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Complex-Valued Multifrequency Admittance Model
of Three-Phase VSCs in Unbalanced Grids

Yicheng Liao , Student Member, IEEE, Xiongfei Wang , Senior Member, IEEE,

Xiaolong Yue , and Lennart Harnefors , Fellow, IEEE

Abstract— This article proposes a multifrequency admittance
model for voltage-source converters with three-phase unbalanced
grid voltages. The model is derived with multiple complex vectors
and harmonic transfer functions, which is merely dependent on
its own input voltage trajectory, and can accurately capture
the frequency-coupling dynamics. The dynamic effects of both
the basic synchronous-reference-frame phase-locked loop (PLL)
and its alternative with a notch filter of the negative-sequence
voltage component are compared. It is revealed that the notch-
filtered PLL significantly weakens the frequency-coupling effects,
which leads to a reduced order of the admittance model.
The developed model is validated by a frequency scan, and
the frequency-coupling effects impacted by different PLLs and
voltage unbalance factors are verified by the experimental tests.
Finally, a case study on stability analysis in unbalanced grids
proves the significance of the model.

Index Terms— Complex vector, frequency coupling, harmonic
transfer function (HTF), modeling, phase-locked loop (PLL),
unbalanced grid, voltage-source converter (VSC).

I. INTRODUCTION

VOLTAGE-SOURCE converters (VSCs) are rapidly
increasing in power grids, driven by the widescale use

of renewable energy sources and flexible power transmis-
sion systems. The small-signal modeling of VSCs becomes
important for the stability analysis and controller design of
grid-connected VSCs [1].

A fundamental approach to modeling VSCs is to derive
time-invariant equilibrium points of the system in the dq
frame [2], and then the dynamic impacts of different control
loops, e.g., the phase-locked loop (PLL), the vector current
control, and the dc-link voltage control, can be linearized
around the equilibrium points and further analyzed under
different grid conditions [3], [4]. However, the dq-frame model
assumes that the VSC system is three-phase balanced, and
consequently the three-phase voltages that are time-periodic
operating trajectories can be transformed as the time-invariant
operating points in the dq frame [5]. As for VSCs with
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the unbalanced grid voltages, the time-periodic operating
trajectories are composed of both positive- and negative-
sequence components, which cannot be transformed into time-
invariant operating points in a single dq frame [6]. Moreover,
the unbalanced grid voltage, coupled through the ac–dc
power conversion process [7], or asymmetric dq-frame control
dynamics of the PLL [5] and the dc-link voltage loop [18],
leads to more harmonic components in the VSC current,
e.g., the nonzero-sequence triplen harmonics [8].

In order to capture the dynamic couplings between different
frequency components in three-phase unbalanced systems,
the dynamic phasor modeling approach has been developed
in [9]–[11]. In the method, with a generalized averaging
operator, the time-periodic operating trajectories are modeled
by their complex Fourier coefficients, which results in a time-
invariant dynamic system [12]. Considering the unbalanced
ac voltages, multiple dynamic phasors can be used to model
the dynamic couplings of the positive- and negative-sequence
subsystems [9], [10]. However, the dynamic phasor model is
mostly formulated in the state–space form in the time domain.
The explicit frequency-domain representations with frequency
coupling transfer function matrices need to be further derived.

Alternatively, the harmonic state–space (HSS) modeling
and harmonic transfer functions (HTFs) have been devel-
oped [13]–[16]. Unlike the dynamic phasor model, the HSS
method linearizes the system directly around the time-periodic
trajectories of the system, yielding a linear time-periodic (LTP)
system with multifrequency inputs and outputs [13]. Based on
the HSS model, the HTF matrices are derived to characterize
the dynamic couplings in the frequency domain. Yet, the
HTF matrices are derived based on real vectors, which are
thus called as real-valued models for brevity. The sequence
information of different frequency components in three-phase
systems is not revealed in the model, and the HTF matrices
are usually of high order [16].

In contrast to the real-vector representations, the multi-
frequency model based on the complex vectors is recently
reported in [5] and [17]–[19], which is thus called the
complex-valued model [20]. With complex vectors, the three-
phase balanced voltage or current can be represented by
a single variable, which helps reduce the model order.
Also, the complex-valued model can intuitively interpret the
frequency-coupling dynamics caused by the PLL [5] and the
dc-link voltage control [17], [18] in the αβ frame, since the
Park/inverse Park transformations used in the VSC control
can be simply seen as frequency shifts by complex vectors
in the frequency domain. Alternatively, the complex-valued
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model can be built in the dq frame [21], although it only
reveals couplings between the dq-frame positive- and negative-
sequence subsystems, which still requires a frequency shift
when mapping into the phase domain. The mathematical
equivalence between the complex-valued αβ-frame and the dq-
frame transfer matrices has been established in [5]. However,
it is noted that these complex-valued models are all developed
for VSCs with three-phase balanced grid voltages.

The use of HTFs for modeling VSCs in unbalanced grids
has been recently reported in [22]. The model is derived
based on the symmetrical component decomposition, which
is essentially equivalent to the complex-vector representa-
tions in the αβ frame [18]. However, the model is intro-
duced as the sequence impedance, which leads to ambiguous
interpretation when the negative-frequency components in
the negative sequence are generated by the frequency cou-
plings. Moreover, only the basic synchronous-reference-frame
(SRF)-PLL is considered in [22], which is impractical for
VSCs operating in unbalanced grids, since it has poor attenu-
ation on the negative-sequence voltage. In addition, using the
SRF-PLL causes more complex frequency couplings, which
results in a high-order HTF matrix and poses challenges to the
model truncation [23]. However, only the frequency couplings
caused by the asymmetrical grid structure is considered in
[22], while the coupling effect of the unbalanced operating
trajectory on the PLL is overlooked.

Considering the coupling effect of an unbalanced operating
trajectory on the PLL, this article proposes a generalized
multifrequency admittance model for VSCs under unbalanced
grid conditions. First, the concepts of base vectors in the
complex space are introduced to rigorously characterize the
frequency-coupling dynamics of VSCs. Then, the dynamic
impact of the SRF-PLL with a notch filter used for removing
the negative-sequence voltage component is analyzed and fur-
ther compared with that of the basic SRF-PLL. It is explicitly
revealed that the notch-filtered PLL can significantly weaken
the couplings of different frequency components, leading
to a reduced-order model. Furthermore, different from [22],
the multifrequency admittance model is merely dependent
on the unbalanced operating trajectory of the VSC, rather than
the grid impedance, and thus it can be readily applied to assess
the dynamic interactions of VSCs with different unbalanced
grid impedances. Finally, the proposed model is validated by
the frequency scan, and the frequency-coupling effects of the
VSC in unbalanced grids are verified in experiments. The
significance of the proposed model for stability analysis in
unbalanced grids is also proved by a case study.

II. STEADY-STATE ANALYSIS

The three-phase three-wire VSC system with three-phase
unbalanced grid voltage is studied. Fig. 1 shows the single-line
represented diagram of the system, where v denotes the
unbalanced grid voltage input and Zac represents the ac-side
three-phase filter, which can be L or LCL filter. A PLL is used
for grid synchronization, and a proportional and resonant (PR)
current controller (CC) in the αβ frame is implemented. Since
no other outer loop is considered, the current references, Idref
and Iqref , are given as constant.

Fig. 1. Single-line representation for a VSC system.

Fig. 2. Control diagrams of PLLs. (a) SRF-PLL. (b) Notch-SRF-PLL.

It has been reported that the PLL brings frequency-coupling
dynamics in VSCs [1], [5]. To study its dynamic impact with
unbalanced voltages, the steady-state analysis is performed
first. Fig. 2 shows the control diagrams of a basic SRF-PLL
and an SRF-PLL with a notch filter (Notch-SRF-PLL)
that is used to remove the negative-sequence voltage
component.

A. Linearization of Park Transformation

The Park transformation used in the PLL transforms the grid
voltage from the αβ frame to the control dq frame, which can
be represented as�
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where �θ also denotes the angle between the control dq frame
and the grid dq frame in steady state, which is illustrated
in Fig. 3. Thus, it can be derived that

vc
d = vg

d cos �θ + vg
q sin �θ (3a)

vc
q = vg

q cos �θ − vg
d sin �θ. (3b)

It is worth noting that all the variables in (3) are
time-periodic in steady state with the unbalanced voltage
input [23]; thus, their derivatives are nonzero and the system
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Fig. 3. Relationship among the grid αβ frame, the grid dq frame, and the
control dq frame.

TABLE I

GRID VOLTAGE AND PLL PARAMETERS

has no equilibrium point [24]. Linearizing (3b) around its
steady-state trajectory yields
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where the small letters with “^” represent small-signal pertur-
bations, and the capital letters denote steady states. It is clear
that v̂c

q is determined by v̂
g
d , v̂

g
q , and θ̂ through three time-

periodically varying coefficients, i.e., sin�θ(t), cos�θ(t),
and V c

d (t). Hence, to model the dynamic coupling of the
PLL with unbalanced voltages, it is important to perform a
steady-state analysis of the time-periodic operating trajectories
first.

B. Steady-State Analysis

In the steady-state analysis, three cases with different
PLL parameters and unbalanced grid voltages are considered.
Table I provides the parameters of grid voltages and PLLs. V +
and V − denote the magnitudes of the positive- and negative-
sequence voltage components at the fundamental frequency.
The voltage unbalanced factor (VUF), which is defined as
VUF = V −/V +, is changed by V −. The PLL control band-
width (BW) is changed with different proportional and integral
(PI) control parameters, and the three cases analyzed are listed
as follows.

1) Case A: V − = 0.6 p.u. (VUF = 0.6) and PLL BW =
82 Hz.

2) Case B: V − = 0.1 p.u. (VUF = 0.1) and PLL BW =
82 Hz.

3) Case C: V − = 0.6 p.u. (VUF = 0.6) and PLL BW =
20 Hz.

Fig. 4. Steady-state analysis of the SRF-PLL for Cases A–C. (a) Time-
domain waveforms. (b) Spectrum of V c

d (t).

1) SRF-PLL: Fig. 4 shows the steady-state analysis
of sin�θ(t), cos�θ(t), and V c

d (t) for the SRF-PLL in
Cases A–C. It can be seen from Fig. 4(a) that the approxi-
mations that sin�θ ≈ 0 and cos�θ ≈ 1 are invalid due to the
nonnegligible �θ , e.g., in Case A. The three variables are all
time-periodic.

Furthermore, from the spectrum of V c
d (t) in Fig. 4(b),

it can be observed that the steady-state harmonics are not
fixed, which are closely related to the VUF and the PLL BW.
Theoretically, the nonnegligible �θ and the unbalanced
input voltage can lead to infinite harmonics in the three
time-periodic operating trajectories, ranging from 0 rad/s to
±2kω1(k�Z

+, where Z
+ is the positive integer set and ω1 is

the fundamental angular frequency). For further illustration,
the total harmonic distortion (THD) of V c

d (t) by removing
its dc component is analyzed under different cases. The
fundamental frequency becomes 100 Hz in V c

d (t) because
of the Park transformation applied to the negative-sequence
component. The analyzed THDs are given in the legend
in Fig. 4(b). It is found that the THD of V c

d (t) can change
with the VUF and the PLL BW in the SRF-PLL.

2) Notch-SRF-PLL: For the Notch-SRF-PLL, the
steady-state analysis of Cases A–C is provided in Fig. 5.
It is clear that with the Notch-SRF-PLL, the assumptions
of sin�θ ≈ 0 and cos�θ ≈ 1 can be justified. The locked
phase θ aligns well with θ+, i.e., �θ ≈ 0 in steady state.
V c

d (t) contains only fixed harmonic orders, i.e., 0 rad/s
and ±2ω1 with zero THD due to the attenuation of the
negative-sequence voltage by the notch filter. The VUF
affects only the magnitude of the harmonic component at
±2ω1 in V c

d (t).
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Fig. 5. Steady-state analysis of the Notch-SRF-PLL for Cases A–C. (a) Time-
domain waveforms. (b) Spectrum of V c

d (t).

Fig. 6. Small-signal model of SRF-PLL with unbalanced voltages.

The steady-state analyses indicate that the unbalanced grid
voltage leads to the time-periodic trajectories for both PLLs,
which introduce the LTP dynamic behavior to the system [13].
To further characterize the LTP dynamics in the frequency
domain, both PLLs are modeled with HTFs based on the HSS
theory in Section III.

III. PLL MODELING

This section derives the HTF models of both PLLs in the
real dq frame first, and then transforms them into the complex
dq frame and the complex αβ frame by using complex vectors.

A. SRF-PLL in Real DQ Frame

Based on the linearization of (4), the small-signal model of
the SRF-PLL can be obtained as shown in Fig. 6. The HTFs
of the three time-periodic coefficients can be represented by
Toeplitz matrices with their Fourier coefficients as constant
elements [13]–[16]. The PI and I controllers used in the
SRF-PLL are linear time-invariant (LTI), whose HTF can be
represented by a diagonal matrix, where each element is a
transfer function of s ± j2kω1.

With HTFs, Fig. 7 illustrates the dynamic propagations of
different frequency components in the SRF-PLL, where each
block represents an HTF. Vc

d , Tcos�θ , and Tsin�θ are the HTFs
of the time-periodic coefficients, and GPI−I(s) is the HTF of
the PI and I controllers, which have been derived in [23].

Fig. 7. Frequency-domain dynamic propagations of SRF-PLL.

If a perturbation at a frequency of ω is imposed at the input
voltage v̂

g
d or v̂

g
q , there will be responses at the frequencies of

ω and ω ± 2kω1 generated in the locked phase. The variables
in Fig. 7 are thus n-dimensional (n-D) (where n = 2k + 1) in
the frequency domain, which can be represented by

θ̂ ↔ �(s)

= 

. . . θ̂ (s − j2ω1) θ̂ (s) θ̂ (s + j2ω1) . . .]T (5)
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g
d (s) v̂

g
d (s + j2ω1) . . .
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where the frequency shifts, i.e., s ± j2kω1, capture the fre-
quency couplings caused by the nonnegligible �θ and the
unbalanced input voltage. Similar expressions apply to other
variables also, e.g., v̂

g
q ↔ Vg

q(s) and v̂
�g
q ↔ V�g

q(s). Conse-
quently, the HTF model of the SRF-PLL can be derived as

�(s) = �
I + GPI-I(s)Vc

d

�−1GPI-I(s)� �� 	
[GPLL(s)]n×n

×�
Tcos �θVg

q(s) − Tsin �θVg
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�� �� 	
V�g
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where I is an identity matrix. Theoretically, the derived HTF
model, i.e., GPLL(s), is an infinite n×n matrix with n = 2k+1,
which is denoted by “[]n×n .” However, in practice, the model
has to be truncated into a finite order, by identifying dominant
harmonics in the time-periodic coefficients. According to
Fig. 4, the value of k can be determined based on the dominant
harmonics in V c

d (t), which varies from the VUF and the
PLL BW.

B. Notch-SRF-PLL in Real DQ Frame

For the notch-SRF-PLL, �θ becomes zero in steady state,
and hence, the small-signal model of the notch-SRF-PLL can
be drawn as shown in Fig. 8. Unlike the SRF-PLL, there is
only one time-periodic coefficient, i.e., V c

d (t). Moreover, V c
d (t)

only contains steady-state harmonics of 0 rad/s and ±2ω1
according to Fig. 5, regardless of the change of VUF and
PLL BW. These features also apply to other alternative filtered
SRF-PLLs.

The HTF model of the Notch-SRF-PLL is derived as

�(s) = �
I + GNotch-PI-I(s)Vc

d

�−1GNotch-PI-I(s)� �� 	
[GPLL(s)]3×3

Vg
q (s) (8)

where GNotch−PI−I(s) is the HTF of the notch filter, the PI, and
I controllers. The derived GPLL(s) has the fixed order with
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Fig. 8. Small-signal model of notch-SRF-PLL with unbalanced voltages.

Fig. 9. Frequency-domain dynamic propagations of notch-SRF-PLL.

TABLE II

COMPARISON OF SRF-PLL AND NOTCH-SRF-PLL

n = 3 (k = 1); thus, the dynamic propagations of different
frequency components are depicted in Fig. 9. It is seen that
the use of a notch filter significantly weakens the frequency
couplings compared with that in Fig. 7.

C. Comparison of SRF-PLL and Notch-SRF-PLL

According to the steady-state analyses, the SRF-PLL and the
Notch-SRF-PLL are compared in Table II. Both PLLs behave
as LTI systems with the balanced voltage input, yet become
LTP systems with the unbalanced voltage input.

For the SRF-PLL, the steady-state variables that influence
the linearization include cos�θ(t), sin�θ(t), and V c

d (t). Their
harmonic spectrum contains infinite components at 0 rad/s and
±2kω1, whose magnitude and dominant harmonic order are
impacted by the VUF and the PLL BW. Therefore, an n × n
HTF model is needed to characterize the frequency coupling
dynamics.

For the Notch-SRF-PLL, V c
d (t) is the only steady-state

variable that influences the linearization. It contains merely
three harmonic components, i.e., 0 rad/s and ±2ω1, which
leads to a 3 × 3 HTF model. The VUF only impacts the
magnitude of the component at ±2ω1 in V c

d (t). These features
also apply to other prefiltered SRF-PLLs, since they are all

capable of filtering out the negative-sequence component in
the input voltage.

D. PLL Model Representation in Complex Space

The HTFs given by (7) and (8) are both derived in the real
dq frame, where only the frequency-coupling dynamics caused
by the time-periodic trajectories are characterized. In addition,
frequency couplings can also be introduced in VSCs by
asymmetric dq-frame control loops [5], [18]. Therefore, (7)
and (8) are further transformed into the complex space and
the αβ frame.

The concept of base vectors in the complex space is
introduced to represent system variables, which are defined
as follows [18], [25]:�

vα

vβ

�
⇔

�
v
v∗

�
=

�
vα + jvβ

vα − jvβ
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(9)�

vd

vq
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�
vdq

v∗
dq

�
=

�
vd + jvq

vd − jvq

�
(10)

where the real vectors in the αβ- and dq-frames represented by
[vα, vβ ]T and [vd , vq]T are mapped as two base vectors in the
complex space, i.e., [v, v∗]T and [vdq , v∗

dq]T, and “∗” denotes
the complex conjugate operator. Therefore, the model derived
based on complex vectors in the complex space is called a
complex-valued model [8], [18]–[20].

It is worth noting that the two base vectors in the αβ frame
are equivalent to the time-dependent sequence components of
three-phase three-wire systems introduced in [26], except a
scaling factor, which can be 1/2 or

√
2/2 for the magnitude-

invariant or the power-invariant form. However, the two base
vectors in the dq frame have no direct implications on
sequence components of three-phase systems.

Based on (9) and (10), the relationship from the input
voltage to the locked phase for the SRF-PLL can be derived as

θ̂ = GPLL(p)v̂c
q = GPLL(p)Im

�
e− j�θ v̂g

dq



dqframe= 1

2 j
[GPLL(p)e− j�θ −GPLL(p)e j�θ]

�
v̂g

dq
v̂g∗

dq

�
αβframe= 1

2 j



GPLL (p) e− jθ+

e− j�θ −GPLL (p) e− jθ+
e j�θ

�
×

�
v̂g

e j2θ+
v̂g∗

�
(11)

where p denotes the derivative operator with p = d/dt , corre-
sponding to the Laplace transform variable s in the frequency
domain. e− j�θ and e j�θ denote the Park transformation and
the inverse Park transformation of �θ in complex space,
respectively, and their complex transfer matrices can be given
by the HTFs of cos�θ(t) and sin�θ(t), that is,

e− j�θ ↔ Tcos �θ − jTsin �θ � T ∗
�θ (12)

e j�θ ↔ Tcos �θ + jTsin �θ � T�θ . (13)

It is noted that (11) using complex vectors is a time-domain
representation, which thus only has two inputs. Each complex
vector is represented by an n-D vector in the frequency
domain, according to (5) and (6). Thus, all the time-domain
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operators, i.e., GPLL(p), e− j�θ and e j�θ , can then be rep-
resented by n × n HTFs in the frequency domain. It is also
seen that the voltage dynamics from the two base vectors have
different impacts on the locked phase.

The model for the Notch-SRF-PLL can be derived in a
similar way, although the impacts of e− j�θ and e j�θ can be
ignored, i.e., T�θ can be regarded as an identity matrix.

IV. VSC MODELING

The VSC model considering the dynamics of both the PLL
and CC is derived in this section.

A. PLL Impacts on Current Reference Generation

As can be seen from Fig. 1, the dynamic of PLL affects
the current reference through an inverse Park transformation,
that is,

iref = e jθ idqref (14)

whose small-signal model is derived as

îref = e j�θe jθ+
îdqref + j Idqrefe

j�θe jθ+
θ̂

îdqref=0= j Idqrefe
j�θe jθ+

θ̂

= Idqref

2
[e j�θGPLL(p − jω1)e

− j�θ

− e j�θGPLL(p − jω1)e
j�θ ]

�
v̂g

e j2θ+
v̂g∗

�
(15)

where Idqref is the steady-state current reference, which is a
constant given by Idref + j Iqref . îdqref is assumed to be zero
in this derivation as no outer loop control is considered. The
small-signal diagrams of the PLL and the current reference
generation are shown in the dashed boxes in Fig. 10(a).

To unify the forms of input and output variables, the con-
jugate operation and an angle rotation of e j2θ+

are applied to
(15) successively, yielding the small-signal denotations by the
dashed arrows in Fig. 10(a). Combining the dual inputs and
dual outputs, and reformulating the small-signal diagram of
Fig. 10(a) yields�

îref

e j2θ+
î∗ref

�
= YPLL (p)

�
v̂g

e j2θ+
v̂g∗

�
(16)

where YPLL(p) is given by (17) shown at the bottom of
this page. In (16), the input vector consists of two complex
vectors. For the second complex vector, there is an additional
operator of e j2θ+

, which is the leftover of the PLL control
transformed into the complex αβ frame. YPLL(s) is defined
as the complex transfer matrix from the grid voltage to the
current reference, which can be derived from (12) and (13) as

Fig. 10. Derivation of YPLL(s). (a) Small-signal diagrams of the PLL and the
current reference generation. (b) Small-signal diagram from the grid voltage
to the current reference in the complex space.

(18) shown at the bottom of this page, whose block diagram is
shown in Fig. 10(b). According to (6), each voltage complex
vector is denoted by an n-D vector in the frequency domain;
thus, the time-domain 2-D input in (16) corresponds to a 2n-D
vector in the frequency domain, that is,

�
v̂g

e j2θ+
v̂g∗

�
↔

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

· · ·
Vg(s − j2ω1)

Vg(s)
Vg(s + j2ω1)· · ·

· · ·
e j2ϕ+

Vg∗((s − j2ω1) − j2ω1)

e j2ϕ+
Vg∗(s − j2ω1)

e j2ϕ+
Vg∗((s + j2ω1) − j2ω1)

· · ·

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

· · ·
Vg(s − j2ω1)

Vg(s)
Vg(s + j2ω1)

· · ·
· · ·

e j2ϕ+
Vg∗(s − j4ω1)

e j2ϕ+
Vg∗(s − j2ω1)

e j2ϕ+
Vg∗(s)
· · ·

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (19)

In (19), the first – nth elements denote the frequency
responses of v̂g , which are derived simply by the frequency
shifts of ±2kω1 based on s. This is caused by the time-
periodic operating trajectory. It is worth noting that the vector
v̂g does not always imply the positive-sequence component,
since the negative-sequence component will be generated

YPLL(p) = 1

2

�
Idqrefe j�θGPLL(p − jω1)e− j�θ −Idqrefe j�θGPLL(p − jω1)e j�θ

−I ∗
dqrefe

− j�θGPLL(p − jω1)e− j�θ I ∗
dqrefe

− j�θGPLL(p − jω1)e j�θ

�
(17)

YPLL(s) = 1

2

�
IdqrefT�θGPLL(s − jω1)T ∗

�θ −IdqrefT�θGPLL(s − jω1)T�θ

−I ∗
dqrefT ∗

�θGPLL(s − jω1)T ∗
�θ I ∗

dqrefT ∗
�θGPLL(s − jω1)T�θ

�
(18)
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Fig. 11. Small-signal model of the VSC in the complex-valued multifre-
quency frame.

when the resulted frequency is negative. The (n + 1)th–2nth
elements represent the frequency responses of e j2θ+

v̂g∗, and
the corresponding frequencies are derived by the frequency
shifts of −2ω1 applied to all the frequency components
of v̂g . This frequency shift is resulted from the operator
e j2θ+

. Similarly, the frequency responses in e j2θ+
v̂g∗ are not

always negative-sequence components, and they may become
positive-sequence components if the corresponding frequen-
cies are negative. In addition to the frequency shift, the initial
phase of the positive-sequence voltage, i.e., e j2ϕ+

, has to be
considered in the frequency responses, which indicates the
phase-dependent property of the system [18].

The transfer matrix in (18) can be regarded as a matrix with
four block matrices, and each block matrix is an n × n HTF
model. Hence, the additional frequency-coupling dynamics
caused by the PLL are characterized by the coupled HTFs
between the two base vectors in the αβ frame. Consequently,
the PLL dynamics is represented by a 2n×2n complex transfer
matrix, i.e., YPLL(s).

B. VSC Model

In addition to the PLL, the CC, the time delay, and the
converter power stage are modeled. They can be treated as
linear systems [5], whose HTF models in the complex αβ
frame are derived as follows.

Given an LTI transfer function G(s) in the αβ frame, it can
be represented in a unified form adaptive to (19), leading to a
2n × 2n complex transfer matrix, that is,

G(s) = diag

� · · · , G(s − j2ω1), G(s), G(s + j2ω1), . . . ,
· · · , G(s − j4ω1), G(s − j2ω1), G(s), . . .

�
(20)

which is a diagonal matrix with different frequency shifts.
The off-diagonal elements are zero since the LTI system does
not contribute to any frequency couplings. The form of (20)
applies to the transfer functions of the CC, the time delay, and
the converter plants, which are represented by Gi(s), Gd(s),
Yo(s), and Yp(s), respectively [18].

Combining the PLL and CC, the closed-loop model of the
VSC can be derived as shown in Fig. 11, from which the VSC
admittance can be deduced as

Y(s) = −

�
î

e j2θ+
î∗

�
�

v̂g

e j2θ+
v̂g∗

�
= (I + YpGdGi)

−1(Yo − YpGdGiYPLL). (21)

TABLE III

VSC PARAMETERS

C. Generalization of Proposed Modeling Method

It is important to note that the form of (19) applies to
all ac variables shown in Fig. 11, i.e., the VSC is repre-
sented by a 2 × 2 model in the time domain with com-
plex vectors, or a 2n × 2n model in the frequency domain.
Although only the PLL dynamic is considered in this work,
the proposed approach also applies to other kinds of outer-loop
controls [18].

On the other hand, the VSC model can be seen as a
generalization of the unified αβ-frame model proposed by
Wang et al. [5] to unbalanced grids. The model in [5] applies
only to three-phase balanced grids, where the input variable
can be regarded as a special case of (19) with k = 0, and
each complex vector merely corresponds to one frequency
component.

V. MODEL VALIDATION

An L-filtered VSC with a three-phase unbalanced grid
voltage is studied in this section for the model validation.
The control is implemented as shown in Fig. 1, where
the SRF-PLL and the Notch-SRF-PLL are compared under
Cases A–C. Parameters of the VSC are listed in Table III.

A. Frequency Scan Validation

The frequency scan is performed in simulation first to
validate the VSC admittance model. Case A is considered for
both SRF-PLL and Notch-SRF-PLL.

1) Model Order Selection: Based on the spectrum of V c
d (t)

in Fig. 4(b) for Case A, the SRF-PLL can be modeled with a
truncated 5 × 5 HTF matrix. The HTFs of Vc

d , T�θ , and T ∗
�θ

are obtained through the discrete-time Fourier transformation
(DFT) analysis applied to the steady-state trajectories, which
are all 5 × 5 matrices.

For the Notch-SRF-PLL in Case A, Fig. 5(b) indicates
that V c

d (t) consists only of components at 0 rad/s and
±2ω1 in steady state. Thus, the HTF model order for the
Notch-SRF-PLL is only three. Vc

d can be determined through
the DFT analysis of V c

d (t). T�θ and T ∗
�θ are identity matrices.

2) Frequency Scan: The derived admittance model of (21)
can be validated by the frequency-scan approach: a three-
phase voltage-source perturbation is injected into the VSC
system by vp. When vp consists only of a positive-sequence
voltage input at a frequency of ω, corresponding to Vg(s)
only, the output current responses at different frequencies
will be generated; thus, the (k + 1)th column of Y(s) can
be validated by the frequency scan. Similarly, other columns
of the admittance matrix can be validated by injecting vp at
different frequencies.



LIAO et al.: COMPLEX-VALUED MULTIFREQUENCY ADMITTANCE MODEL 1941

Fig. 12. Frequency-scanned results of Y(s) with SRF-PLL for Case A.

Fig. 13. Frequency-scanned results of Y(s) with Notch-SRF-PLL for Case A.

Since the frequency coupling is most significant around the
fundamental frequency, vp is swept from 20 to 180 Hz for
validation. For the SRF-PLL, the HTF order is 5 for Case A;
the VSC admittance model should be characterized by a
10 × 10 matrix. For brevity, only six dominant elements in
the third column of Y(s) are validated, as shown in Fig. 12.
The solid lines denote the analytical models, and the aster-
isks denote the frequency-scanned results. It is seen that the
measured results agree well with the models.

For the Notch-SRF-PLL, the HTF order is only 3, the VSC
admittance model can thus be represented by a 6 × 6 matrix.
Each element of the second column of Y(s) is validated in
Fig. 13. The measured results also align well with the ana-
lytical models. Therefore, the proposed model can accurately
capture the frequency-coupling dynamics in the VSC.

B. Impacts of PLL Structure and VUF

Comparing the blue and green lines in Figs. 12 and 13,
it is found that the Notch-SRF-PLL can mitigate the frequency
couplings around the fundamental frequency, as the notch
filter helps reduce the harmonics in the VSC steady-state
trajectories.

The VUF (V −/V +) also affects significantly on the VSC
steady-state trajectory, whose impacts are studied with Case B.

For the SRF-PLL, when the negative-sequence grid voltage
decreases to 0.1 p.u. (Case B), the dominant harmonics of
V c

d (t) only contain 0 rad/s and ±2ω1, as shown in Fig. 4(b).

Fig. 14. Frequency-scanned results of Y(s) with SRF-PLL for Case B
compared with Case A.

Fig. 15. Frequency-scanned results of Y(s) with Notch-SRF-PLL for Case B
compared with Case A.

Fig. 16. Y(s) with SRF-PLL for Case C compared with Case A.

Fig. 17. Y(s) with Notch-SRF-PLL for Case C compared with Case A.

Thus, the HTF model can be truncated as a 3 × 3 matrix, and
the VSC admittance model is characterized by a 6 ×6 matrix.
The second column of Y(s) is displayed in Fig. 14 with the
dashed lines. Here, only magnitude plots are shown for brevity.
It is found that the measured results denoted by the asterisks
agree well with the analytical models, and thus taking the order
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Fig. 18. Experimental waveforms for Case A. (a) SRF-PLL. (b) Notch-SRF-PLL.

Fig. 19. Experimental waveforms for Case B. (a) SRF-PLL. (b) Notch-SRF-PLL.

Fig. 20. Experimental waveforms for Case C. (a) SRF-PLL. (b) Notch-SRF-PLL.

of n = 3 is adequate for capturing the dynamic couplings of
the VSC.

In addition, the VSC admittance model for Case A is
also provided in Fig. 14 by solid lines for comparison.
It is found that the VUF severely affects the magnitudes of
the blue and green lines but has little impact on the red
lines. This is because the couplings represented by the red
lines are the dominant ones contributed by the steady-state

positive-sequence voltage. The other couplings denoted by
the blue and green lines are introduced by the steady-state
negative- sequence voltage, which largely relies on the VUF.
The larger the VUF is, the stronger the couplings will be.

For the Notch-SRF-PLL, similar effects impacted by the
VUF can be found in Fig. 15. When V − decreases to
0.1 p.u., the magnitudes of the blue and green lines decrease
accordingly, indicating weaker couplings.
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C. Impacts of PLL BW

In addition to the VUF, the control BW of the PLL also
affects the dynamic couplings of the VSC, which are analyzed
with Case C.

The steady-state analysis for the SRF-PLL in Fig. 4 shows
that the decrease of the PLL BW mitigates the higher order
harmonics in V c

d (t); thus, the PLL can also be truncated as a
3×3 HTF model. The magnitudes of the admittance elements
for the SRF-PLL are shown in Fig. 16. The dashed lines denote
the models for Case C, and the solid lines denote the models
for Case A. It is found that except the interactions at the
same frequency (i.e., Y22 in the left figure), all the couplings
with other frequencies are largely mitigated by decreasing the
PLL BW.

For the Notch-SRF-PLL, the admittance analyses for Case C
compared with Case A is provided in Fig. 17, where the
couplings among different frequencies are also weakened as
the PLL BW decreases.

D. Experimental Validation

Experimental tests are provided for validating the frequency
coupling phenomena. The same scenarios as Cases A–C
are performed in experiments. The unbalanced grid voltages
are generated by the grid simulator Chroma 61845, which
enables to inject an interharmonic perturbation at 30 Hz
simultaneously. The perturbed three-phase grid voltage and
phase-A current waveforms for different cases are shown
in Figs. 18–20.

In Fig. 18(a), there is an obvious component of 150 Hz in
the spectrum of ia , which is caused by the poor attenuation
of the negative-sequence fundamental-frequency voltage in
SRF-PLL. Such a negative-sequence voltage can propagate
through the PLL and thus generate the positive-sequence
triplen harmonic in the current response. It is also found that
the voltage perturbation at 30 Hz excites responses at different
frequencies in the current, i.e., 30, 70, 130, and 170 Hz.
These detected frequency components are well predicted by
the proposed model. In contrast, the Notch-SRF-PLL effec-
tively attenuates the negative-sequence fundamental-frequency
voltage. Hence, the frequency component at 150 Hz is almost
zero in Fig. 18(b), and the frequency couplings in the dashed
ellipse become weaker.

For Case B, the spectrum of ia shown in Fig. 19
indicates that the decrease of VUF results in weaker fre-
quency couplings except at | f −2 f1| for both SRF-PLL and
Notch-SRF-PLL. For Case C, the spectrum of ia shown
in Fig. 20 indicates that a lower BW of the PLL can weaken
all the frequency couplings in the VSC. These results further
validate the above theoretical analyses.

VI. STABILITY ANALYSIS

The stability on a grid-connected VSC operating under
an unbalanced grid condition is analyzed with the proposed
model. The system configuration is shown in Fig. 21, where
the unbalanced grid impedance (Lga , Lgb, Lgc) is considered.
Circuit parameters are listed in Table IV.

To perform the impedance-based stability analysis, the point
of common coupling (PCC) is selected between L and C f .

Fig. 21. Unbalanced grid-connected VSC system for stability analysis.

TABLE IV

VSC PARAMETERS FOR STABILITY ANALYSIS

The steady-state PCC voltage is analyzed first by simulation,
which is used for modeling Y(s), and the VUF is found to be
around 27.4% as given in the table.

A. Grid Impedance Model

As the grid impedance is unbalanced, how to derive Zg(s)
is briefly introduced.

The symmetrical component decomposition [26] is first
applied. Supposing unbalanced three-phase impedances as
Za(s), Zb(s), and Zc(s) for each phase, and by defining
a = e j2π/3, it can be derived that�

V(s)
V∗(s)

�
= 1

3

�
Z11(s) Z12(s)
Z21(s) Z22(s)

� �
I(s)
I∗(s)

�
(22)

where Z11(s) = Z22(s) = Za(s) + Zb(s) + Zc(s), Z12(s) =
Za(s) + a2 Zb(s) + aZc(s), and Z21(s) = Za(s) + aZb(s) +
a2 Zc(s). Then (22) can be extended with the same input vector
as (19), yielding (23) shown at the bottom of the next page.

Consequently, the grid impedance can be derived as

Zg(s) = (Z−1
Lg (s) + YC f (s))

−1 (24)

in which both ZLg(s) and YCf(s) are derived according to
(23).

B. Stability Analysis

As Zg(s)Y(s) is the minor loop gain of the system, the sta-
bility can be checked by the generalized Nyquist stability
criterion (GNSC) applied to Zg(s)Y(s), or the analysis of
right-half-plane (RHP) zeros of det(I + Zg(s)Y(s)) [27].

Considering a practical unbalanced system, the
Notch-SRF-PLL is used; thus, the impedances are derived
with the order of 6. Fig. 22 shows the stability analysis by
the GNSC, with the PLL BWs of 10 and 8 Hz. It is seen
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Fig. 22. Stability analysis with minor loop gain. (a) BW = 10 Hz.
(b) BW = 8 Hz.

that when BW = 10 Hz, the Nyquist trajectories of the
eigenvalues λ1 and λ2 encircle the critical point (−1, 0),
indicating instability. When BW decreases to 8 Hz, these two
Nyquist trajectories do not encircle the critical point; thus,
the system can be stabilized.

The analyses of det(I + Zg(s)Y(s)) are also presented for
identifying the oscillation frequency in Fig. 23. For BW = 10
Hz, the RHP zeros can be found at 44, 56, 143.6, and 156 Hz.
For BW = 8 Hz, only left-half-plane (LHP) zeros are found,
indicating a stable system.

Simulations are carried out with BW = 10 Hz and
BW = 8 Hz, in Figs. 24 and 25, respectively. It is seen that
for BW = 10 Hz, oscillations can be found in the VSC output
voltages and currents. By analyzing the spectrum of ia , the
oscillation frequencies of 44.3, 55.9, 144.3, and 156 Hz are all
identified, as shown in Fig. 24(b), which closely agree with the
analyzed results in Fig. 23(a). The magnitudes at 144.3 and
156 Hz are very low since these coupling components are
well attenuated by the Notch-SRF-PLL, as illustrated by
Figs. 18(b)–20(b).

Fig. 23. Stability analysis with det(I + ZgY). (a) BW = 10 Hz.
(b) BW = 8 Hz.

The stability analysis indicates the same conclusion for VSC
controller design in balanced grids, that is, the lower PLL
BW can achieve better stability in terms of the VSC-grid
interaction [1]. Without loss of generality, other VSC control
parameters can be analyzed with the same stability analysis
approach.

The case study also shows how to use the proposed model
for dynamic studies of unbalanced converter-based systems.
A prominent feature of the model can be seen from this
case, that is, the VSC admittance is merely dependent on
its own input voltage trajectory. Consequently, it can be
readily used for stability analysis when the VSC is con-
nected to any other systems under various unbalanced grid
structures.

Z(s) = 1

3

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

. . . . . .
Z11(s − j2ω1) Z12(s − j2ω1)

Z11(s) Z12(s)
Z11(s + j2ω1) . . .

. . .
. . .

. . . Z22(s − j4ω1)
Z21(s − j2ω1) Z22(s − j2ω1)

Z21(s) Z22(s)
. . . . . .

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(23)
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Fig. 24. Unstable simulation results with BW = 10 Hz. (a) Time-domain
waveforms. (b) Spectrum of ia .

Fig. 25. Stable simulation results with BW = 8 Hz.

VII. CONCLUSION

This article presented a multifrequency complex-valued
admittance model for a VSC with unbalanced grid voltages.
The model is represented in the frequency domain with a
2n ×2n matrix, which captures the frequency coupling effects
caused by both the unbalanced operating trajectory and the
asymmetric controls in the dq frame. It has been demonstrated
in the frequency scan and experiments that the VUF and
the PLL structure significantly affects the frequency-coupling
dynamics in the VSC, which determines the model order of
the HTF matrix. Furthermore, an important advantage is that
the model is merely dependent on the steady-state operating
trajectory of the VSC, which is verified by a case study on
the stability analysis of an unbalanced grid-connected inverter
system.
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