
the line segment notch m=20, t=6 m=18, t=6 m=20, t=6 m=16, t=6 m=16, t=6
Fatigue life 1.8899¢e5 1.8297e5 1.9083e5 1.7569e5 1.7987e5
Stress 4.87e6 4.9554¢6 4.8474e6 5.0468e6 4.9912e6
Arc intersects the line a=bh=9 a=b=8 a=b=7 a=b=6.5 a=b=6
segment notch m=17, t=6 m=14, t=6 m=10, t=6 m=10, t=6 m=10, t=6
Fatigue life 1.9042¢5 1.8606e5 1.7898e5 1.7638e5 1.7069e5
Stress 4.8543e6 4.9152¢e6 5.0048e6 5.0413e6 5.1131e6
Elliptical arc intersects a=9, b=7 a=8, b=7 a=8, b=6 a=7,b=6 a=6, b=5
the line segment notch m=13.5, t=6 m=13, t=6 m=11, t=6 m=11, t=6 m=9, t=6
Fatigue life 1.655e5 1.7192e5 1.5298e5 1.6186e5 1.4747e5
Stress 5.1749e6 5.0946e6 5.3338e6 5.2222e6 5.4046e6

0.000

a

Fig. 10 Analysis results of circular-arc-shaped flexure hinge: a — the stress distribution, b — the fatigue life cloud figure
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6. Conclusions

The compliance equations for the U-shape flexure
hinges have been derived using the Castigliano’s second
theorem. The influence of structure parameters on the com-
pliance of U-shape flexure hinges is analyzed on the basis
of establishing the model. The results indicate that the com-
pliance of U-shape flexure hinge have different trends with
notch parameters change ,and have different sensitivity to
the change of the notch parameters within the given range.
The influence of notch parameters b and ton compliance is
more obvious than that of notch parameters a and m.

The fatigue life is analyzed by changing the U-
shape flexure hinge notch parameter. The results show that
the fatigue life of flexure hinge increases gradually with the
increasing of flexure hinge center thickness t. The fatigue
life of flexure hinge increases with the increasing of hinge
notch width m. With the increasing of the major axis of the
ellipse a and semi minor axis of the ellipse b, the fatigue life
of flexure hinge fluctuates locally, the general trend is a
gradual decrease. There are three structures of the U-shape
flexure hinges that are more reliable than the circular arc
flexure hinge, U-shape with a semi-circle is tangent to a line
segment, U-shape with a semi-ellipse is tangent to the line
segment, and U-shape with an arc intersects the line seg-
ment.

In summary, compliance and fatigue life of the U-
shape flexure hinges is related to material properties and
structure parameters, among which the influence of the
notch parameters on the compliance and fatigue life is more
obvious.
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COMPLIANCE AND FATIGUE LIFE ANALYSIS OF
U-SHAPE FLEXURE HINGE

Summary

This paper establishes four models of U-shape
flexure hinges with different notch shapes and structure pa-
rameters, and presents the close-form compliance equations
for the four structure types of U-shape flexure hinges. The
compliance of the flexure hinges is developed based on the
Castiglione’s second theorem and calculus theory. A rela-
tionship between compliances and structure parameters is
deduced using the models. The influences of the notch struc-
ture parameters on the compliance of the flexure hinges are
investigated. Moreover, fatigue life of U-shape flexure

510

hinges is studied by finite element analysis, the results show
that the fatigue life of flexure hinge increases gradually with
the increasing of flexure hinge center thickness t and hinge
notch width m. With the increasing of the major axis of the
ellipse a and semi minor axis of the ellipse b, the fatigue life
of flexure hinge fluctuates locally, the general trend is a
gradual decrease. The stress and fatigue life of U-shape flex-
ure hinges and arc flexure hinge are compared. The results
show that the reliability of U-shape flexure hinge is higher
than that of circular arc flexure hinge.

Keywords: compliance, fatigue life, reliability, U-shape
flexure hinge.
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