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Abstract
Laminated composites and adhesive joints are extensively used in structures such as
wind turbine blades, and the performance of these are pushed to the failure limits in
order to obtain stiffer, stronger and lighter blades. To achieve this is fracture resistance,
fatigue strength and crack growth rate are some of the most important parameters to
identify. This means, that new approaches are required, and with basis in this the
presented PhD project will contribute with some novel methods. These new methods
will expand the possibilities in testing and designing modern wind turbine blades, and
still ensure structural integrity.

First contribution is an unseen test fixture and method (TP-MMB), which is used for
determination of mode mixity fracture resistance in laminated composites and adhesive
joints. The developed test fixture is designed for coupon testing and fits into a stan-
dard tensile testing machine. Moreover, it requires a minimum of measuring equipment
for this test method, and validation of this method as well as apparatus have shown
fine results in a quasi-static test. This can be concluded, as these results are in good
accordance to well known theory and principles.

Second part is a contribution of three Finite Element based approaches for determi-
nation of so called Brazier forces or contributing forces, which is a second order effect
also referred to as geometric non-linearity. The two first algorithms are special designed
for respectively bending or torsion in uniform cross sections, and the last algorithm is
able to handle all types of geometries and load cases. All presented approaches bring
down the computational effort, and accuracy of the computed stress field is still rel-
atively high. The reduction of computational savings will dependent on the degree
of non-linearity and size of Finite Element model. Furthermore, the geometric non-
linearity is especially critical in slender composite structures like wind turbine blades,
as these effects can have a significant impact on the stress field and thereby on fatigue
life in wind turbine blades. This method would therefore often be to prefer in fatigue
analysis of wind turbine blades.

The aforementioned contributions are designed for analysis of laminated composites
and adhesive joints. It can be concluded that both contributions are suitable for the
wind turbine industry, as these contributions perform well and has a degree of novelty
in this field of research.
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Resume
Laminater og limsamlinger er i vid udstrækning anvendt i konstruktioner såsom vind-
møllevinger, og ydeevnen af disse skubbes til svigtgrænserne for at opnå stivere, stærkere
og lettere vinger. For at opnå dette er brudsejhed, udmattelsesstyrke og revnevækst pr.
cyklus nogle af de vigtigste parametre at identificere, og det betyder at nye metoder er
påkrævet. Med udgangspunkt i dette vil det præsenterede PhD projekt bidrage med
nogle nye metoder. Disse nye metoder vil udvide mulighederne for at teste og designe
moderne vindvindmøllevinger og stadig sikre strukturel integritet.

Første bidrag er et uset testfikstur og metode (TP-MMB), der anvendes til bestem-
melse af brudsejhed i laminater og limsamlinger. Det udviklede testfikstur er designet
til relativt små testemner og passer ind i en standard trækprøvningsmaskine, og desu-
den så kræves et minimum af måleudstyr til denne metode. Validering af metode såvel
som fikstur har vist gode resultater i en kvasistatisk test. Dette kan konkluderes da
resultaterne er i god overensstemmelse med velkendt teori og principper.

Anden del er tre Finite Element baserede bidrag til bestemmelse af såkaldte Brazier-
kræfter eller bidragende kræfter. Dette er en andenordenseffekt som også kan refer-
eres til som geometrisk ikke-linearitet. De to første algoritmer er specielt designet
til henholdsvis bøjning eller vridning i ensartede tværsnit, og den sidste algoritme
er i stand til at håndtere alle typer geometrier og belastningstilfælde. De præsen-
terede metoder nedbringer den computermæssige beregningstid, og nøjagtigheden af de
beregnede spændinger er stadig relativ høj. Reduktionen af beregningstiden afhænger
af graden af ikke-linearitet og størrelsen af Finite Element modellen. Udover det er
geometrisk ikke-linearitet især kritisk i slanke kompositkonstruktioner som fx vind-
møllevinger, da disse effekter kan have en betydelig indflydelse på spændingerne og
derved påvirke udmattelseslevetiden i vindmøllevingerne. Denne metode vil ofte derfor
være at foretrække i en udmattelsesanalyse af vindmøllevinger, da nøjagtigheden er høj,
og tidsforbruget er relativt lavt.

Ovennævnte bidrag er designet til analyse af laminater og limsamlinger, og det kan
konkluderes, at begge bidrag er egnede til vindmølleindustrien, da disse bidrag yder en
relativ høj præcision og indeholder en grad af nyhedsværdi i dette forskningsfelt.

v





Contents

Abstract iii

Resume v

Thesis Details ix

Preface xi

Acknowledgement xiii

I Extended summary 1

1 Introduction 3
1.1 Motivation and research hypothesis . . . . . . . . . . . . . . . . . . . . . 3
1.2 Thesis outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
1.3 Historical overview of fracture mechanics and

fatigue in structures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
1.4 Wind turbine blade anatomy and loads . . . . . . . . . . . . . . . . . . 9
1.5 Damage, imperfections and manufacturing flaws in wind turbine blades 12
1.6 State of the art for testing and designing wind turbine blades . . . . . . 17

2 The Two Point Mixed Mode Bending (TP-MMB) test method 23
2.1 Scientific contribution and impact . . . . . . . . . . . . . . . . . . . . . 23
2.2 Theoretical background to elastic fracture mechanics . . . . . . . . . . . 24
2.3 Introduction to the TP-MMB test method . . . . . . . . . . . . . . . . . 30
2.4 Validation of TP-MMB test method with Cohesive Zone Modeling . . . 36
2.5 Fracture toughness testing of uni-directional

laminated composite . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

vii



viii Contents

3 A linear Finite Element approach to geometric non-linearity 43
3.1 Scientific contribution and impact . . . . . . . . . . . . . . . . . . . . . 43
3.2 Introduction to the Brazier effect . . . . . . . . . . . . . . . . . . . . . . 44
3.3 Large displacements and stress stiffening effects in slender composite

structures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
3.4 Presentation of the Finite Element based approaches . . . . . . . . . . . 49

4 Discussion and concluding remarks 57
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

II Papers 71

A A Two Point Mixed Mode Bending (TP-MMB) test method for de-
termination of fracture resistance in adhesive joints and laminated
composites 73

B A linear approach to non-linear geometric effects in slender composite
structures 87

C Implementation of the generalized Brazier effect in linear analysis of
wind turbine blades 101

D The geometric nonlinear generalized Brazier effect -
a linearized finite element based solution 107



Thesis Details

Thesis Title: A contribution of methods for analysis of laminated composites and
adhesive joints

PhD Student: MSc Mechanical Design, Peter Riddersholm Lauridsen
Aalborg University Esbjerg

Supervisor: Assoc. Prof., Head of Campus, Anders Schmidt Kristensen
Aalborg University Esbjerg, Department of Energy Technology

The main body of this thesis consists of the following papers.

[A] Peter Riddersholm Lauridsen and Anders Schmidt Kristensen, “A Two Point
Mixed Mode Bending (TP-MMB) test method for determination of fracture resis-
tance in adhesive joints and laminated composites,” Accepted with minor revisions,
Journal of Composite Materials, SAGE Journals, ISSN: 0021-9983, 2020.

[B] Peter Riddersholm Lauridsen and Anders Schmidt Kristensen, “A linear approach
to non-linear geometric effects in slender composite structures,” Submitted to Wind
Engineering, SAGE Journals, ISSN: 0309-524X, 2020.

[C] Peter Riddersholm Lauridsen, Jan Anike Nikolajsen and Lars Damkilde, “Im-
plementation of the generalized Brazier effect in linear analysis of wind turbine
blades,” Conference, Proceedings of the 29th Nordic Seminar on Computational
Mechanics (NSCM-29), Chalmers, Gothenburg, ISSN: 1652-8549, 2016.

[D] Jan Anike Nikolajsen, Peter Riddersholm Lauridsen and Lars Damkilde, “The
geometric non-linear generalized Brazier effect - a linearized finite element based
solution ,” Conference, Proceedings of the 29th Nordic Seminar on Computational
Mechanics (NSCM-29), Chalmers, Gothenburg, ISSN: 1652-8549, 2016.

ix



x Thesis Details

In addition to the main papers, the following publications have also been made.

[1] Peter Riddersholm Lauridsen, Jan Anike Nikolajsen and Anders Schmidt Kris-
tensen, “Non-linear structural analysis of the folding process in a deployable sys-
tem for satellites,” Conference, Proceedings of the 30th Nordic Seminar on Com-
putational Mechanics (NSCM-30), DTU, Lyngby, 2017.

[2] Jan Anike Nikolajsen, Peter Riddersholm Lauridsen and Anders Schmidt Kris-
tensen, “Contact issues on a highly flexible frame for a satellite drag sail,” Con-
ference, Proceedings of the 30th Nordic Seminar on Computational Mechanics
(NSCM-30), DTU, Lyngby, 2017.

[3] Anders Schmidt Kristensen, Jan Anike Nikolajsen and Peter Riddersholm Lau-
ridsen, “Modelling of structural loads in drag augmented space debris removal
concepts,” Conference, Proceedings of the 30th Nordic Seminar on Computational
Mechanics (NSCM-30), DTU, Lyngby, 2017.

This thesis has been submitted for assessment in partial fulfillment of the PhD degree.
The thesis is based on the submitted or published scientific papers which are listed
above. Parts of the papers are used directly or indirectly in the extended summary of
the thesis. As part of the assessment, co-author statements have been made available to
the assessment committee and are also available at the Faculty. The thesis is not in its
present form acceptable for open publication but only in limited and closed circulation
as copyright may not be ensured.



Preface

This thesis is submitted in fulfillment of the requirements for the degree of Doctor of
Philosophy at the Department of the Build Environment, Aalborg University, Denmark.

The purpose of this dissertation is to introduce other researchers and engineers work-
ing with wind turbine blades to new approaches. These new approaches can improve
the performance and extend fatigue life of wind turbine blades. Moreover, large struc-
tures have always fascinated me, and by the growing demand for wind power, and my
background as mechanical engineer this gave a chance to be a part of this journey into
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Chapter 1

Introduction

This chapter will present the motivation, research hypothesis and problem statement
of this thesis, followed by the thesis outline. Moreover, this chapter will cover a brief
summary of the historical background behind fracture mechanics and fatigue in structures
together with some of the failure modes seen in wind turbine blades. Finally this chapter
will present state of the art in this field of research

1.1 Motivation and research hypothesis
Fracture mechanics and fatigue has been intensively studied by researchers and engineers
for more than a century, and many of these studies are used for life predictions in
structures. The outcome of this research is also used to design more optimal structures
in order to increase stiffness to weight ratio. It pushes structures closer to failure
limits, and it means that fracture mechanics and fatigue analysis are important fields
of research.

Especially the aerospace industry and wind turbine industry are pushing the limits
in order to get longer, lighter and stiffer wings/blades [79], and to push these limits
is the industry forced to find improved failure theories, simulation methods and test
methods. Thereby, is it not only academic interest [53] and curiosity that drives this
research but it also has an important purpose in the industry. In addition, there is
an understanding in the industry that it is expensive [71] and slow to make tests and
interpret the results. Therefore, are improved analysis techniques and test methods
requested in order to save time and money. Moreover, composites are becoming more
complicated [90], and therefore new approaches and test methods are essential in order
to determine and predict the performance of these materials.

The desired probability of failure in a structure is based on many assumptions and
the risk of human lives. This can be illustrated by a probabilistic model as the loading
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4 Chapter 1. Introduction

and strength is variable by nature, and the overlap between these is the probability of
failure [24] [18]. This overlap is seen in Figure 1.1 where the gray area represent the
variation of load and the blue area represent the variation of material strength. If this
overlap is too large, it will result in high probability of failure. This can result in costs
and loss of human lives which is not acceptable.

Fig. 1.1: Schematic illustration of the desired probability of failure.

Instead if the probability of failure is very low, it can be concluded that the design
is too conservative. This will also result in costs and unnecessary use of material. This
is illustrated in Figure 1.2 where the overlap is almost non existing, and this is also not
appropriate. Therefore, it will always be to prefer, to find this optimum between the
two unintended scenarios.

With added complexity in composites materials it is necessary to develop, improve
and optimize test methods in order to identify behavioral parameters accurately and
efficiently.. This can be done by developing new test methods that e.g. can be used in
the preliminary tests of materials, and this could bring down the uncertainty of strength
in laminated composites [76].

Another way to find a design optimum is to use advanced simulation tools, as these
are capable of modelling crack initiation and crack propagation in the composite struc-
tures. Some of these simulation methods are also used for modelling of imperfections
(ply drops, voids), as these can have significant impact on fatigue life in wind turbine
blades [60].



1.1. Motivation and research hypothesis 5

Fig. 1.2: Conservative design of structure as the probability of failure is almost zero.

From the aforementioned observations it can be concluded that fracture mechanics
and fatigue still is highly relevant research in the wind turbine industry. It raises the
overall scientific question and hypothesis in this PhD project: How is it possible to pre-
dict the performance of laminated composites and adhesive joints in slender composite
structures with novel methods?

So the main objectives of this PhD project are as follows:

• To obtain a better understanding of failure mechanisms in laminated composites
and adhesive joints.

• Development of a novel test fixture that is capable of giving good approximates
of fracture resistance in laminated composites and adhesive joints.

• To find an improved test method for determination of mode mixity fracture resis-
tance in laminated composites.

• Development of a simulation tool that is capable approximating additional forces
caused by geometric non-linearity in slender composite structures.
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1.2 Thesis outline
This thesis is divided into two parts, where part I is an extended summary and part II
contains the four papers.

Chapter 1 is the introduction and the chapter starts with motivation, problem state-
ment and scientific question. After the thesis outline is a historical overview of fracture
mechanics and fatigue in structures used to underline the importance of research in this
field to remind the readers of the risk associated with these phenomenons. The rest of
Chapter 1 will describe fundamentals of wind turbine blades, failures and state of the
art in testing and designing wind turbine blades. The aforementioned content is used
to introduce the reader to the engineering challenges and details in designing modern
wind turbine blades.

Chapter 2 focuses on the developed test method (TP-MMB), and details are de-
scribed in this section. The chapter will start with the scientific contribution and impact
of this test method, and afterwards theoretical details will be described and coupled to
the TP-MMB test method. This part is followed by a validation test and an experiment
with the TP-MMB. Validation of TP-MMB test method is also demonstrated by use of
Cohesive Zone Modeling (CZM) in ANSYS software. Finally both pros and cons will
be discussed regarding this test method.

Chapter 3 is dedicated to the Finite Element based approaches which can approx-
imate the non-linear force contribution in slender structures. The combination of thin
walled cross sections and large deformations of composite structure makes these con-
tributing forces interesting in calculation of fatigue life. Three different types of lin-
earized approaches are described and demonstrated in this chapter. Moreover, the
performance of these methods is evaluated.

Chapter 4 will contain concluding remarks and major findings. A discussion regard-
ing future challenges in wind turbine blades will also be to find in this chapter, and after
the concluding remarks all references are located.

Part II will as mentioned before contain the four papers, and paper A will relate
to Chapter 2. Paper A primarily focuses on the novel concept and validation of the
TP-MMB test method.

Paper B, C, and D relates to Chapter 3 and describes three different types of linear
approaches to geometric non-linearity. The papers will also demonstrate the accuracy
of the linear approaches in Finite Element Analysis of different thin-walled composite
structures.
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1.3 Historical overview of fracture mechanics and
fatigue in structures

Fatigue has been a challenge for engineers for almost 200 years, and back in 1829 was
the German mining engineer Wilhelm August Julius Albert the first person to perform
fatigue test on conveyor chains and report them [3]. He observed that the numerous
failures could not be explained by known theory, and therefore it could only be related
to the cyclic loading of the chains.

In 1860 railways were in development and a fatigue problem in wagon axels was
observed by the German railway engineer August Wöhler [2]. He observed that the
wagon axels were failing frequently and he decided to carry out systematic experiments
to find answers to this problem. He constructed a rig where it was possible to control
the loading, and count the number of cycles to failure. He found out that the number
of cycles to failure depended on the stress level and fatigue failure was probabilistic
by nature. He published his experimental work on wagon axels, and he was thereby
the inventor of the stress (σ) cycle (N) curves which still is a common tool in today’s
engineering.

During and after World War I the aeronautical engineer Alan Arnold Griffith was a
pioneer in fracture mechanics. He studied fracture mechanics in brittle materials and
he found a theoretical relation between crack length, surface energy and elastic energy.
These observations and results were in agreement with an energy per unit area criterion,
and is best known as surface energy density or strain energy release rate. This criterion
applies to all types of cracks and therefore is it still used in today’s engineering. His
work [33] was published in 1921 and was later on modified by George Rankine Irwin [83].

In World War II Liberty cargo ships were in use by the United States [36]. These
ships delivered cargo all over the world and performed as expected under warm condi-
tions. But one night in Portland, Oregon, United States the temperature of the air was
relative low and the river was warm. These conditions meant that the ship rapidly and
unexpectedly cracked into half. The reason was the brittle welded steel plates, which
could not withstand these weather conditions. Engineers were unaware of this problem
at this time, and therefore it was not possible to find an answer.

Two tragic aviation accidents happened in 1953 and 1954 and it happened with
a specific type of airplane [61]. The accidents happened with an airplane type called
Comet. It was the world’s first commercial jet airliner made by the de Havilland Aircraft
Company. The airplanes were grounded in 1954 because the reason for these accidents
was not found. Therefore, a team of engineers and specialists started to build a water
tank, where it was possible to test the fuselage. They wanted to perform a fatigue
test on the fuselage by pumping water in and out of the water tank. In this way they
changed the cabin pressure and it was possible to inspect and analyze the consequences.
Their tests showed that cracks started to initiate and propagate near the windows. The
reason was stress concentrations and out of plane bending. Therefore, the lesson from
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these tragic accidents and experiments was a philosophy that ensured fail-safe designs
prospectively.

On April 28, 1988 an airplane was on its way from Hilo to Honolulu in Hawaii [66].
Unfortunately the airplane was forced to perform an emergency landing in Kahului
Airport on Maui. The reason for this emergency landing was that a part of the fuselage
was imploded. One person died and sixty-five were injured in this catastrophic accident.
Shortly after the accident investigators started to inspect the airplane in details and they
found significant disbonding and fatigue damage in a lap joint located in the fuselage.
The accident report concluded that there were some shortcoming and failures in the
maintenance program, and a more detailed maintenance program could have found the
fatigue cracking in the fuselage and thereby the accident could have been avoided.

Wind turbines have existed for more than a century and in the last 30 years this
industry has grown significantly in size. It has meant that wind turbine blades are
getting larger and stiffness to mass ratio has been increased in order to maximize profit.
Large wind turbines are capable of harvesting wind power to a lower price, but it
has resulted in some challenges. Wind turbines are exposed to challenging weather
conditions and it results in varying loads and a high number of fatigue cycles, and when
the materials are exploited to the extreme, it will result in failures [59] [94]. It has
meant that many of these problems and failures have been studied around the world in
order to optimize the performance of wind turbines.

In 2012 cracks in the worlds largest passenger airliner Airbus A380 were also a
problem [17]. Mandatory inspections showed that cracks had been found in the wing
ribs, and these findings provided a basis for additional inspections on other planes. The
European Aviation Safety Agency required that 68 planes in service should undergo an
extra inspection, and the planes were selected based on flight hours and load. Cracks
were found on at least two planes and the failures were repaired. It was concluded
that the cracks came from the manufacturing process and the procedure was changed
in order to eliminate the problem.

In 2019 more than 100, C-130 Hercules air-crafts were grounded, and the reason
was cracks in the lower center wing joint [56]. If the cracks were not discovered, it
could result in a dismantled wing during a flight. The Air Mobility Command took
no chances and was immediately in contact with aircraft maintenance and engineers
in order to solve the problem. Therefore, the Air Mobility Command ordered extra
inspections of the C-130 Hercules, and if the component was damaged, it got repaired.

The historical review has shown that fracture and fatigue in structures have chal-
lenged engineers and companies for many years. It is possible to minimize these problems
if engineers get a better understanding of how the material fails. It can only happen if
materials are extensively tested and new failure criteria are developed. Furthermore, it
is still important to have strict manufacturing processes and maintenance programs in
order to have reliable performance of structures.
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1.4 Wind turbine blade anatomy and loads
Cross section of a wind turbine blade can be constructed in different ways [63]. The
reasons for this are many, and one of them is to make it fit into a manufacturing process.
In the manufacturing process it can be important to have an efficient production where
many blades are produced every day. Another reason for choosing a specific type of
cross section, can be the possibility to have a flexible production line, and have a fast
change and startup of another blade type.

In Figure 1.3 the most common types of cross sections are illustrated, and if we take
a look at the closed shell, it is seen that the load carrying structure is similar to an
I-beam. The top and bottom flanges (caps) are designed to withstand the high bending
moments flap-wise. The box spar cross section also has the large top and bottom flanges
like the closed shell. Moreover, the box spar is having two shear webs instead of one in
the closed shell. The last type of cross section is the load carrying shell, and with this
design the load bearing materials are primarily distributed near the panels.

1

1

2

2

3

3

4

4

5

5

6

6

A A

B B

C C

D D

HW56CI 18-08-2020

Designed by Checked by Approved by
Date

1 / 1 

Edition Sheet

Date

Closed shell
Box spar Load carrying shell

Fig. 1.3: These types of cross sections are primarily used in wind turbine blades.

If we take a look at the details and structural elements of a blade in Figure 1.4, the
panels are the outer boundary of the blade. The panels are reinforced on the inside
with a sandwich panel and near the spar cap we have an adhesive layer to transfer the
aerodynamic loads to the load carrying structure. The load carrying structure is called
a main spar and goes from the root of the tip of the blade, and the dimensions of the
main spar are customized the blade.

Adhesive joints are seen in the leading and trailing edge. These adhesive joints
are necessary as the aerodynamic panels consists of two parts (top and bottom part)
and the load carrying structure is one part, and all these are assembled with adhesive
joints. These adhesives are made of epoxy resin as these are durable and very strong
connections between structural elements. The sandwich panel is often made with a
balsa core or foam core (PVC or PET) and bi-axial fibers in the face sheet. The lower
part of the panel is called pressure side and the upper part suction side, as this side is
generating the lift forces on the blade.

Carbon Fiber Reinforced Polymer (CFRP) and Glass Fiber Reinforced Polymer
(GFRP) are commonly used materials in wind turbine blades as these materials are
corrosion resistant, stiff, durable, have a high tensile strength and the density is relatively
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Fig. 1.4: Overview of structural elements in a wind turbine blade.

low. This gives a material with high specific strength and stiffness which is ideal for
load carrying components. Moreover, these materials are also used in other segments of
the blade as these can be high loaded as well. The fibers are stacked and surrounded by
matrix material in order to prevent local buckling and make it a laminated composite.
The orientation of the fibres depends on the approximated stress field in the blade, as it
is the fiber fabric that primarily carry the loads. In Figure 1.5 the most common used
fiber fabrics [91] are illustrated, and if we take a look at the unidirectional fiber fabric
these are primarily used in the load carrying element and orientated along the beam
axis. The bi-axial fiber fabrics are perfect to withstand pure shear stresses. Therefore,
these are used in the shear webs. The last presented type of fabric is tri-axial,and here
the fibers are orientated 0◦, -45◦ and 45◦. This gives a laminated composite that is
designed to resist a changing stress field.

Fig. 1.5: Unidirectional fiber fabric (0◦), biax fiber fabric (0◦, 90◦) and triax fiber fabric (0◦, -45◦,
45◦). The transparent volume illustrates the matrix material.

Wind turbine blades are exposed to many types of loads, and some of the loads are
challenging to approximate. If we start with aerodynamic lift, this is increasing towards
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the tip of the blade as the velocity of the blade is highest near the tip. Moreover, these
forces are constantly changing around the airfoil as the wind is random by nature. The
aerodynamic drag is also important as this force pushes the blade towards the tower
in an upwind design, and as the blade is slender, this will result in large deformations.
Especially wind gusts will result in large deformations and the blade will be close to the
tower. To prevent collision between tower and blade in an upwind concept the nacelle is
sometimes tilted back over. Another way to prevent collision is to use swept blades, as
these are curved unloaded. Moreover, when the rotating blade passes close to the tower
the air flow is disrupted, and it will generate a so called tower shadow effect. This will
result in unintended noise and vibrations in the blade, which will introduce additional
fatigue loads to the blade.

Flapwise loading (Fy) and edgewise loading (Fx) are common used definitions [38]
for loads in respectively x-axis and y-axis as shown in Figure 1.6. These types of loads
are often combined when testing in order to define a type of loading that is similar to
operational loads. Furthermore, if this combined load is offset (L) from the neutral axis
of the cross section, it will result in additional torsion. The contribution from torsion is
an increasing problem as the blades are getting longer and the deformations are larger.

Besides the aforementioned loads centripetal force and gravitational force are also
influential loads, that affects the design of the blade.
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Fig. 1.6: Simplified combined loading of a wind turbine blade which will result in torsion.

It can be concluded that the type of cross section not only depends on getting the
stiffest blade and strongest blade with low material consumption, but it must also fit
into the manufacturing process where the requirement is high quality and a high number
of produced blades every day. It can also be concluded that wind turbine blades are
exposed to many types of loads and these are challenging to determine, as the conditions
depends on many parameters. This makes it challenging to perform fatigue analysis on
wind turbine blades, and there is room for improvement and future work [71].
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1.5 Damage, imperfections and manufacturing flaws
in wind turbine blades

Wind turbine blades are in general designed with a higher probability of failure than
e.g. wings on a airplane or civil engineering structures [89]. The reason for this, is
the risk of loss in human lives, which is relative low for wind turbine blades as these
are unmanned most of the time. Persons are only close to the wind turbines under
construction, maintenance and removal of the turbines. Moreover, these tasks are only
performed if weather conditions and other safety rules allow for this. Therefore, this
section will show some of the damages, imperfections and manufacturing flaws that can
occur in wind turbine blades, as these have an economic interest and safety aspect.

Geometry of a blade is complicated and it results in thickness change of the laminated
composites many places. The changes in thickness of the laminated composites give so
called ply drops, which are of special interest in a structural analysis. In Figure 1.7
ply drops are illustrated in the transition zone, and between the face sheet and the
plies are resin pockets sometimes the problem. These pockets will result in local stress
concentrations which can initiate crack growth. Research [75] has shown that it is
possible to minimize the size of the resin pockets and it gives a higher load capacity of
this detail. The resin is the weak part and prone to crack initiation, especially if this
connection contains an imperfection.
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Fig. 1.7: Ply drops are necessary in order to change geometry and get the correct thickness of the
laminate in another segment of the blade.

In the manufacturing process are several different types of plies stacked and a vacuum
infusion process is used to fill the mould with resin. This is a well known process, and
often the challenge is to ensure that resin is all over the mould. If the mould is not filled
with resin and fiber, so called voids and delaminations are appearing in the laminated
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composite. If we take a look at Figure 1.8 it is easy to identify these manufacturing
flaws, as it is possible to see the background through this part several places. The voids
and delaminations are perfect conditions for crack initiation and crack propagation as
the flaws give stress concentrations and can be assumed to be a precrack. Depending on
location of these flaws, these can be surrounded by a low stress field and the flaw will
not potential initiate crack growth. If we know the flaws are present by a given density
and we know the size of these, it is possible to compensate for this in the design phase.
However, this requires extra material in order to lower the overall stresses which could
have been avoided if the laminated composite was without these manufacturing flaws.

Fig. 1.8: Example of delamination and voids between the plies in the main spar. Through this slice
of cross section is it possible to see the background and the distance is approximately 50 mm.

Fibers and matrix material can fail in many ways [92] and some of the most common
ways are presented in this section as these failures can provoke other failures and cracks
will start and grow trough the structure. If we take a look at Figure 1.9 we see that
five examples are illustrated, and failure (A) shows matrix tensile cracking. This type
of failure can occur in the manufacturing process and when the composite material
is exposed to tension. However, it is also possible to see matrix cracking when the
composite is exposed to compression as illustrated in (B). Therefore, a crack path will
depend on the load history and the interaction between the stress field in fibers and
matrix material. If we take a look at failure (C) this type of failure is often occurring
if the fibers are high loaded in tension or the fiber has a local weakness. When a fiber
breaks it will result in higher stresses for the nearby fibers and it can result in another
breakage. Stress transfer between fiber and matrix can result in fiber matrix shearing
failure as illustrated in (D). This type of failure is i.a. governed by the interface strength
between fiber and matrix. Therefore, the correct treatment and manufacturing process
is important in order to ensure a good attachment between the two materials. This
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type of failure can occur in both tension and compression of fiber and matrix. The last
failure is depicted in (E) and is buckling of the fibers, and this can only occur if both
compression and debonding between matrix and fiber are present. The outcome of this
effect can be a significantly drop in load capacity and cracks can also start to propagate.
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Fig. 1.9: Examples of fiber and matrix failures. (A) Matrix tensile cracking. (B) Matrix compression
cracking. (C) Fiber breakage. (D) Fiber matrix shearing. (E) Fiber buckling.

High compression stresses in the panels can trigger local buckling. This is problem-
atic as this causes high stresses in the adhesive joint which is located between the load
carrying box spar and the panels. This type of damage is called skin debonding and
this type of damage is illustrated in Figure 1.10. It can also be concluded from the fig-
ure that this type of damage has significant consequence on the structural performance.
The skin debonding is caused by so called peeling stresses and these are not only related
to buckling as these also occur when the blade is normally loaded. Peeling is an effect
that appear in the interface between the adhesive and the first layer of fabric in this
case. However, the problem with buckling is that stress intensity can be so high near
the crack tip that it exceeds the fracture resistance of the adhesive joint. Moreover, the
problem with initiation of skin debonding, is also caused by the change in geometry as
this gives stress concentrations. Peeling can also appear in the leading or trailing edge
as the blade can be exposed to an effect called breathing. This effect causes the upper
and lower sandwich panels to move against and away from each other. This is similar to
two loads pointing in opposite directions and the crack will have the perfect conditions
to start propagating. This phenomenon is illustrated in Figure 1.11, and the crack is
clearly seen in the trailing edge.

Weather conditions like temperature have a clear impact on the mechanical proper-
ties in laminated composites, and thereby the frequency of damages in blades. Fracture
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Fig. 1.10: Buckling can cause high peeling stresses and thereby skin debonding. Adapted with
permission from Find Mølholt Jensen, Bladena.

toughness will decrease as the temperature drops and if the loads are relatively high it
will result in several damages in a short time. Research [58] [43] has shown how tem-
perature can influence on fracture resistance and damages, and the results showed that
fracture resistance in CFRP was significantly reduced when the temperature was -30
◦C. This type of environmental testing is also possible with the TP-MMB test method,
as all parts of this test fixture can withstand these low temperatures.

These low temperatures are present at some locations where wind turbines are op-
erating, and therefore important to take into account. The low temperatures in combi-
nation with e.g. non-linear geometric effects or wind gusts can result in a breakdown of
the wind turbine.

Fig. 1.11: High peeling stresses in the trailing edge. Adapted with permission from Find Mølholt
Jensen, Bladena.
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When a blade contains either imperfections, damages or manufacturing flaws the
probability of a breakdown is high, and in worst case scenario parts of the blade will
fall of. In Figure 1.12 the shell is disbonded from the box spar, and an inspection
of the image shows large and many voids in the adhesive layer. This is definitely a
manufacturing flaw that introduced a poor bonding between the box spar and the shell.
The crack growth rate in a blade will depend on the load history and the number failures,
and in a blade like this with many voids fatigue life is reduced significantly. 
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Fig. 1.12: Shell disbonding from box spar. The red arrows indicate where some of the voids are
located in the adhesive layer. Adapted with permission from Find Mølholt Jensen, Bladena.

Under the right circumstances a so called flutter effect can appear in the blade. This
effect is an interaction between the eigenfrequencies of the structure and the aerody-
namic forces. This effect introduces vibrations and mechanical resonance which is dam-
aging for the structure, as local stress levels can exceed the maximum tensile strength
of the material and the crack will start to propagate.

A high flapwise bending moment can lead to buckling in the blade. Especially in
the segment where the blade has a long chord length and the compressive stresses are
high. The trailing edge region is especially prone to buckling and the outcome can be
a delamination in the trailing edge. However, the opposite can also be a problem, as
delamination will influence on local buckling in the blade. Research [39] has concluded
that delamination can induce local buckling modes in the blade, and these can appear
below the design load level.

Some of the aforementioned damages can be caused by Brazier effect [9] in the blades,
as this phenomenon induce contributing forces in the blade and thereby stresses. This
effect is a part of this thesis and will be further explained in Chapter 3.

This section has shown that damages, imperfections and manufacturing flaws are
well known challenges that have to be considered and minimized in order to get the
best blade performance. Therefore, requirements for new simulation tools and test
methods are sought to address these problems, and thereby prevent breakdown.
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1.6 State of the art for testing and designing wind
turbine blades

Structural testing of laminate composites and adhesive joints are important in order to
know the performance and the limitations of these materials. Mechanical properties like
yield strength, Young’s modulus, maximum tensile strength, fracture toughness, crack
growth rate and fatigue strength are some of the essential parameters that are sought
in order to optimize the structural performance.

Structural testing can be divided into specific categories, dependent on the test
purpose. Therefore, some of these are listed below and each type of testing is explained
in the following text:

• Coupon testing

• Temperature testing

• Subcomponent testing

• Component testing

• Full scale testing

Coupon testing are small test specimens with a size of e.g. 300 mm in length, 20
mm in width and 15 mm in height. These types of tests are typically used for quality
control of incoming batches used in a manufacturing process. These types of tests
can give a representative result on the failure mechanisms like fracture toughness, and
the batch can either be accepted or rejected. An example of coupon testing can be a
specific ASTM standard [1] where the purpose is to determine the fracture toughness in
unidirectional fiber reinforced polymer matrix composite. This type of test is performed
in a standard tensile testing machine with a special designed test fixture that fit into
this machine. The test fixture is capable to apply the required loads in such a way that
the specific mode mixity is obtained.

Researchers have performed fatigue testing on small test specimens in laminated
composites, and some examples are given here [35] [98] [30] [76]. These types of fatigue
tests are not necessarily following any standards, and are instead dealing with specific
research questions. Fatigue testing with small test specimens are important in order
to find fundamental mechanical properties, and be able to predict the performance in
larger components or structures.

Materials test at different temperatures is a well known type of test and an example
would be determination of fatigue strength [62]. However, this type of test is important
to perform in order to get the mechanical properties at different temperature ranges.
Temperature testing is typically performed on coupons and subcomponent as it requires
an environmental chamber to perform. Temperature testing on adhesive joints is also
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common, and stiffness and strength will reduce when temperature is increasing as it was
demonstrated by Nguyen et. al. [69].

Subcomponent testing of wind turbine blades can be required in a certification pro-
cess [23] or academic research [54] [4] [29] [5]. If fiber orientation and location are
interrupted by multiple layer overlap this will have an impact on the structural per-
formance. Therefore, verification of specific components are required. In addition, this
type of test is also useful if crack growth rate and crack growth direction is investigated.
Subcomponent testing of the trailing edge has also been demonstrated by Rosemeier
et. al. [82], and they have developed a novel concept of testing subcomponents which
follows new standards and guidelines.

Component testing or segment testing of wind turbine blades can for example be
used to determine buckling loads. Buckling is often occurring in areas where the blade
has a long chord length, and only the segment between the root and the midspan is
needed to perform such a test. Buckling will often occur in the panels near the trailing
edge.

Full scale structural testing of wind turbine blades is often the final test in order
to get the design verification, and the test procedure, interpretation and evaluation of
results can follow the IEC 61400-23:2014 standard [42]. Both fatigue testing and static
testing are performed in such a process and this type of test is known to be expensive
and time consuming. The timespan can be 6 months in order to prove an accelerated
performance test and fatigue test of the blade. Thereby, this type of test is important
for the manufacturing company.

The number studies and findings from academic research in laminated composites
and adhesive joints are countless. Both experimental studies and development of numer-
ical simulation tools for prediction of crack growth rate and direction are to find in many
papers. If we start with some of the experimental research a test method developed by
Bent F. Sørensen [88] is useful in order to determine the fracture resistance in both
laminates, adhesives and laminate/adhesive interfaces. The special test rig is able to
generate pure bending moments to each of the two beams in a Double Cantilever Beam
(DCB) specimen, and it is possible to change direction and ratio between the applied
moments. It means that it is possible to test the full range in between fracture mode
I and fracture mode II. This test method was also used by Jeppe B. Jørgensen [50] to
determine tunneling crack growth rates in adhesive bonded joints. It can be concluded
from his study that this test method was able to provide stable test results. Moreover,
this test rig was developed by Bent F. Sørensen and used by Jeppe B. Jørgensen in his
research, and this is an expansion of the research provided by Hutchinson and Suo [41].

Hutchinson and Suo developed a general solution for this problem, and demonstrated
the many possibilities with this mathematical model. They also mentioned that their
solution can be derived from the J-integral developed by Cherepanov [15] and Rice [80]
independently. The TP-MMB test method presented in this PhD project has also used
the advantages of the general solution developed by Hutchinson and Suo, and this will



1.6. State of the art for testing and designing wind turbine blades 19

be elaborated in Chapter 2.
Brunner, Blackman, Davies et. al. have also shown novel research [11] [20] [21] in

the field of fatigue and fracture mechanics. They have demonstrated different types of
test methods/procedures and proposed different test parameters in order to get better
estimates of fracture toughness and crack growth rate. Most of their research has
focused on experimental challenges and ideas to handle these, and come up with a
higher accuracy of the results.

Legs/fixture 
placed above the 

shear webs

LVDT-sensor 
measuring 
deformation in the 
center of the spar

cap

Full-scale test of a 34m blade
Full-scale test of a 23m blade

Spar cap deformation measured during flapwise full-scale test 
(static). In order only to measure the out-of-plane deformation a 
reference frame is placed at the shear webs. The displacement 
sensor is placed in center between the shear webs. Both tests 
showed cap deflections of approx. 6mm.

Fig. 1.13: Test of the Brazier effect on a box bar. Adapted with permission from Find Mølholt Jensen,
Bladena.

Find Mølholt Jensen has performed tests with wind turbine blades and analyzed
the different effects that can occur [46]. Analysis of mechanisms like buckling and the
Brazier effect [49] are some of the most import findings in his research. In Figure 1.13
some of his experimental work is illustrated, and the purpose of this specific test was
to measure the deformation of the spar cap. This local deformation is caused by the
geometric non-linearity, and to be more specific the Brazier effect. This effect gets more
pronounced when a blade is exposed to high bending moments and high curvature. The
problem with this effect is that it gives high stresses in the corners between the spar
cap and shear webs, see Figure 1.4.

To prevent damages from the Brazier effect and other effects in wind turbine blades
Find Mølholt Jensen and Bladena have come up with different types of solutions. These
solutions are different types of stiffeners which reduce the local deformation of the cross
section and thereby avoid crack propagation in the blade. If we take a look at D-
strings R©, these are designed to eliminate the so called breathing effect, as this effect
causes the panels to oscillate. This effect can lead to high peeling stresses and cause
crack propagation in bond lines. The D-String solution is shown in Figure 1.14.

X-stiffenerTMis another solution which increases the rigidity of the cross section.
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This solution is mounted in the box girder corners and the wires goes from one corner
to the opposite corner. It results in two wires which prevent large deformations of the
box girder cross section. The X-stiffenerTMcan prevent some of the deformations caused
by the Brazier effect, as this effect can cause distortion or skewness of the cross section.
Both D-strings R© and X-stiffenersTMcan be installed when the blade i new or used later
for repair.

The scope of this demonstration is to point out that:
1. The D-String® removes the main root cause of transverse cracks.
2. The D-String® together with a non-structural repair can be used as an alternative 

to expensive structural repairs.

The exercise consist of using the D-String® for two cases:

Case 1: A reappearing transverse crack on top of an old repair is left un-repaired and
D-String® is installed to see if it stops the cracks propagation.

Case 2: A minimum non-structural repair is made of a large transverse crack and
D-String® is installed to see if this kind of repair (aimed at sealing the blade only) is 
enough.

D-String®

Fig. 1.14: D-string patent developed by Bladena. Adapted with permission from Find Mølholt Jensen,
Bladena.

In Figure 1.15 a crack is repaired with the D-string R© solution. The picture shows
a repaired crack perpendicular to the beam axis, and the blade is reinforced with the
D-strings R© solution.

2019

Fig. 1.15: Crack in panel repaired with D-string solution. Adapted with permission from Find Mølholt
Jensen, Bladena.

Numerical studies on the effect of delamination on local buckling has been studied
by Haselbach et.al. [39]. This research proved that even small areas of delamination
could lead to local buckling which resulted in crack propagation even under normal load
conditions. This study concludes that delamination near the surface can be critical in
the main spar. They also mentioned that the Brazier effect [9] had a significant influence
on the stress field surrounding the area of delamination. The so called Brazier effect
will be elaborated in Chapter 3 where the Finite Element based approaches to this non-
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linear effect will be presented. Geometrical nonlinearity in wind turbine blades has also
been studied by other researchers [100] [40] [16] [101], and it can be concluded that this
effect is of special interest as it entails new failures.

Research delivered by Brian Bak et.al. [6] has shown that cohesive elements can be
used for fatigue simulations, as these new elements are able to handle crack growth
rate. The elements are defined by a traction separation law and a damage parameter
is introduced. This damage parameter depends implicit on the near crack front stress
field and it result in a change of the traction separation law. It can be concluded that
this is an effective way to simulate crack growth in composite structures.

Esben Lindgaard et. al. [55] has developed a cohesive element which performs with
good accuracy and the rate of convergence is faster compared with other formulations
of cohesive elements. Sometimes the traditional cohesive elements are faster to converge
and it depends on the assigned parameters. This advantage provides the opportunity
to have a better discretization of the model or have a faster solution.

Laura Carreras et. al. [13] has developed models for simulating 3D crack growth in
composites both under quasi-static and fatigue loading. They presented implementation
of six different methods in cohesive elements and these were aimed for high-cycle fatigue.
The performance of these methods was varying and only the method developed by Brian
Bak et. al. [7] showed high accuracy and robustness.

The technique eXtended Finite Element Method (X-FEM) was proposed back in
1999, and as the name explains it is an extended formulation to the shape functions
used in traditional Finite Element formulations. This technique is especially suitable
for strong discontinuities like cracks, as the stress field near the crack tip is well defined
with X-FEM. However, there are some drawbacks with this method and it comes from
the so called blended elements which gives less good approximations of the stress field.
The blended elements are located in the field near the crack path and these are mixed
with traditional elements which gives less good approximation of the stress field. It can
be concluded that X-FEM has potential to be even more efficient for crack simulations
if this technique is refined. More details about X-FEM can be found in this literature:
[64] [22] [51].

To bring down computational time has beam model approaches also been developed
[65], and these approaches are in some extent able to describe the geometric nonlinearity
in wind turbine blades. However, these methods also have limitations and the presented
method can in some extent address these challenges.

Gradient based optimization of wind turbine blades [85] [86] [57] is also state of the
art research in order to fulfill the general light weight requirement. These algorithms
also require good approximation of stress field, as orientation of the fibers depends on
these. It means that geometric nonlinearity also will have an influence on the outcome
of the optimization process if these are included.
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There are still many unanswered questions that need to be answered in fracture
mechanics and fatigue in composites, and these answers will benefit future work and
prevent failures. This subsection has described some of the important findings in this
field of research that relate to this thesis and many more are to be found in the literature.



Chapter 2

The Two Point Mixed Mode
Bending (TP-MMB) test
method

This chapter is based on paper A and theory related to the presented test method. More-
over, the experimental work with uni-directional laminated composites and a Finite El-
ement simulation of the delamination process is described in this chapter. Some of the
material in this chapter is adapted with permission from SAGE Journals.

2.1 Scientific contribution and impact
The primary contribution with the presented Two Point Mixed Mode Bending
(TP-MMB) test method is to provide a new solution to a known challenge. The challenge
is determination of fracture resistance in laminated composites and adhesive joints, as
existing test methods have different advantages and disadvantages, and to mention a
drawback then compliance calibration is one of them. The calibration is often inaccurate
[20], and the TP-MMB test method does not need compliance calibration in order to
determine fracture resistance.

The TP-MMB test fixture is developed to be a stand alone apparatus, which fits
into a standard tensile testing machine and changing the set up is simple. The main
feature of the TP-MMB is the utilization of symmetry in a Four Point Bend (FPB) [21],
as this test method only requires half the size of the test specimens. An advantage
with eliminating one of the two crack fronts is to have the pure force displacement
response from only one crack front when the test is performed. Moreover, the TP-MMB
test fixture can also fit into an environmental chamber if influence of temperature on

23
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fracture resistance is studied.
With this test method the mathematical operations are simple in order to determine

fracture toughness. Furthermore, scaling the test method is also a possibility if size
effects have a significant impact on the fracture toughness.

The TP-MMB test method is able to determine fracture toughness even though large
scale fiber bridging appears in the test specimen during a test. This is a challenge for
many other test methods as these depend on a well defined crack front to specify a
precise crack length. This is one of the pros with this test method as long the fracture
process zone will appear in the defined interlaminar interface.

Some test methods are designed to determine fracture resistance for either pure
mode I or pure mode II. This means that the non-linear behaviour in between is almost
unknown as only few test methods are able to handle this range. Therefore, novel
methods are sought, as mixed fracture modes are more realistic in structures exposed
to fatigue loads. The TP-MMB determines fracture resistance at a specific phase angle
(ψ) which lies in between fracture mode I and fracture mode II. The specific phase angle
is 41◦ for both TP-MMB and FPB. Some of the most common test methods are listed
below and illustrated in Figure 2.1.

• ψ = 0◦ - Double Cantilever Beam (DCB)

• ψ = 41◦ - Two Point Mixed Mode Bending (TP-MMB), Four Point Bend (FPB)

• ψ = 90◦ - End Notch Flexure (ENF), End Loaded Split (ELS)

The test fixture can be modified in such a way that if horizontal forces are applied
to the test specimen the phase angle will increase. It means that this modification will
give a phase angle range from 41◦ to 90◦. This modification will make the test fixture
more versatile and be a new and interesting way to test fracture resistance.

2.2 Theoretical background to elastic fracture me-
chanics

The theoretical background is based on linear elasticity as the zone of plasticity near
the crack tip is assumed to be very small compared to the size of crack length, and thus
assessed negligible. This theory is among many others described in following literature
[95], [34], [77], [10], [31] and [102].

As linear elasticity is assumed near the crack tip, it is possible to apply the advan-
tages of the Stress Intensity Factor (K) developed by Irwin [45] [83] as this factor can be
used as failure criteria for crack propagation. This approach was originally derived by
H. M. Westergaard [99] who developed a stress function which was able to describe the
stress field near the crack tip. His solution was based on the solution from Inglis [44].
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Fig. 2.1: Schematic illustration of the non-linear relationship between phase angle and energy release
rate. The different test methods are designed to determine the energy release rate at specific phase
angles.

If we go back to Irwin’s solution it was based on an infinite plate with a crack length
of 2a. This crack was not elliptical and the plate was subjected to a uniform stress state
around the crack. Figure 2.2 illustrates the finite cracked plate where the stress field is
approximated near the crack tip with use of Eq. 2.1-2.3. The position is described in
polar coordinates.
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These analytical definitions are fundamental in fracture mechanics and the fracture
mode Stress Intensity Factor i directly connected to the energy release rate (G) by this
formula:
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GI = K2
I

E
, GII = K2

II

E
(2.4)
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Fig. 2.2: Infinite plate subjected to uniform stress and with a finite crack length of 2a.

The aforementioned strain energy release rate can also be expressed with the J-
integral developed by Cherepanov [15] and Rice [80] independently. This method is
path independent and an advantage when fiber bridging occurs as the path can cover
this long process zone. If the path (Γ) is not closed, the J-integral is non-zero and
equivalent to the strain energy release rate. Rice proved his theory on some of his
earlier publications [81] and theory presented by Neuber [68].

Figure 2.3 illustrates how the contour path integral can cover the crack tip, and
where the traction vector (t) is evaluated with use of the normal vector (n) and the
stresses (σ) along the path. If we take a look at Eq. 2.5 the strain energy density
(W ) is integrated in x or y direction and the aforementioned part is subtracted as this
represents the strain energy release rate.

J =
∫

Γ

(
Wdy − ti

∂ui
∂x

ds

)
(2.5)
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Fig. 2.3: Illustration of a two-dimensional evaluation of the J-integral.

To understand Griffith’s [33] and Irwin’s theory [45], we start with the term dis-
sipated energy (Ω) or loss of elastic energy during a fracture test where forces and
displacements are measured. The dissipated energy is equivalent to the difference be-
tween the amount of used energy and the remaining elastic energy. This is illustrated in
Figure 2.4 where the the crack length a1 is increased and gives a reduction of stiffness.
Thereby, the relation between dissipated and increase in the crack area is equivalent to
the fracture resistance. This can also be proved as the compliance increase when the
crack increase in length [104] [103].
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Fig. 2.4: Schematic illustration of the relation between change of crack length and dissipated energy.
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Hutchinson and Suo [41] derived a solution from the theory presented by Rice [80] as
they demonstrated two special configurations. One configuration where pure bending
was applied two beam like arms, also known as Double Cantilever Beam (DCB), and the
other configuration where constant displacement was applied to the upper and lower part
of the DCB specimen. These configurations and the theory by Rice helped Hutchinson
and Suo to find a general solution that could be used for practical use.

The general solution for energy release rate (G) by Hutchinson and Suo is shown in
Eq. 2.6 and the parameters related to this solution are found in Eq. 2.7 and Figure 2.5.
If we start with the effective modulus of elasticity (E), this will depend on Poisson’s ratio
(ν) and plane stress or plane strain conditions in the test specimen. Furthermore, the
area moment of inertia is only defined by height of the upper beam (h) and lower beam
(H) as the applied bending moments (Mn) and/or forces (Pn) are defined per unit width.

General solution:

G = 1
2E

(
P 2

1
h

+ 12M
2
1

h3 + P 2
2
H

+ 12M
2
2

H3 −
P 2

3
h+H

− 12 M2
3

(h+H)3

)
(2.6)

The effective Young’s modulus:

E = E

1− ν2 (Plane strain), E = E (Plane stress) (2.7)
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Fig. 2.5: DCB specimen loaded with bending moments and axial forces per unit width.

If we slightly ramp two different bending moments to respectively the upper and
lower beam, these will at some point remain constant as shown in Figure 2.6, and at
this plateau is it possible to determine the strain energy release rate with Eq. 2.6.

Due to the special configuration of the TP-MMB is the phase angle (ψ) fixed to 41◦,
as the pure bending moment is only applied to the lower beam. The phase angle is
expressed as inverse tangent function to the ratio between the Stress Intensity Factors
(SIF) for respectively fracture mode I and fracture mode II. This also can be expressed
by the ratio of the applied bending moments and this is seen in Eq. 2.8.
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Fig. 2.6: Schematic illustration of a moment-angle curve.

Mode mixity/phase angle:

ψ = tan−1KII

KI
= tan−1

[√
3

2
M1 +M2

M2 −M1

]
≈ 41◦, |M1| < M2 (2.8)

The TP-MMB is designed to apply only pure bending to the lower beam in a DCB
specimen, it means that Eq. 2.6 can be reduced and only four parameters are needed
to determine the energy release rate.

Reduced solution:

G = M2
2
E

(
6
H3 −

6
(h+H)3

)
(2.9)

The aforementioned theory describes primarily the mathematical solutions which
can be applied to the TP-MMB test method and the next subsection will describe the
functionalities of the test rig which fulfill these conditions.
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2.3 Introduction to the TP-MMB test method
The Two Point Mixed Mode Bending (TP-MMB) test method is a new approach to an
already known problem, as the TP-MMB test method is inspired by the independent
developed test methods by Charalambides [14], Plausinis [78] and Sørensen [88]. How-
ever, the TB-MMB still differ from the aforementioned methods as this concept is a
stand alone test fixture which is versatile and relative simple to use.

The TP-MMB test method can also be used for determination of fracture resistance
in bi-materials [28] with simple modifications of the governing equations. This type of
test is illustrated in Figure 2.7 where two substrates with an adhesive layer in between
is exposed to pure bending by the TP-MMB test method. In order to find the fracture
resistance of bi-material interfaces must the general solution by Hutchinson and Suo be
modified [93], and this has also been demonstrated by Sørensen [87].

Fig. 2.7: The TP-MMB test method can also be used for determination of adhesive fracture resistance.

The solution to this bi-material problem is shown in Eq. 2.10-2.13 where the ad-
hesive layer thickness (Ha) and substrate thickness (H) are some of the parameters.
Moreover, are Poisson ratio and Young’s modulus for respectively substrate (E2, v2)
and adhesive (E1, v1) included in order to find the dimensionless parameters (I1, η,Σ)
which compensate for offset in the neutral axis. Test specimen width (W ) and the pure
bending moment applied the lower beam (M2) are also included in order to determine
the energy release rate (G).

J = G = 1
W 2H3E2

(
6M2

2 −
M2

2
2η3I1

)
(2.10)

I1 = 1
12

(
Σ + 8

η3
12
η2 + 6

η

)
(2.11)



2.3. Introduction to the TP-MMB test method 31

Σ =
E1
(
1− v2

2
)

E2 (1− v2
1) (2.12)

η = Ha

H
(2.13)

The test fixture consists of different functionalities and these will be described, and
many considerations have been made to come with this specific solution. If we take a
look at Figure 2.8 the test fixture consist of a base which is bolted to the tensile testing
machine. In this case the test fixture is designed to fit a MTS 858 Table Top tensile
testing machine.

In Figure 2.8 it is also seen that the test fixture is equipped with three supports.
Support(A) is designed to absorb the pure bending moment applied to the lower beam in
a Double Cantilever Beam (DCB) specimen. Support(A) consists of a clamping mech-
anism with two bolts which ensure good contact between test specimen and support.
This support is connected to a slider which allow for a vertical displacement of sup-
port(A). The slider is guided by eight roller bearings which is pretensioned with four
compression springs in order to ensure full contact between roller bearings and slider,
as shown in Figure 2.8. In order to minimize the weight of the slider on the measured
results is a counterweight connected to keep it in balance. Moreover, the slider has a
stroke of 90 mm in order to handle flexible test specimens.

Support(B) is attached to the crosshead of the tensile testing machine, and this
support consist of a round bar supported by two roller bearings in order to minimize
the rolling resistance. In this support are both force and the vertical displacement
measured, as the force i used for determination of the fracture resistance.

Between support(B) and support(C) the distance is 185 mm (L = 185mm), and this
distance is used to generate the pure bending moment. This support is also constructed
with a round bar attached to two roller bearings, and this support is connected to the
base.

Support(A) is equivalent to the symmetry line in a four point bend and this test
method uses this symmetry line to have only one crack in the test specimen instead
of two cracks. There are methods to fix one of the two cracks in a Four Point Bend
(FPB). However, it does not make sense to have a large test specimen if half of the size
is enough. Therefore, the type of specimen used in TP-MMB is with only one crack
front, as this gives a more clear response of the measured forces.

In order to verify both test method and test fixture is a special test performed with
the TP-MMB. In this case a special manufactured test specimen was used to have a
controlled crack front. The special test specimen was made of aluminium alloy in favor
of having a homogeneous material, in which it was possible manual to change the crack
length (a).
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Fig. 2.8: Diagram of the TP-MMB test fixture.

Before this test the modulus of elasticity was determined in a separate three point
bending test on the same batch of aluminium alloy bars. This test was performed on
the same tensile testing machine, and the result was a Young’s modulus equivalent to
66,000 MPa. It can be discussed if this seems to be a low value and the Young’s modulus
should be higher. However, primarily plane stress conditions are presented as the test
specimen is relatively small and this will reduce the stiffness.

The test specimen is 20.0 mm in width (W) and the total height of the test specimen
is 8.0 mm (H+h), and to emulate a crack some of the upper part of the test specimen
was removed. Removing some of the material was performed in a milling process, and
this means that the upper beam was completely removed and the height of the lower
beam was reduced to 5.5 mm (H). The special test specimen is illustrated in Figure 2.10
and a length corresponding to the crack length was removed.

The aluminium alloy test specimen was processed two times to emulate two different
crack lengths. The first crack length was 28.8 mm and the second crack length was
processed to be 128.8 mm.

A quasi-static displacement controlled test was performed with a displacement rate
on 0-4 mm/min of the crosshead. Two cycles were performed in order to have a stable
measurement and to ensure that local plasticity near the crack tip was constant. Local
plasticity near the crack tip is unavoidable as the sharp corner caused by the milling
process will introduce this zone. The displacement of the crosshead was fitted in such
a way that the measured forces just precisely exceeded 100 N.
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Fig. 2.9: Pretension and guidance of slider with roller bearings and compression springs.

As compliance gets higher when the crack length increases this will result in a change
of strain energy in the test specimen. This change of energy can be considered as the
amount of dissipated energy caused by a fracture process. It means that an arbitrary
horizontal line can be used, as this fulfills the criteria by Hutchinson and Suo and the
plateau shown in Figure 2.6.

To fit the two force displacement curves for respectively a=28.40 mm and a=128.80
mm, are quadratic polynomials used. The polynomial fits are illustrated in Figure 2.11
with a 95% confidence interval (dashed lines). A reduction of data has been performed
near the starting point, as these data points were interrupted by contact and pretension
of test specimen and supports.

The amount of dissipated energy (Ω) was estimated to be 668 mJ and the change
of fracture area (A) is measured to be 2008 mm2. This gives an energy release rate
corresponding to 0.333 mJ/mm2. This is higher than the analytical solution as expected,
as the analytical solution gives results on 0.316 mJ/mm2. This results in a relative error
on 5.6 % which is acceptable because some uncertainties can interrupt this result. An
overview of results are shown in Table 2.1.
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Fig. 2.10: Test set up with validation test specimen (Aluminium alloy bar EN AW-6082 T6)
(a = 128.80 mm).

Table 2.1: Overview of measured and calculated results.

A Ω Gexperiment Ganalytical Error

2008 mm2 668 mJ 0.333 mJ/mm2 0.316 mJ/mm2 5.6 %

Some of the relative error can be explained by the clamping mechanism in sup-
port(A), as the test specimen has been unmounted and mounted again. This can in-
troduce a change of compliance in support(A), and introduce an error. Furthermore,
the rolling resistance between the slider and the roller bearings will result in dissipated
energy, and the two strokes are different which will interrupt the results. This effect
should minimize the error and must be further investigated. So, changing the counter-
weight connected to the slider can be used as a possibility for calibration of the test
fixture.

Change of potential energy when lifting the test specimen and slider is considered
as negligible, as displacements are relatively small and the weight of slider and spec-
imen is relatively low. Moreover, uncertainties from measurements of both force and
displacement will influence on the results.

Statistical analysis has shown that the polynomial curve fittings and its confidence
interval prove that correlation between the analytical solution and the experimental
results are existing. A sensitivity analysis of the applied force has shown that a force
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Fig. 2.11: Force-displacement curve for the two different crack lengths. The dashed red and black
lines indicates 95 % confidence interval.

equivalent to 102.7 N in the analytical solution would lead to compliance with the
experimental result. Therefore, it can be concluded that the validation test with a
aluminium alloy specimen and a relative error of 5.6 % is acceptable. Furthermore,
other factors and parameters must be studied in order to obtain higher accuracy with
this test method. Thereby, it is possible to calibrate the test fixture, and get a higher
accuracy of the results.

If tests with Glass Fiber Reinforced Polymer (GFRP) specimens are performed, it
is possible to inspect and see the full crack front from above, as this space is free. This
gives the opportunity to place a camera and record the crack propagation speed and
shape. This kind of inspection can be challenging for other test methods as free space
around the test specimen is limited for some test methods.

Future work with the test fixture could be a modification, where it was possible
to apply forces in the vertical direction on the test specimen. This would lead to an
increase of phase angle, and this will make the TP-MMB more versatile and interesting
to use.



36 Chapter 2. The Two Point Mixed Mode Bending (TP-MMB) test method

2.4 Validation of TP-MMB test method with Cohe-
sive Zone Modeling

Development, design and validation of the TP-MMB test method is performed with
Finite Element simulations and use of Cohesive Zone Modeling (CZM). These models
are performed in ANSYS software with the formulations this software provides. For
the CZM is a bi-linear traction separation law [32] formulation used. This choice of
formulation is simple and easy to change in order to get a fast and robust convergence
of the non-linear solution. Various traction separation relationships like exponential
form [8], constant form [25], polynomial form [67], tri-linear form [97] and linear form [12]
are also common used formulations.

A bi-linear traction separation law is illustrated in Figure 2.12, and Km is defined
as the cohesive layer stiffness and this is often set to be relatively high, as this represent
the material behaviour best [74]. However, the rate of robustness and fast convergence
depends on maximum traction (σ0

m), displacement jump at completion of debonding
(δfm) and separation at corresponding damage initiation (δ0

m). If the triangle is relatively
flat (isosceles obtuse) it will result in fast convergence and robustness of opposite if the
triangle is steep (isosceles acute).

If the cohesive elements are in compression or separation (δm) is lower than δ0
m the

behaviour is linear elastic and damage evolution will not occur. This is shown in Eq.
2.14 where the other intervals also are shown. The damage value (d) is used to degrade
Km when the separation exceeds δ0

m. This cohesive layer stiffness can be written as
(1 − d)Km in the range between δ0

m and δfm. This means that the element will be
partially damaged.

The cohesive layer stiffness will remain the same if the new separation does not
exceed δmaxm , this is only applicable for common formulation of cohesive elements, as new
formulations of cohesive elements are intended for fatigue simulations and the damage
value will increase even though the separation is relatively low. These special types
of cohesive elements are among others developed and demonstrated by Bak [6] and
Turon [96].

d =


0

δf
m(δm−δ0

m)
δm(δf

m−δ0
m)

1

δ0
m > δm

δ0≤
m δm < δfm
δf≥
m δm

(2.14)

Griffith’s energy approach is still relevant when we use the traction separation law
as the integral of the bi-linear function determines the critical energy release rate Gc or
fracture energy. This integral is shown in Eq. 2.15 and also illustrated in Figure 2.12.
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Fig. 2.12: Bi-linear traction-separation law with linear damage evolution. Km is defined as the cohesive
layer stiffness.

As support(B) and support(C) generates two opposite directional forces with the
same magnitude, this will result in pure bending moment near the crack tip. This is
illustrated in Figure 2.13, where the lower beam is attached to support(A) and the right
side is towards support(B) and support(C).

M2

M3
H

h

����

Fig. 2.13: The test specimen is loaded in following way near the crack tip, and the two heights are
given as H and h for respectively the lower and upper beam.

These ideal boundary conditions are of cause interrupted by both rolling resistance
and gravitational forces. Both effects are eliminated in this simulation in order to
demonstrate the new concept.

Different decisions have been made to have a suitable Finite Element model that
represent both test fixture functionalities and test specimen behaviour. On the basis
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of these decisions, the test specimen is modelled with higher order 3D solid elements.
Moreover, the interface between the upper and lower beam is modelled with cohesive
elements, as only delamination is studied.

 

 

Measurement of force and 

displacement 

Crack front 

Fig. 2.14: Example of TP-MMB fracture toughness simulation with Cohesive Zone Modeling.

The traction separation law is with a relative low traction in order to have fast
convergence and robustness of the solution. The test fixture parts are modelled as rigid
bodies, as the stress state in the test fixture is not analyzed in this example. Figure
2.14 illustrates the complete Finite Element model and how test specimen supports and
forces are applied. Contact elements, and thereby frictional forces, are not included in
this model, as these where unknown.

In the test specimen the fracture process zone is studied as a mix of plane strain
and plane stress conditions will appear in the interface between the upper and lower
beam. In Figure 2.15 it is seen that the contour bands for shear stresses (τxy) are super
elliptic curved in the fracture process zone as a consequence of mixed plane stress and
plane strain conditions. It means that the crack front is ahead in the middle of the test
specimen and behind in the sides as was foreseeable and also observed in some of the
performed experiments.

The Finite Element simulations showed that the applied forces in support(B) reached
a plateau when the fracture process zone was fully developed and steady propagating.
This curvature is similar to Figure 2.6 and as the length between support(B) and sup-
port(C) is considered constant the bending moment is also constant. Thereby, the
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Fig. 2.15: Illustration of the fracture process zone in the interface between the upper and lower beam.

constant bending moment is applied the test specimen and the functionalities of the
test fixture fulfills the solution showed in Eq. 2.9. In the design phase of the test fixture
several of Finite Element Analysis are performed on components and subcomponents
in order to predict the behavior of these components and minimize the amount of used
material.

2.5 Fracture toughness testing of uni-directional
laminated composite

Delamination tests with relatively high loads are conducted in order to assess perfor-
mance, limitations and accuracy of both test method and test fixture. Therefore, sixteen
test specimens of Unidirectional Directional (UD) GFRP have been produced by Poly-
Tech A/S.

These test specimens have a total height (H+h) of 17.90 mm ± 0.15 mm and a
width of 20.10 mm ± 0.30 mm. For this reason weight is also examined and the average
weight of the test specimens are 272.7 g with a standard deviation of 2.9 g. Moreover,
the fracture process zone is placed in the middle of the specimen with a teflon film to
initiate the crack front.

The variation of both dimensions and weight will influence on the measured compli-
ance, and it means that these results are held together in order to explain the variation of
compliance in a three point bending test. This test is used to approximate the Young’s
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modulus as this must be assumed consistent.
Figure 2.16 illustrates the normalized mass and normalized stiffness from the pre-

liminary three point bending test of specimens.
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Fig. 2.16: The relatively high correlation coefficient between the normalized stiffness and weight
confirms the experimental distribution of stiffness.

It can be concluded that the correlation coefficient is relatively high when the value
is 0.7921, and the variation of stiffness primarily can be explained by the deviation of
mass and dimensions. It can therefore also be concluded that the density of fibres are
sufficiently uniform, and it gave a Young’s modulus equivalent to 37,700 MPa, with a
standard deviation equivalent to 764 MPa.

Preliminary tests were performed on specimen number 1-11 as these were used for
calibration and adjustments of the test fixture in order to obtain stable results. Test
specimen 16 was not included in these results as the set up was slightly changed and
it would therefore be misleading to include. The presented test was performed on test
specimens 12-15, and these results are shown in Figure 2.17. This figure indicates that
the applied force starts to be steady when the cross head has moved approximately 32
mm. At this point the applied force is almost 500 N and it starts to be steady around
this level as seen in the figure. It means that the fracture resistance is determined with
Eq. 2.9 and the fracture toughness is approximately 4.11 mJ/mm2. This is reasonable
and high, as fiber bridging will increase the fracture toughness significantly.

It was observed that a long fracture process zone emerged in the test, and this was
due to intensive fiber bridging. This long fracture process zone gave some challenges
as the steady state period was relatively short compared to the total period of the test
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Fig. 2.17: Actual force-displacement curve obtained with test specimen 12-15.

run. The fracture process zone is illustrated in Figure 2.18, and it is easily seen that
the fiber bridging is intensive in between the lower and upper beam.

Examination of the slider and roller bearings have shown that high rolling resistance
introduces oscillations in the force measurement, and this is easily seen in Figure 2.17.
This is caused by the roughness on the surface between the slider and roller bearings.

The test fixture is not intended for fatigue test of laminated composites and adhesive
joints, as both roller bearings and slider can be high loaded and these will fail in short
time compared to the duration of a typical fatigue test. However, modifications of the
test fixture can improve the performance and make the test fixture suitable for fatigue
tests.
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Fig. 2.18: Fiber bridging effect during delamination test in uni-directional laminated composite.

This performance test has shown that the TP-MMB test method has potential for
quasi-static fracture resistance testing of laminated composites, and the rolling re-
sistance introduce measurement disturbances when the text fixture is relatively high
loaded. Future work could be to modify the test method and apply axial forces to
the test specimen in order to increase the phase angle, and have a more versatile test
method.



Chapter 3

A linear Finite Element
approach to geometric
non-linearity

This chapter is based on paper B, C and D, and will be supplemented with additional
theory and details. Some of the material in this chapter is adapted with permission from
SAGE Journals and Nordic Seminar on Computational Mechanics (NSCM).

3.1 Scientific contribution and impact
This chapter will present three related approaches which all are developed for use in
Finite Element Analysis of slender composite structures. All three approaches are pro-
viding a novel solution to a known problem which is the computational cost of handling
non-linear geometric effects in wind turbine blades. Therefore, the primary contribu-
tions of this research is to bring down computational cost and still have high accuracy
of the results. These novel solutions will especially be beneficial when fatigue analysis
is performed and time is a limiting factor. Moreover, when Finite Element models are
getting larger these novel methods be to prefer, as the accuracy can be high and time
consumption can be held down.

The presented approaches will also give an improved understanding of the Brazier
effect, and thereby give foundations for new simulation methods in this field of research.
With the presented methods it is possible to identify the density of the so called Brazier
forces in a structure. This possibility will give engineers an opportunity to identify this
damaging effect, and with this insight, change design in order to get structural integrity.

43
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3.2 Introduction to the Brazier effect
The Brazier effect [9] has been known for almost 100 years, and is still relevant to
take into account when structures are thin-walled and exposed to large deformations.
This effect leads to additional forces which can result in inappropriate cross-sectional
deformations, that cause high stresses in certain areas of the cross-section. This was
studied by Lund and Damkilde [19] in wind turbine blades, and they concluded that
especially the stress field in corners of the main spar was relatively high. This can result
in crack initiation and propagation over time, which in worst case scenario leads to
complete failure of the blade. The problem to failure can be the orientation of fibers,
as these are orientated to carry the loads in another direction.

The Brazier effect was also studied by Jensen et. al. [48], and they performed both
structural testing and numerical simulations of a 34 m long wind turbine blade in order
to predict and identify location of failure caused by contributions from the Brazier
effect. Another study [72] with the same blade has also showed that distortion of the
cross section is distinct when the blade is exposed to high bending moments and high
curvature. This time the blade was exposed to loading both flap and edge wise to
investigate certain effects.

Wind turbine blades of today are longer than 110 m, and torsion near the root
in these blades are relatively high as deformations are getting larger. This is also a
geometric non-linear effect that relate to the Brazier effect, and it was studied in an
EUDP-project [47], and different solutions were proposed to address this problem. It
was among other things concluded that existing standards were defective regarding the
influence of torsional stiffening on eigenfrequencies and fatigue damage.

From other literatures [73] [26] [27] [38] [37] it can also be concluded that geometric
non-linearity are contributing to damage in wind turbine blades. Especially the trailing
edge is prone to failure caused by contributions from this effect, and the blade segment
where the chord length is largest. To understand the Brazier effect this subsection will in
details describe the fundamental mechanisms and equations related to this phenomenon.
It will give some of the understanding of this effect on how it can be adapted and
implemented into Finite Element Analysis.

The original solution derived by Brazier, presents a circular tube that will change
to an ellipse in shape, when the cross section is exposed to pure bending. This solution
can be adapted to a rectangular tube and the solution is shown in Eq. 3.1 and Eq.
3.2. It gives the explicit relation between crushing pressure (pc), curvature (κ), bending
moment (M), total force in flange (Fσ) Young’s modulus (E), distance from center (z)
and flange thickness (tf ). The assumption is that tf << h and the crushing forces in
shear webs are inconsiderate. A rectangular thin-walled tube has geometrical similarities
with the main spar in a wind turbine blade. Therefore, deformations in this example
will be comparable with the behaviour in blades, and Figure 3.1 shows both geometry
and parameters for this example.
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pc = σ

R
= κ

M

I
z = κ

M

E I
E z = κ2E z (3.1)

pc = σ

R
tf = κ2E z tf (3.2)

 

   

Fig. 3.1: Illustration of thin-walled tube exposed to pure bending moment and crushing pressure.

The crushing pressure will cause inward deformations of the flanges and outward
deformations of shear webs as shown in Figure 3.2. It means that area moment of
inertia will decrease and differ from the traditional assumption of linear behaviour.
However, it is important to mention that buckling will occur in the tube far before
maximum of the load carrying capacity is reached. The important part of this effect is
not the change of inertia, but instead the additional stress field which cant be ignored.

 

Fig. 3.2: Cross sectional deformation caused by the Brazier effect.

In-plane cross sectional deformations will also appear if a square thin-walled tube is
exposed to torsion and deformations are large. This load will results in inward defor-
mation of all four sides as shown in Figure 3.3. The deformations are caused by local
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in-plane bending moments in the thin walls as a consequence of large deformations.
So the deformation is not caused by an uniform crushing pressure on all four sides,
nevertheless the deformations are the same.

 

Fig. 3.3: Torsion applied a square thin walled tube and the result is inward deformation of all four
sides.

When the tube is exposed to torsion, a reduction of the torsion will constantly
appear, and at some point reach a limit. Again, buckling or material strength will be
the limiting factor before this maximum is attained. This deformation in combination
with shear stresses is causing a linear distribution of the local bending moment in the
flanges, where maximum and minimum moment is near the corners. Figure 3.4 shows
the distribution of the in-plane bending moment caused by the torsion.

M

M

M

M

Fig. 3.4: Torsion and large deformation applied a thin walled square tube will result in additional
in-plane bending moments.
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Zero local bending is in the middle of the flanges in order to have the symmetric de-
formation, and even small deformations can cause relatively high stresses in the corners
of the tube.

This effect is here demonstrated with a numerical solution as an analytical solution
for this torsional problem not exists. Therefore, Finite Element Analysis software is used
to provide the results for this example. In this example the height to flange thickness
ratio h/tf = 100, and the material is isotropic with a Poisson’s ratio of 0.3 and a Young’s
modulus of 200,000 MPa. Moreover, Eq. 3.3 shows the linear relation between angle
of twist (θ), torsion (T ), length (L), shear modulus (G) and torsion constant (J). This
linear assumption is used to find the non-linear relation between torsion constant and
in-plane local bending moment.

θ = T L

GJ
(3.3)

In this example Mmax is equivalent to the maximum in-plane local bending moment
before the sides are in contact with each other, and Jmax is the torsion constant when
the square tube is undeformed. In Figure 3.5 the non-linear relation between local
bending moment and torsion constant is illustrated, and it can be concluded from this
numerical example that even relatively low bending moment in the flanges will result in
a significant drop of the torsion constant.
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Fig. 3.5: The torsion constant will decrease significant when in-plane local bending moment in the
flanges are applied.
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These fundamental observations and findings in regular cross sections, are similar
to the structural behaviour in wind turbine blades. Especially the structural response
from torsion is interesting, as failures caused by this load are relatively new questions
in the wind turbine industry that need more attention and understanding. Therefore,
if the geometric non-linearity is neglected in evaluation of wind turbine blades, this will
have a significant negative impact on the life time performance.

3.3 Large displacements and stress stiffening effects
in slender composite structures

Stress stiffening effects in slender blades are pronounced, as axial stiffness is large com-
pared to bending stiffness. This effect gives the coupling between in plane stresses and
out of plane stiffness, and when caps, webs and panels are relatively thin this will result
in a significant influence on both buckling load and eigenfrequencies of the blade. It
means that the orientation of the fibers in the laminates must be considered in combina-
tion of these additional loads, as the laminate is not necessarily designed to withstand
these stresses.

The Brazier effect and stress stiffening effect are in some extent similar, as the same
load case gives the same deformations of a thin walled circular cross section, if the load
is much lower than the buckling load.

In Finite Element formulations the stress stiffening effect is defined as the stress
stiffness matrix (Ks). This matrix is calculated on a prior solution, as it is a function of
stresses, displacements and strains. The solution is shown in Eq. 3.4 and in combination
with large rotation and displacements, this will result in a non-linear behaviour that
has a major impact on the structural performance and response.

Ks =
∫

(V )

∂BT (d0)
∂d0

σdV (3.4)

With the stress stiffness matrix it is possible to find Brazier forces, as these can be
considered as external forces instead of internal forces caused by large displacement and
the associated stresses. To determine the forces the common direct stiffness method is
applied as shown in Eq. 3.5. This gives an approximated displacement vector (d0), as
(K) is the reduced stiffness matrix and (r0) is the applied external force vector.

K d0 = r0 (3.5)

The prior solution provides opportunity to determine the stress stiffness matrix and
in combination with the prior displacement field it is possible to find the additional
external forces or Brazier forces (r1). This operation is shown in Eq. 3.6.
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Ks d0 = r1 (3.6)

This results in a new displacement field (d1) as the Brazier forces are added to the
initial external force vector. The reduced stiffness matrix is reused as shown in Eq. 3.7,
and the result can be evaluated.

K d1 = r0 + r1 (3.7)

The additional forces are found by relatively simple mathematical operations, and
with this method it is possible to scale the Brazier forces, as we know the Brazier forces
are a quadratic function of the applied load to the structure. This is an advantage if this
method is used for fatigue analysis of blades as superposition principle can be utilized
with these additional forces.

Another way to approximate the additional forces is to perform another type of post
processing in each node of the Finite Element model. If nodal forces and displacements
in all directions are found, it is possible to find the local rotation and traction force in the
nodes if the element is a regular cube. The deformed element will generate additional
force components, as the deformations are large. The additional force components are
found with few mathematical operations and these can be added to the previous analysis
in order to get a better estimate of the stress field caused by the geometric non-linearity.

The calculated force components are primarily pointing towards the center of the
main spar in a wind turbine blade if the blade is exposed to flapwise bending. Moreover,
the approximated Brazier forces can easily be visualized, and in such a way give insight
to the designing engineer, and give foundation to make the best decisions.

3.4 Presentation of the Finite Element based approaches
Linearization of the governing equations in Finite Element formulations is a well known
procedure and some examples can be found in following literature [105] [84] [52] [70].
This technique can also be adapted on geometric nonlinearity as we know the stress
stiffness matrix is inconsistent in a structural analysis. Therefore, this section will
describe and demonstrate three linearizations to this problem, and how accurate these
perform.

Three types of linear approaches to handle geometric non-linearity for Finite Element
Analysis are established. The first approach is able to handle the geometric effects
associated with bending, and the second approach is able to find the additional forces,
that occur when a thin-walled cross section is exposed to torsion. Last approach is able
to handle all types of load cases and the results are still of high accuracy.
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All three approaches are based on a two step procedure that requires post processing
of the first solution in order to determine the additional forces and apply these to the
second step. The Finite Element Analysis are performed with ANSYS software, and
the post processing procedures and calculations are performed with MATLAB software.
Output of these calculations are the additional forces which are combined with the prior
model and a new solution is found, as shown in Figure 3.6.

 Begin 

End 

Linear structural 

analysis 

ANSYS 

Updated linear 

structural analysis 

ANSYS 

Calculation of 

Brazier forces  

MATLAB 

Fig. 3.6: Flow chart of Finite Element approach procedure.

The first approach calculates Brazier forces perpendicular to the beam axis caused by
bending, and the calculations are performed individually for each node in the element.
In this example is an eight node element used. It means that nodal stresses, position
and deformations are retrieved from the first linear structural analysis in order to have
these data for the novel algorithm.

Figure 3.7 shows the parameters needed in order to perform the calculations showed
in Eq. 3.8 and Eq. 3.9. With some of these data it is possible to calculate the two
areas (An,xy) of the element perpendicular to the beam axis. Only if the elements are
regular, and all sides are general orientated according to a Cartesian coordinate system,
will the developed algorithm perform with precise results. From nodal positioning and
deformation it is possible to approximate two planes and find the change of angle (∆θ)
between these in both x and y direction. It defines the direction of the Brazier force in
combination with the sign of the axial average stress (σzz).

Fx,Brazier = A1,xy +A2,xy

2 sin (∆θu,w) 1
8

8∑
n=1

σn,zz (3.8)
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Fy,Brazier = A1,xy +A2,xy

2 sin (∆θv,w) 1
8

8∑
n=1

σn,zz (3.9)

Average area and axial stresses multiplied obviously give the axial force acting on
the element, and the change of angle also defines the magnitude of the Brazier force
component (Fx,Brazier, Fy,Brazier). This force can be treated as a volumetric load acting
on the element, and this force is equally divided and distributed into all nodes of the
element.

Fig. 3.7: Parameters retrieved and calculated for each element.

When these forces are calculated and assembled with the neighboring elements, these
can be applied to the first structural analysis. This will give an updated external force
vector which can describe the geometric non-linearity. It is an advantage to visualise the
new force vector in the numerical model as it confirms the distribution of contributing
forces in the structure. This is easily seen in Figure 3.8 where the magnitude of the
forces as expected are high in the load carrying main spar. Furthermore, it is important
to notice the horizontal forces in the top and bottom cap as these forces are pointing
in opposite directions and this will lead to so called shear distortion [49] of the cross
section, which can be damaging for the blade.
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Fig. 3.8: Visualization of Brazier forces acting on a cross section at a specific distance from the root.
The wind turbine blade is primarily exposed to flapwise bending.

Another advantage with this method is the possibility of scaling forces with a
quadratic function for a fatigue analysis of the composite structures. This will give
computational savings depending on the degree of geometric non-linearity.

Second approach addresses the problem regarding geometric non-linearity due to
torsion in thin-walled cross sections. This approach is an expansion of the torsion idea
explained in Chapter 3.2. as this approach is able to handle other types of uniform cross
sections and the accuracy of the approximated stress field is still high. An example is
shown in Figure 3.9. The calculations are different in the second approach, as deforma-
tion caused by torsion will result in an offset of the two gray planes showed in Figure
3.7. The planes are still parallel, but this offset in combination with shear stresses will
result in a local bending moment. This local bending moment is calculated and applied
to the updated model.

Fig. 3.9: Uniform cross section applied pure torsion where center is analyzed for geometric non-
linearity.

Approximations from the second linear approach has shown that contributing forces
or significant change of geometric stiffness are concentrated near the trailing edge as
seen in Figure 3.10. Moreover, the corners between the spar cap and shear webs also
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seem to be relatively high loaded.

Fig. 3.10: The linear approach shows that contributing forces primarily are concentrated near the
trailing edge.

The non-linear solution is assumed to give the correct results and both the linear
analysis and the linear approach is compared with this non-linear solution in order to
evaluate the performance of these. In Figure 3.11 it is seen that the panels between
the main spar and the trailing edge are moving inwards if the blade is only exposed
to torsion. The linear solution is not capable of capturing anything of this effect as
foreseen. However, the linear approach is almost identical to the non-linear solution,
and this will result in a good approximation of the associated stress field.

Fig. 3.11: Results from the three methods give different response of deformations and the non-linear
analysis is considered as the correct output. Deformation scale factor: 40.

It can be concluded that second approach performs with very high accuracy in this
example. It can also be concluded that torsion can lead to failure in the trailing edge,
as local deformations are relatively high, which can lead to stress levels that exceed
material strength and fracture resistance.

Third approach is able to handle all types of load cases, and determine the associated
contributing forces. This approach apply the advantages of the stress stiffness matrix,
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which is the key to find these forces. So, changing and updating the external force vector
with this approach will give the structural behaviour caused by geometric non-linearity.
Fundamentals and details regarding this method are described in Chapter 3.3, and here
demonstrated in a Finite Element Analysis of a 34 m long wind turbine blade.

The 34 m long blade is exposed to a three point combined loading both flapwise and
edgewise. The combined load case will lead to distinct geometric non-linearity and the
segment 4 m to 12 m is therefore primarily analysed as bending moments are high in this
segment. The high bending moments will lead to local cross sectional deformations and
significant change of the stress field. This will give some challenges as a linear analysis
will not be able to capture this structural behaviour.

Figure 3.12 shows an illustrative comparison of the linear and non-linear stress field.
It illustrates the absolute error with a threshold of 2 MPa, and the gray areas indicate
an error larger than 2 MPa. On the panels it is easily seen that error is comprehensive,
and also in trailing edge and on the caps these large deviations are seen. It can be
concluded that the linear solution differ significantly from the non-linear solution and
this gives an inappropriate approximation of the stress field.

Linear analysis

error > 2 MPa, 
xx

Fig. 3.12: The figure shows the wind turbine blade in a range of 4 m to 12 m, and the gray areas
indicate an absolute error larger than 2 MPa for in-plane stresses (σxx) compared to the non-linear
solution.
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The presented approach improves the accuracy of the stress field, and this is seen
in Figure 3.13 where the gray areas are reduced. This solution differ slightly on the
pressure side panel as the circular gray contours are relatively small, compared to the
linear solution. An absolute error larger than 2 MPa are found elsewhere in the blade,
and these errors are considered acceptable as these areas are relatively small.

Linearized method

error > 2 MPa, 
xx

Fig. 3.13: The figure shows the wind turbine blade in a range of 4 m to 12 m, and the gray areas
indicate an absolute error larger than 2 MPa for in-plane stresses (σxx) compared to the non-linear
solution.

Analysing in-plane bending stresses (σxx) in all nodes, has shown that the linear
approach improves the solution markedly, as the relative error is reduced. The relative
error is based on the non-linear solution which can be seen in Figure 3.14, where a his-
togram illustrates the distribution of the relative error for respectively a linear solution
and the presented approach. In the range of 0% to 90% 28,340 nodes are presented from
the linear solution and 33,527 nodes from the novel approach. In total 43,592 nodes are
analyzed and the rest of these results has a relative error larger than 90%.
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Fig. 3.14: Histogram of relative error for different types of analysis.

An extensive difference is seen in the range 0 - 0.5 %, as 649 and 2,310 results are
presented for the two types of analysis. This is almost a factor of four and it is clear that
the novel approach comes up with results closer to the correct answer, as the results
are more concentrated near zero. The relative error for the novel approach is almost
exponentially distributed and the linear analysis possesses a linear decay of error.

It can be concluded that all three presented approaches have different advantages
and disadvantages. Each approach is suitable for different load cases and the accuracy
depends on many parameters. However, with a little extra of computational effort, the
accuracy of the approximated stress field will be improved noticeable.

The two first approaches are not tested against the last method, as these methods
are designed for a specific purpose and regular geometries with a regular Finite Element
mesh.

So finally this chapter has described and demonstrated that the presented approaches
have potential for structural analysis of wind turbine blades. These approaches are es-
pecially suitable for fatigue analysis, and will come up with significant better approxi-
mations of the stress field than linear analysis.



Chapter 4

Discussion and concluding
remarks

This research is based on an increasing demand from the wind turbine blade industry
to test and simulate the structural behaviour of laminated composites. Composite
materials are pushed to the limit of strength and fatigue resistance, in order to reduce
weight, find economic savings and have reduction in cost of wind power.

This optimization process results in longer and more slender blades, and this increase
of length entails new challenges like e.g. geometric non-linearity. From the literature
review it can be concluded that geometric non-linearity is of special interest, as it can
lead to crack propagation in the trailing edge. Moreover, from the literature review
it can also be concluded that fracture mechanics and fatigue in structures are fields
of research which are far from depleted, as accidents still are to come caused by these
phenomenons.

Modern wind turbine blades are high level engineering, and it requires new test
methods and simulation tools in order to ensure structural integrity. Moreover, new
methods will help understanding the nature of fatigue and fracture mechanics in com-
posite structures, and thereby ensure high lifetime performance. On the basis of these
specific challenges this research has contributed with both a novel structural test method
(TP-MMB) and Finite Element analysing algorithms for thin walled composite struc-
tures.

57
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The main contributions of this PhD project are:

• A novel test fixture and test method (TP-MMB) which are able to determine
fracture resistance in both laminated composites, bi-materials and adhesive joints.
This method is also able to handle fiber bridging and it requires a minimum of
measuring equipment. (Paper A)

• A Finite Element approach which is capable of converting the change of geometric
stiffness into external forces. This approach can handle all types of load cases with
relative low computational cost and high accuracy. (Paper B)

• A Finite Element approach which is capable to determine Brazier forces in regular
thin walled geometries exposed to pure bending. (Paper C and D)

• A Finite Element approach which is capable to determine Brazier forces in regular
thin walled geometries exposed to torsion. (Paper C and D)

We start with the novel test apparatus which has been designed for determination
of cohesive strength in laminated composites, adhesive joints and bi-material interfaces.
This invention will give a scientific impact, as an analogous test apparatus has not been
found in literature, and similarities are only found in the governing equations used for
determination of fracture resistance. Moreover, this test method can easily fit into a
standard tensile testing machine and it is capable of finding fracture toughness for a
phase angle equivalent to 41◦. It can also be concluded that many other test methods
are designed for either fracture mode I or fracture mode II, and only a few methods are
versatile and able to handle mode mixity like this method. A Finite Element Analysis
of a quasi static fracture toughness test has also proved the potential in TP-MMB test
method. This prior work, investigations and simulations gave the basis to manufacture
and perform a validation test. The validation test was performed with an aluminium
alloy bar in order to have a controlled crack front and have a homogeneous material
with linear behaviour of elasticity. These results were successful, and minor problems
was found regarding rolling resistance between slider and roller bearings when applied
loads were high. Future work will be to reduce and compensate for rolling resistance
between slider and roller bearings in order to have results with higher accuracy.

It can also be concluded that the TP-MMB test method is able to handle twice
as long test specimens than a four point bending test fixture, if the test fixture must
fit into a standard tensile testing machine. This advantage is preferable if large scale
fiber bridging occur, as it will give a longer period of stable crack propagation with the
presented method. Another advantage with the TP-MMB is the opportunity to measure
the variation of measured forces caused by only one crack front instead of two in a four
point bending test.

This research has also proved that the TP-MMB test method has potential for fatigue
testing of laminated composites and adhesive joints. However, it requires modification
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of the slider system, which must be more robust and have lower rolling resistance.
These modifications will result in better approximations of crack growth rate and the
associated stress intensity factor.

Future work with the TP-MMB test method is to compare it with other test methods
which is capable of generating a mode mixity with a phase angle equivalent to 41◦, and
find possible deviations. These studies will enhance the novel solution and underline
the possibilities with this test method.

Chapter 3 covers the three Finite Element approaches which in a new way can ap-
proximate Brazier forces and the associated stress field caused by large deformation and
rotation in thin walled composite structures. These approaches are primarily intended
for fatigue analysis of wind turbine blades, as these analysis are time consuming and
require high computational effort if geometric non-linearity is included. Furthermore,
from the literature review it can be concluded that geometric non-linearity is an increas-
ing problem causing new failure modes in the blades, as these are getting longer and
more slender. Therefore, rational simulation methods are needed, in order to save time
and get acceptable approximations of the stress field. Thereby, these approaches will
have a scientific impact, as these in a new way can account for geometric non-linearity.

The first Finite Element approach is based on the classic phenomenon presented by
Brazier in 1927, where pure bending is applied a regular geometry. This approach is
reformulated and an algorithm is developed for Finite Element use. It can be concluded
that this algorithm perform with high accuracy and it can bring down computational
time. It can also be concluded that this approach can easily be implemented into
commercial Finite Element software.

From the literature review it can also be concluded that torsion in blades is an
increasing problem as these are getting longer and more slender. This trend leads to
new failure modes in the blades, and these can appear in the trailing edge. Therefore, an
algorithm to handle this effect was developed for uniform cross sections. This algorithm
is also performing with high accuracy, and a study with an uniform wind turbine blade
cross section confirmed this. Both deformations and stress field were almost identical
with the non-linear solution in this example, and it means that the understanding of
this torsion effect in blades is correct understood and applied.

The last numerical approach is intended for general use in 3D Finite Element Anal-
ysis where geometric non-linearity has a significant impact on change of the stress field.
This method uses the information kept in the stress stiffness matrix and convert it into
external forces. It entails that time consuming matrix factorization is avoided, and
computational time is held down. In Paper B it was demonstrated that this method
performs with relatively high accuracy.

From this research it can also be concluded, that all three approaches allow for scaling
of the calculated forces, and the approximated outcome is acceptable. On the basis of
the present work, it can also be concluded that all three Finite Element approaches have
large potential in forthcoming simulation tools for slender composite structures.
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In general this PhD project has contributed with methods which can improve current
design methods for wind turbine blades. Furthermore, it will improve structural testing
and understanding of where and how to use composite materials in wind turbine blades,
and this research thereby answers the scientific question raised in this project.
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