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Abstract
Severe harmonics propagation in power systems may result in increased power losses and
equipment damages. In this paper, an elliptic formula is derived to analyse the harmonic
spatial distribution not only at the substations but also along the power lines or cables and
to give a system‐wide overview of harmonic levels. It is observed that harmonic
distortion along power lines can be higher than that at the busbars and the maximum
amplitude of harmonic voltage and current denoted as weak positions along power lines
depends on the steady‐state harmonic angle difference of voltage and current at busbars,
the length of power lines, and the harmonic order. All cases are modelled in detail by
analytical geometry and analysed in MATLAB. In this regard, a method to identify the
weak positions in terms of maximum harmonic levels in a power system is presented, and
its corresponding harmonic orders are determined. The accuracy of the model is tested
using time‐domain simulations in PSCAD/EMTDC.

KEYWORD S
harmonic distortion, harmonics suppression

1 | INTRODUCTION

The ever‐increasing amount of renewable energies in the po-
wer grid is pushing the reinforcement of the transmission and
distribution systems, to avoid overloading of system equip-
ment. In some countries, such as Denmark, Sweden and
Germany, there are interests of reinforcing parts of the
transmission system by installing underground cables (UGCs),
rather than overhead lines (OHLs) [1].

The implementation of high‐voltage UGCs can cause
serious issues regarding excess harmonic levels in the grid
violating the upper limitations of international standards or grid
codes [2], which is set to protect the system components and
maintain the system integrity. One of the main differences be-
tween UGCs and OHLs is that the same length of UGCs has
significantly larger shunt capacitance than that of OHLs [3]. A
high‐voltage UGC has its shunt capacitance 20–50 times larger
than an equivalent OHL with the same length, resulting in much
lower resonant frequencies, at which the harmonic voltage or
harmonic current might be significantly amplified [4]. There are
thus potential risks of harmonic problem when implementing
high‐voltage UGCs in the transmission systems [5].

Low frequency resonance is a challenging issue in terms of
keeping harmonic voltage below the planning level. Small
harmonic injections from non‐linear apparatus may result in
large harmonic voltage and current magnitude along power
lines [6], which complicate harmonic distortion estimation and
the design of mitigation solutions. For example, a high pro-
portion of HVAC cables in offshore wind farms leads to
temporary overvoltage (TOV) and low frequency resonances
[7, 8], and problems of low order resonances for meshed
system is analysed in Refs. [9, 10]. Also, the integration of
power electronics devices, such as LCC‐HVDC, brings further
harmonic sources that can excite local and remote resonances
in the power systems. Therefore, the harmonic assessment and
harmonic mitigation in power systems are becoming more and
more important.

Reference [11] proposes an index to quantify the har-
monic propagation areas and amplification characteristic, and
References [12, 13] introduce a location method of the severe
resonance point. Reference [14] proposes a harmonic prop-
agation measurement method regarding harmonic amplitude
and phase. Reference [15] analyses the propagation mecha-
nism and concludes that the distribution characteristics of
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harmonic voltage and Total Harmonic Distortion (THD) in
distribution networks are decided by the injection points of
DGs; however, lumped models of power lines without ac-
curate high‐frequency parameter are used, and the distribu-
tion of harmonic voltage inside the power lines is ignored.
Also, whether the conclusion is suitable for transmission grids
and which harmonic orders are affected by DG are not
discussed yet. This paper can fill this gap by analysing the
distribution of harmonics along power lines that could lead to
overvoltage or overcurrent problems within it. Telegrapher's
equations have been early proposed in References [16–18]
that the voltage and current spatial propagation are charac-
terised. These equations are utilised as the basis of ellipse
formulae in this paper, however, the elliptical relationship
between voltage and current along the power line and the
impact factors of the different shapes of ellipses have not
been analysed, from which, one can obtain the relationship
between peak voltage and peak current along a power line.
Heuristic algorithm, such as GA, ant lion or spider monkey
optimisation, is utilised for minimisation of total real power
loss or optimal allocation problems in the renewable distri-
bution generators integrated system in Refs. [19, 20], which
might be the novel ways to study the harmonic problems in
power‐electronics‐integrated power systems. These methods
could be utilised in solving the problems of optimised filter
allocation considering harmonic amplification along power
lines which is the future work of this paper. Nowadays, little
research has been focussed on the spatial distribution of
harmonics, especially along the power lines, where harmonic
distortion may not conform to the standards or grid codes.
The harmonic levels within the overhead lines and the cables
in a power system, shown in Figure 1, might be much higher
than the harmonic levels measured at the busbars when
harmonic resonant points are inside the power lines.

This paper gives the analytical expressions for harmonic
spatial distribution over the power systems using an analytical
geometry model. The expressions are then verified by time‐
domain simulations. The main contributions are in threefold:
First, the harmonic propagation in a general meshed system is
studied. The harmonic levels are calculated not only in busbars
but also along the power lines, and an analytical geometry

model, ellipse formula, is derived to represent the harmonic
spatial distribution along power lines. Second, three main
impact factors that influence the shapes of ellipse are discussed
in detail: harmonic orders, power line lengths and phase angle
differences of harmonic voltage and current measured at one
terminal of power lines. It is discovered that higher amplifi-
cations could occur in longer lines, and more likely at higher
frequency ranges when phase angle differences are close to 90°
or 270°. Third, the paper proposes a method of identifying
weak positions of harmonic voltages and currents along the
power lines. All analyses are based on the analytical geometry
models derived in MATLAB and verified on two benchmark
systems in PSCAD.

The weak position proposed here is referred to peak
magnitudes of harmonic voltages and currents in different
orders that beyond harmonic levels. In this paper, the asym-
metry and interphase mutual inductance are not considered.
Only uniform transmission lines are considered in which the
circuit parameters are uniformly distributed.

The rest of the paper is organised as follows. Section 2
explains the elliptic formula for harmonic propagation. Sec-
tion 3 analyses the harmonic propagation using the proposed
elliptic formulation and proposes a method to identify weak
positions along power lines that could be over the limits of
standards. Section 4 uses a 12‐bus and IEEE 39‐bus system to
verify the harmonic propagation formula and the identified
weak position. Finally, conclusions are drawn in Section 5.

2 | FORMULAE OF HARMONIC
PROPAGATION ALONG TRANSMISSION
LINES

2.1 | Elliptic formulae of U‐I magnitude

As shown in Figure 2, a uniform transmission line can be
modelled as infinite number of series‐connected sections
composed of infinitesimal series impedance, that is (r0 + jωL0)
dx, and shunt admittance, that is (g0 + jωC0)dx. U1, I1, and
U2, I2 are the measurable voltage and current vectors at both
terminals, that is Bus 1 and Bus 2, respectively. U(x) and I(x)

F I GURE 1 Harmonic distribution along a power line
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are the voltage and current vectors inside the power line, with
a distance of x from Bus 2. The voltage drop on each
section is

dUðxÞ ¼ IðxÞðr0 þ jωL0 Þdx ð1Þ

and the current flowing in the shunt admittance is

dIðxÞ ¼ ðUðxÞ þ dUÞðg0 þ jωC0Þdx ð2Þ

Then,

d2UðxÞ
dx2

¼ ðg0 þ jωC0Þðr0 þ jωL0ÞUðxÞ ð3Þ

So, complex‐valued voltage and current depending on the
distance x, that is U(x) and I(x) can be calculated as (4) shown,
where γ is the complex propagation coefficient, and Zc is the
characteristic impedance shown in Equation (5).

8
>><

>>:

UðxÞ ¼
1
2
ðU2 þ ZcI2Þeγx þ

1
2
ðU2 − ZcI2Þe−γx

IðxÞ ¼
1
2Zc
ðU2 þ ZcI2Þeγx −

1
2Zc
ðU2 − ZcI2Þe−γx

ð4Þ

γ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðg0 þ jωC0Þðr0 þ jωL0Þ

q

¼ αþ jβ

Zc ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r0 þ jωL0

g0 þ jωC0

s

¼ Rc þ jXc ¼ jZcjejθc ð5Þ

Proposition I For a lossless power line, the real part of
U(x) and imaginary part I(x) follow an elliptic for-
mula along the power line (vary with x), so do the
imaginary part of U(x) and real part of I(x).

Proof: The series resistance r0 and shunt conductance
g0 of a lossless power line are not considered, so (5) can
be derived to (6).

γ ¼ jβ¼ jω
ffiffiffiffiffiffiffiffiffiffiffi
L0C0

p

Zc ¼ Rc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
L0=C0

p
ð6Þ

Then, (4) can be transformed to (7), where U(x) and I(x)
are represented as a combination of sinusoidal functions.

�
UðxÞ ¼ AcosðβxÞ þ BsinðβxÞ
IðxÞ ¼ CcosðβxÞ þDsinðβxÞ

ð7Þ

where A–D are complex‐valued coefficients expressed below:

�
A ¼U2

B¼ jZcI2
and

�
C¼ I2
D¼ jðU2=ZcÞ

ð8Þ

An elliptic formula (10) can be used to describe the rela-
tionship between vectors of U(x) and I(x) based on (9):

8
>><

>>:

UðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 þ B2

p
sinðβxþ φÞ; tanφ¼

A
B

IðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 þD2

p
cosðβx ‐ φ0Þ; tanφ0 ¼

D
C
¼ −tanφ; φ¼ −φ0

ð9Þ

½IðxÞ�2

C2 þD2 þ
½UðxÞ�2

A2 þ B2 ¼ 1 ð10Þ

Utilities are more concerned about the magnitudes of
harmonics, but U‐I magnitude along x cannot be directly
obtained by (10), because A, B, C, D, U(x) and I(x) are all
complex values.

Firstly, the relationship of real parts, imaginary parts and
amplitudes of U(x) and I(x) are proven to subject to elliptic
formulae.

Let U(x) = ℜUðxÞ þ jℑUðxÞ, I(x) = ℜIðxÞ þ jℑIðxÞ,
where ℜð⋅Þ and ℑð⋅Þ are real and imaginary operators. In this
case, real part of U(x) and imaginary part of I(x) are

ℜUðxÞ ¼ℜðU2ÞcosðβxÞ − ZcℑðI2ÞsinðβxÞ

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ℜðU2Þ
2
þ Zc

2ℑðI2Þ2
q

sinðβx − φ1Þ;

tan φ1 ¼
ℜðU2Þ

ZcℑðI2Þ

ℑIðxÞ ¼ ℑðI2ÞcosðβxÞ þ
ℜðU2Þ

Zc
sinðβxÞ

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ℜðU2Þ
2

Zc
2 þ ℑðI2Þ2

s

cosðβx − φ2Þ;

tan φ2 ¼
ℜðU2Þ

ZcℑðI2Þ
¼ tanφ1

ð11Þ

From (11), the real part of U(x) and imaginary part of I(x)
follow a real‐valued elliptic formula shown in (12).

ℜ2ðUÞ
ℜðU2Þ

2
þ Zc

2ℑðI2Þ2
þ

ℑ2ðIÞ
ℜðU2Þ

2

Zc
2 þ ℑðI2Þ2

¼ 1 ð12Þ

F I GURE 2 Distributed model of a power line
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Similarly, the imaginary part of U(x) and real part of I(x)
also follows a companion elliptic formula shown in (13).

ℑ2ðUÞ
ℑðU2Þ

2
þ Zc

2ℜðI2Þ2
þ

ℜ2ðIÞ
ℑðU2Þ

2

Zc
2 þℜðI2Þ2

¼ 1 ð13Þ

Proposition II For a lossless power line, magnitudes of
voltage and current along the lines follow an elliptic
formula about the distance to the terminal x.

Proof: magnitudes ofU(x) and I(x) are expressed by (14),

jUðxÞj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðℜUÞ2 þ ðℑUÞ2
q

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a cos2ðβxÞ þ bsin2ðβxÞ þ c cosðβxÞsinðβxÞ
q

jIðxÞj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðℜIÞ2 þ ðℑIÞ2
q

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

d cos2ðβxÞ þ esin2ðβxÞ þ f cosðβxÞsinðβxÞ
q

ð14Þ

where a‐f are real‐valued coefficients shown below:

8
>>>>>>>>><

>>>>>>>>>:

a¼ ½ℜðΑÞ�2 þ ½ℑðAÞ�2 ¼ jAj2

b¼ ½ℜðBÞ�2 þ ½ℑðBÞ�2 ¼ jBj2

c ¼ 2ℜðAÞ ⋅ℜðBÞ þ 2ℑðAÞ ⋅ ℑðBÞ
d ¼ ½ℜðCÞ�2 þ ½ℑðCÞ�2 ¼ jCj2

e¼ ½ℜðDÞ�2 þ ½ℑðDÞ�2 ¼ jDj2

f ¼ 2ℜðCÞ ⋅ℜðDÞ þ 2ℑðCÞ ⋅ ℑðDÞ

ð15Þ

Then, (14) can be transformed to (16) with the coefficients
a–f shown in (15).

jUðxÞj2 ¼ aþ ðb − aÞsin2ðβxÞ þ c
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − sin2ðβxÞ
q

sinðβxÞ

jIðxÞj2 ¼ d þ ðe − dÞsin2ðβxÞ þ f
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − sin2ðβxÞ
q

sinðβxÞ
ð16Þ

Using the following relationship in (17)

e − d ¼ ða − bÞ=Zc
2

f ¼ −c=Zc
2 ð17Þ

and substitute (17) into (16), Equation (18) is obtained,

jIðxÞj2
�

aþb
Zc

2

�þ
jUðxÞj2

aþ b
¼ 1 ð18Þ

which proves that the magnitudes of U(x) and I(x) also
follow elliptic formula. Note that, ω is the excitation fre-
quency and parameters of a, b, and Zc are all dependent on
ω, so the elliptic formula, that is Equation (18), is not only
applicable for fundamental frequency, but also for harmonic
frequencies.

Key parameters of ellipses (focus points, semi‐major axis,
semi‐minor axis and eccentricity) shown in Equations (12),
(13), (18) are illustrated in Table 1. U‐I figures are proposed to
express the magnitude along the power line.

Proposition III For a lossy line, magnitudes of U(x)
and I(x) have distance‐varying maximum value.

Proof: Different from (4), if series resistance r0 and
shunt conductance g0 are not neglected, U(x) and I(x)
are derived by (19), where α ≠ 0

�
UðxÞ ¼ A cosðβx − jαxÞ þ B sinðβx − jαxÞ
IðxÞ ¼ C cosðβx − jαxÞ þD sinðβx − jαxÞ

ð19Þ

Equation (19) can be rearranged as (20) where complex
coefficients A‐D are the same with (8).

For fundamental frequency or low order harmonic com-
ponents with one quarter of wavelengths exceeding power line
length, the corresponding maximum magnitudes of U(x) and I
(x) are located at busbars at both ends of the line.

UðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 þ B2

p
sinðβx − jαxþ φÞ; tanφ¼

A
B

IðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 þD2

p
cosðβx − jαx − φ0Þ; tanφ0 ¼

D
C
¼ −tanφ;

φ¼ −φ0

ð20Þ

TABLE 1 Parameters of elliptic Equations (12), (13), (18)

Parameters

Ellipse

ℜUðxÞ ‐ ℑIðxÞ plot ℑUðxÞ ‐ℜIðxÞ plot jUðxÞj ‐ jIðxÞj plot

Focus points ð0;�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1 − 1=Z2
c ÞℜðU2Þ

2
þ ðZ2

c − 1ÞℑðI2Þ2
q

Þ

Denoted as (0, �f 1)
ð0;�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1 − 1=Z2
c ÞℑðU2Þ

2
þ ðZ2

c − 1ÞℜðI2Þ2
q

Þ

denoted as (0 � f 2)
ð0;�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðZc
2 − 1Þ=Zc

2
� ðaþ bÞ

q

Þ

denoted as (0 � f 3)

Semi‐major
axis

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ℜðU2Þ
2
þ Zc

2ℑðI2Þ2
q

denoted as a1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ℑðU2Þ
2
þ Zc

2ℜðI2Þ2
q

denoted as a2
ffiffiffiffiffiffiffiffiffiffiffi
aþ b
p

denoted as a3

Semi‐minor
axis

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ℜðU2Þ
2
=Z2

c þ ℑðI2Þ
2

q

denoted as b1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ℑðU2Þ
2
=Z2

c þℜðI2Þ
2

q

denoted as b2
ffiffiffiffiffiffiffiffiffiffiffi
aþ b
p

=Zc denoted as b3

Eccentricity

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1−1=Z2

c ÞℜðU2Þ
2
þðZ2

c −1ÞℑðI2Þ2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ℜðU2Þ

2
þZc

2ℑðI2Þ2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1−1=Z2

c ÞℑðU2Þ
2
þðZ2

c −1ÞℜðI2Þ2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ℑðU2Þ

2
þZc

2ℜðI2Þ2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðZc
2 − 1Þ=Zc

2
� ðaþ bÞ

q

=
ffiffiffiffiffiffiffiffiffiffiffi
aþ b
p

4 - LIU ET AL.



For higher order components with the wavelengths shorter
than power line lengths, it can be concluded that the maximum
magnitudes of U(x) and I(x) along the transmission lines are
dependent on the real part of propagation coefficient α and
imaginary part of φ. If ℑðφÞ − α < 0, the peak harmonic
voltage is located at the peak position closer to the sending
end (x closer to L). Otherwise, the peak harmonic voltage is
located on the peak position closer to the receiving end
(x closer to 0).

2.2 | Discussion about the elliptic formulae

There are 3 types of ellipses: (1) The relationship between
the real part of U(x) and the imaginary part of I(x) as
shown in the second column of Table 1; (2) The relation-
ship between the imaginary part of U(x) and the real part
of I(x) as shown in the third column of Table 1; (3) Pa-
rameters of |U(x)|‐|I(x)| magnitude ellipse shown in
Equation (18) is illustrated in the fourth column of Table 1.
Ellipses are drawn in rectangular coordinate system and x
axis represents ℑIðxÞ, ℜIðxÞ and |I(x)| and y axis repre-
sents ℜUðxÞ, ℑUðxÞ and |U(x)|, respectively. All of these
diagrams except for |U(x)|‐|I(x)| ellipse are shown in
Figure 3.

For the discussion of U(x)−I(x) magnitude plot, the first
quadrant of |U(x)|‐|I(x)| ellipse is of concern since the
magnitudes are always positive values. Furthermore, there are
two different scenarios of the |U(x)|‐|I(x)| magnitude el-
lipse constrained by peak values of |U(x)|−|I(x)| magni-
tude illustrated in Figure 4 below in accordance with
different phase angles of harmonic injection: (i) The mini-
mum values of voltage and current in a specific harmonic
order are 0 and their peak values are the maximum quan-
tities compared to the second scenario. The corresponding
trajectory and phase angle are depicted as follows: First
quadrant of the ellipse between (|I(x)|max1, |U(x)|min1) and
(|I(x)|min1, |U(x)|max1) when ∠U2‐∠I2 = 90° � k �180°,
k = 0, 1, 2, 3, …; (ii) The minimum values of the harmonic
components are non‐zero quantities and the peak values are

smaller than that of scenario before. The trajectory and
phase angle are as follows: Part of first quadrant of the
ellipse between (|I(x)|max2, |U(x)|min2) and (|I(x)|min2,
|U(x)|max2) when ∠U2‐∠I2≠90°�k �180°, k = 0, 1, 2, 3,
…, and both of them are depicted in Figure 4a,b, respec-
tively, that ∠U2 and ∠I2 are phase angle of busbar voltage
U2 and current I2.

Taking voltage magnitude |U(x)| along transmission line
as an example, Equation (16) can be transformed to (21):

jUðxÞj2 ¼ aþ
1
2
ðb − aÞ

þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð0:5� cÞ2 þ ½0:5� ðb − aÞ�2
q

sinð2βx − φÞ

ð21Þ

where

φ¼ arctan
�
b − a
c

�

ð22Þ

To obtain the peak value of |U(x)|, the maximum c in
Equation (21) needs to be calculated according to Equa-
tion (15) as Equations (23) and (24) shown when
∠U2‐∠I2 = 90°�k �180°, k = 0, 1, 2, 3, ….

c ¼ 2ℜðU2ÞℜðjZc � I2Þ þ 2ℑðU2ÞℑðjZc � I2Þ
¼ 2ZcðjU2jsinðθU2Þ � jI2jcosðθI2Þ − jU2jcosðθU2Þ

� jI2jsinðθI2ÞÞ
¼ 2ZcjU2jjI2jsinðθU2 − θI2Þ

ð23Þ

cmax ¼ 2ZcjU2jjI2j ð24Þ

F I GURE 3 Ellipse diagram of Equations (12) and (14): (a) real part of
U(x) and imaginary part of I(x), (b) imaginary part of U(x) and real part of
I(x)

F I GURE 4 Ellipse diagram of Equation (19). (a) ∠U2−∠I2 = 90°�
k �180°, k = 0, 1, 2, 3,… (b) ∠U2−∠I2≠90°�k �180°, k = 0, 1, 2, 3,…
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Substitute Equation (24) into (21) to obtain maximum
|U(x)|max1 as follows which is the peak value in Figure 4a at
next page.

jUðxÞj2max1 ¼ aþ
1
2
ðb − aÞ

þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð0:5� cmaxÞ
2
þ ½0:5� ðb − aÞ�2

q

¼ aþ b

ð25Þ

In most cases, the maximum |U(x)|max2 can be derived by
substituting Equation (23) into (21):

jUðxÞj2max2 ¼
1
2
ðbþ aÞ

þ
1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4ab� sinðθU2 − θI2Þ
2
þ ðb − aÞ2

q

ð26Þ

|I(x)|max2 can be derived in a similar process:

jIðxÞj2max2 ¼
1
2
ðeþ dÞ

þ
1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4de� sinðθU2 − θI2Þ
2
þ ðe − dÞ2

q ð27Þ

As a result, once the ∠U2 and ∠I2 are known, the shape of
|U(x)|−|I(x)| ellipse is determined. It indicates that phase
angle at busbar also affects in the weak positions in terms of
maximum voltage or current harmonic levels in a system.
Furthermore, the voltage and current maximum values are
varying according to ∠U2−∠I2 as Table 2 shown at next page.
When the phase increases from 0° to 90°, maximum quantities
of |U(x)|max and |I(x)|max vary from the lowest value to the
highest one, which is monotonically increasing and when the
phase decreases from 90° to 180°, |U(x)|max and |I(x)|max

then decrease from the highest value to the lowest one, which is
monotonically decreasing. The remaining two quadrants have
the similar situation as Table 2 shown.

However, the maximum amplitudes of |U(x)|−|I(x)| in
power loss line are not fixed quantities, which is different from
lossless line discussed in Section 2.1 when resistance and
conductance of conductor cannot be ignored.

As a result, the |U(x)|−|I(x)| plot does not strictly follow
an elliptical formula since the maximum amplitudes are
increasing when x increase gradually under the consumption
that ∠U2−∠I2 is known firstly. This situation is shown in
Figure 5 in the next page.

3 | ANALYSIS OF HARMONIC
PROPAGATION USING U‐I PLOT

As mentioned earlier, the analysis of harmonic propagation
should not only focus on the harmonic levels at busbars, but
also on the levels inside the power transmission lines, that is
OHLs or UGCs. A U‐I plot is proposed to analyse the har-
monic propagation rule along the power lines.

3.1 | Discussion of harmonic orders

Assume harmonics at both terminals of power lines are
measurable, then the situation that harmonics with specific
orders have larger magnitudes within power lines than at the
terminals is discussed below.

Harmonic voltage U(x) and current I(x) follow sinusoidal
waveforms as Equation (7), and their wavelength can be
calculated by (28):

λh ¼
vs
f h

ð28Þ

In the equation, λh is the wavelength for a specific har-
monic, vs is the velocity of the electric signal in the line and fh
is the frequency of the harmonic order. The velocity vs can be
calculated for a loss‐less line as seen in (29) where C0 is the
speed of light, L0 is the distributed inductance per unit length
and C0 is the distributed capacitance per unit length. Ac-
cording to (31), the harmonic angle at the busbar also in-
fluences the location of weak point alone the line. As a result,
the wavelength, length of the line and the harmonic angle
determine the existence of weak position between the two
busses. Once the angle of the harmonic is known, the weak
position along the line can be calculated by (31).

vs ¼
1

c0 ⋅
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L0 ⋅ C0
p ð29Þ

3.2 | Weak positions in the power lines

The peak voltages or currents are more likely located at bus-
bars for fundamental frequency or other low‐order harmonic

TABLE 2 monotonic changing characteristic of maximum value of
|I(x)|max and |U(x)|max

∠U2‐∠I2 [0°, 90°] [90°, 180°] [180°, 270°] [270°, 360°]

|U(x)|max

and
|I(x)|max

Monotonic
increasing

Monotonic
decreasing

Monotonic
increasing

Monotonic
decreasing

F I GURE 5 |U(x)|‐|I(x)| plot in power loss line
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components due to its long wavelength, but less likely for high‐
frequency harmonic components. The weak position is
referred to largest magnitudes of harmonic voltages and cur-
rents in all different harmonic orders along the power lines.

The weak positions along the power lines can be located
based on the analysis below. As the frequency increases, the
probability of occurrence of severe weak points in terms of
high voltages or currents magnitudes increases because the
wavelength decreases. After the first harmonic order with a
peak value denoted as weak point is detected along the line, it is
very likely that the next higher harmonic order components
will also have the peak along the line, but with a different
location.

Equation (31) can be calculated based on Equation (30)
shown below, from which the distance from the busbar to
weak point can be calculated, where xI represents the distance
from the ending bus when current magnitude |I(x)| reaches its
maximum point and xU represents the distance from the
ending bus when voltage magnitude |U(x)| reaches its
maximum point shown in Figure 4.

�
jIðxÞj0 ¼ 0
jUðxÞj0 ¼ 0

ð30Þ

xI ¼
arctan

�
−f
e − d

�

2β
→ Imax

xU ¼
arctan

� −c
b − a

�

2β
→Umax

ð31Þ

Different elliptic circles with various harmonic orders are
shown in Figure 6, which illustrates the weak point of voltage
and current along power line denoted by |U|max and |I|max

represented by red dot in this figure in accordance with
different harmonic orders. It can be readily seen that higher
order harmonic components are more likely to have
larger voltage and currents magnitudes along a transmission
line or cable which is also illustrated in Figure 4b and the
maximum voltage and current value can be easily found in
this plot.

This diagram also shows that when a peak value of a
specific harmonic order component (e.g. 11th order) is
detected beyond voltage limitation, the next higher orders
components all have peak values beyond voltage standard. This
is also suitable for harmonic current propagation situations as
this figure shown.

4 | CASE STUDY

The proposed algorithm is then verified on a simple meshed
benchmark system shown in Figure 7 and a bigger sized IEEE
39‐bus test system shown in Figure 14 using MATLAB. The
parameters of UGCs and OHLs included in the meshed sys-
tem are shown in Tables 3 and 4 [21].

4.1 | 12‐Bus test system

A harmonic emission source emits harmonic currents at a
magnitude of 1 pu with angle 15° at Bus 1. Phase angle of
voltage source G1 and G2 are 95° with voltage magnitude 1
pu. The base voltage is 138 kV and base current is 0.71 kA.
The harmonic orders injected in the system are positive
sequence harmonics of odd integers, up to the 41st harmonic
order. Furthermore, only odd integers are included in order to
give a resemblance to the harmonics present in a power
system.

The resulting harmonic voltages at all 12 buses can be seen
in Figure 8, when the harmonic emission source is imple-
mented in Bus 1. As shown in Figure 8, harmonic voltage level
in the 31st harmonic in Bus 5 is relatively higher than that of
other buses in all harmonic orders. The reason is that when
phase angle of various harmonic components at terminals are
determined, bus five is the closest position to weak point as the
trajectory shown in Figure 11. However, harmonic voltages in
these buses are likely to be smaller than that along the power

F I GURE 6 Three‐dimensional |U|‐|I| plot illustrating weak
positions along power lines for different harmonic orders when L0 and C0

per km are frequency independent

F I GURE 7 Single‐line diagram of a meshed system

TABLE 3 Parameters of OHL A and B

Resistance
(Ω/km)

Inductance
(mH/km)

Capacitance
(μF/km)

Cable A 0.1262 0.3196 0.2109

OHL B 0.0186 0.9507 0.0123
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lines shown in Figure 11. As a result, the weak point lies within
power line other than buses.

The peak values of harmonic voltages at line from Bus 1‐5‐
7 in the 31th order shown in Figure 9a is higher than voltages
of Bus 1, Bus 5 marked with red arrow. This result can prove
that harmonic voltage along the power line will be higher than
that of buses when the weak point lies within the transmission
line.

Figure 10 is the surface plot of the voltage propagation in
the meshed system which could easily identify the area that
includes weak point in the meshed system. According to
Figure 10, the peak value of voltage occurs at line 1‐five to
seven at the 31th harmonic order, so the weak point can be
identified to locate at power line within Bus 1 to Bus 7 through
Bus 5. Finally, weak point can be accurately located using
Equation (31).

Clearer review of the harmonic voltage level of the 31th
order throughout Bus 1 to Bus 7, can be seen in Figure 11,
which is used as an example to explain how the harmonic
voltage varies in more detail. The propagation follows the
behaviour explained by the ellipse.

In Figure 11, the 31th harmonic voltage moves from
starting point Bus 1 to Bus 7 and reaches its maximum point
denoted by the weak position along the power line. This si-
nusoidal amplification in magnitude demonstrates the

TABLE 4 Power lines lengths

From bus To bus Length (km)

1 5 29

5 7 41.6

7 11 67.2

10 11 11

11 12 8.5

6 12 27.1

4 6 9.7

1 2 6.4

2 3 13.5

3 4 8.6

7 8 47.7

8 9 16.4

9 10 10

F I GURE 8 Harmonic voltage magnitudes in all the busses in the
system, for all the harmonic order present, when a harmonic emission
source is located at Bus 1

F I GURE 9 Voltages along the power lines in the meshed system.
Negative voltage indicates a voltage phase‐shift. (a) Voltage along the line
from Bus 1 to Bus 7 through Bus 5 (b) Voltage along the line from Bus 7 to
Bus 9 through Bus 8

F I GURE 1 0 Three‐dimensional plot of the voltage propagation in the
meshed system
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importance of the measuring point at which the harmonic level
is measured, as the RMS value of the harmonics are different at
different locations throughout a line. As a result, whether the
weak point exists in a certain harmonic order can be found
according to U–I plot as shown in Figure 11 and a 3‐
dimensional |U|‐|I| plot illustrating weak positions from
Bus 1 to Bus seven in different harmonic orders is shown as
follows.

As shown in Figure 12, lower harmonic orders like 3rd–
29th do not likely contain maximum voltage value while the
weak point lies within 31st–33rd harmonic orders. The reason
is that when phase angle of voltage and current are known to
be specific values, 95° of voltage angle and 15° of current angle
in this case introduced above, the only impact factors are
harmonic order and power line length, and the length of the
cable connected between Bus 1 and Bus 5 is closer to quarter
of the wavelength of the 31st and 33rd harmonic order while
lower harmonic orders are in accordance with longer wave-
length λh calculated in (28). As a result, the voltage weak point
can be derived in 31th harmonic order as shown in Figure 12
and the location of it can be calculated using (31). Moreover, if
the line is long enough to be a quarter length, there is always a
maximum voltage or current along the line, for example for the
31th and 33rd‐harmonic as discussed above. However, there
can also be one the maximums even if the line is smaller than a
quarter of wavelength, depending on the starting point which
is based on the angle and magnitude of harmonic injection
according to (18).

The weak point identification method is tested in PSCAD
based on Figure 7. A 31th‐0.72 kA harmonic source with phase
angle 15° locates at Bus 1. The voltage sources G1, G2 are
138kV and the phase angle of them is set to be 95°. According
to (31), the voltage weak point lies within the cable line Bus 1–
Bus 5 which is 29 km from harmonic source (G1 connected

Bus), and Figure 13c verifies it as the voltage at 29 km from
Bus 1 is 290 kV larger than any other voltages at buses or
transmission line.

4.2 | IEEE 39‐bus test system

To further prove the effectiveness of the proposed weak po-
sitions identification in terms of maximum harmonic levels in a
larger power system with multiple harmonic orders being
injected simultaneously, an IEEE 39‐bus system shown in
Figure 14 is simulated in MATLAB to study the ellipse rela-
tionship between spatial harmonic voltages and currents and
identify the weak position, finally, the weak position calculated
from Equation (31) is proved in PSCAD.

Two harmonic current sources located at Bus 23 and Bus
21 contain the third, ninth, 13th and 19th orders’ components
with amplitudes of 0.01 kA and phase angle 0°. Phase angle of
Generator 7 is set to be 90° and other generators are set ac-
cording to benchmark parameters, which are the known values.
The harmonic power flow that may result in the existence of
weak positions along AC power lines are marked with yellow
arrows in Figure 14. The length of Lines 31 and 32 are
modified to be 60 km to show the harmonic voltage propa-
gation along the power lines. All other parameters are set ac-
cording to benchmark model in Ref. [22] in which the lengths
of Lines 33, 32, 31 and 30 are 37, 60, 60 and 30 km. Lines 30–
33 that connect to harmonic sources are chosen as an example.
Once the harmonic angles and amplitudes at terminals are
known, four different three‐dimensional plots of voltage
propagation of four power lines are shown in Figure 15 below
in which line 32 and 33 depicted in (a) and (b) will have weak
positions that maximum voltages along lines reach 1.5 pu in
accordance with specific harmonic order and power line
length. The base values of voltages and currents are terminal
harmonic voltages and harmonic current injection amplitude
(0.01 kA). Finally, weak point can be accurately located using
Equation (31).

Clearer review of the harmonic voltage and current level of
different orders of lines 30‐33 can be seen in Figure 16, which
is used as an example to explain how the harmonic voltage and
current varies in more detail.

Note that the voltage weak points locate at Lines 32 and
33, shown in Figure 15a,b, when the angle difference of voltage

F I GURE 1 1 Illustration of the 31th harmonic voltage along a long
line

F I GURE 1 2 Three‐dimensional |U|‐|I| plot illustrating weak
positions along power line in different harmonic orders: first‐ 33rd
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and current at terminal: Bus 22 and Bus 24 reaches 90°. The
same situations can be proved in Figure 16a,b that maximum
voltages reach 1.2 or 1.5 pu in the 15th and above harmonics

or the ninth and above harmonics, respectively, which referred
to voltage weak points. Meanwhile, the maximum currents of
line 33 and 32 also reach their maximum point of 1.2 or 1.5 pu,

F I GURE 1 3 Phase a to ground voltage measured at different location from the harmonic source at bus 1 within the power line from bus 1 to bus 7.
(a) 5 km from Bus 1, (b) 15 km from Bus 1, (c) 29 km from Bus 1, (d) 50 km from bus 1

F I GURE 1 4 IEEE 39‐bus system
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respectively, in the 33rd and above harmonics or the 27th and
above harmonics that are referred to as current weak points. In
contrast, as shown in Figures 15c,d and 16c,d that the angle
difference of terminal harmonic voltage and current are set to
be zero, the maximum voltage along power lines 31 and 30 will
be the smallest one according to Equation (26). As a result, the
voltage weak point does not locate at line 31 and 30. Similarly,
according to Equation (27) and Figure 16c,d, the maximum
currents in different harmonic orders are also the smallest
ones that current weak point does not likely to locate at line 31
and 30.

The weak point identification method is tested in PSCAD.
According to the analysis before, the voltage weak points lie
within the power line 32 and 33. Taking line 33 for an example
that the voltage weak point for the 19th harmonic component
is calculated to be 10 km from harmonic source at Bus 23
based on Equation (31), and Figure 17c verifies it as the

harmonic voltage with the 19th order at 10 km from Bus 23 is
27.5 kV larger than any other voltages at buses or transmission
line.

4.3 | Discussion of obtained results and
main achievements

The correctness of the proposed elliptical model‐based three
impact factors, which influence the weak points existence and
weak positions along power lines, is verified in the MATLAB
and PSCAD using 12‐bus meshed system and IEEE 39‐bus
test system.

The impact factors (i) and (ii), that is harmonic orders and
power line lengths, which determine the weak positions in
terms of harmonic voltages and currents, are simulated and
verified on 12‐bus meshed system. In this simulation, the

F I GURE 1 5 Three‐dimensional plot of the voltage propagation in IEEE 39‐bus system (a) Line 33, (b) Line 32, (c) Line 31, (d) Line 30

F I GURE 1 6 Three‐dimensional |U|‐|I| plot illustrating weak positions along power lines in different harmonic orders: first–33rd. (a) Line 33, (b) Line 32,
(c) Line 31, (d) Line 30
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harmonics with higher orders and the line lengths in accor-
dance with quarter of the wavelength of harmonics are proved
to be two impact factors that determine the weak positions
along the power lines.

The impact factors (iii), that is phase angle differences of
harmonic voltages and currents at terminals of power lines, are
proved to be a significant aspect that determines the existence
of the weak points along power lines. Its correctness is verified
on the IEEE 39‐bus system by setting different phase angle
differences of harmonics. In general, the weak points are more
likely to exist when the phase angle differences approach to 90°
or 270°.

5 | CONCLUSION

This paper proposes a novel elliptic model to evaluate the
harmonic propagation along the power line between busbars.
From the model, an elliptic formula of harmonic U‐I plot is
proved using analytical geometry and the harmonic waveforms
including voltage and current along the line are proved to
match with sinusoidal waveform and simulated based on
MATLAB. It is observed that the maximum amplitude of
voltage and current along AC power lines depends on (i)
voltage and current harmonic orders at terminals of line; (ii)
power line length; (iii) the steady‐state harmonic angle differ-
ence of voltage and current. Factor (iii) influences the
maximum values of harmonic voltage and current, and Factors
(i) and (ii) determine weak position in terms of harmonic
voltage and current. Furthermore, for a lossy power line, the
maximum value of voltage and current along the transmission
lines are decided by the angle difference between voltage and
current at terminals as well as the real part of propagation
coefficient. All in all, the feature scope of this paper aims at
solving two problems for system operator: (1) The existence of
voltage and current weak points along specific power lines; (2)
Weak position along power lines.

Future works include studying the influences from non‐
linear transformer of weak point identification and studying
the filter optimal allocation considering harmonic amplification
along power lines.
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