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Efficient estimation of time-varying parameter models with
stochastic volatility

Douglas Eduardo Turatti *
Aalborg University

Abstract

This paper develops an efficient estimation procedure for time-varying parameter autoregressive
models with stochastic volatility. Necessary restrictions are imposed on the time-varying autore-
gressive parameters, thus stability conditions are satisfied. We show that a conditional Gaussian
likelihood representation is available with marginalization of linear latent states, thus only non-linear
states need to be simulated. The sampling is based on a multivariate extension of the Numerically
Accelerated Importance Sampling together with a Rao-Blackwellization step to construct a highly
efficient maximum likelihood estimator. A simulation study highlights the precision of the procedure
in the joint estimation of parameters and latent states. The models are applied to the analysis of
inflation dynamics. Estimates of the time-varying parameters indicate the importance of the ran-
dom innovations in explaining the inflation process, while the trend component is more stable than
previously found in the literature. An out-of-sample forecasting exercise showed superior results
with respect to several benchmark models, especially for long-term forecasting.

Keywords: Time-varying parameter models; stochastic volatility; time-varying parameter au-
toregressive models; Numerically Accelerated Importance Sampling; forecasting inflation.

1 Introduction

Parameter instability is known to be an important feature in economic time series. For
instance, Stock and Watson (1996) have found substantial parameter instability in a large set of
macroeconomic time series. In order to cope with this changing environment, a popular approach
in the literature has been to allow the parameter vector to be time-varying. Furthermore,
works from Primiceri (2005), and Stock and Watson (2007) highlight the importance of jointly
considering heteroscedascity effects in the random innovations and time variation in the model
parameters. As emphasized by Cogley and Sargent (2002) estimating time-varying parameter
(TVP) models ignoring possible changes in the volatility is likely to generate fictitious dynamics
in the coefficients. Thus, much research focuses on TVP models with heteroscedastic errors,
typically modeled via a stochastic volatility specification.

However, parameter estimation and state filtering remain a major issue in the analysis of
time-varying parameter models with stochastic volatility. Many studies have only focused on
filtering via particle filters, which are inefficient and not suitable for parameter estimation due
to the discontinuity introduced by the resampling step. To avoid the intricate estimation of
these models, some authors have chosen to calibrate parameter values (e.g. Stock & Watson,
2007). This paper presents an efficient algorithm for parameter estimation and state filtering of
heteroscedastic time-varying parameter models. Our method relies on a conditional Gaussian
likelihood function representation with marginalization of latent linear states, and simulation of
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non-linear latent states via efficient importance sampling. It is important to mention that our
approach delivers an efficient and continuous estimator for the log-likelihood function, which
can be numerically maximized to find parameter estimates.

Statistical inference for time-varying parameter models with stochastic volatility is complex.
Latent non-linear states lead to multidimensional filtering integrals with no closed form solu-
tion. Typical applications involve the use of Bayesian techniques such as Metropolis-Hastings.
A common hindrance in non-linear time-varying parameter models is that their conditional pos-
terior distributions are easily not available. Therefore, standard algoritms such as Durbin and
Koopman (2002) do not lead to a valid posterior simulator. On the other hand, we base our
methodology on a multivariate extension of the Numerically Accelerated Importance Sampling
(NAIS) of Koopman, Lucas, and Scharth (2015), together with a Rao-Blackwellization step.
We show that a conditionally linear and Gaussian state-space representation is possible given
the state-vector. Thus, the likelihood conditional on this state-vector can be computed by the
Kalman Filter. The procedure then simplifies to a sequence of Kalman Filters and ordinary
least squares.

This paper extends time-varying parameter models by including autoregressive and stochastic
volatility terms. This flexible model specification is able to account for time-variation in the
conditional mean and variance in different ways. For instance, by allowing time-variation in
the autocorrelation functions. After applying necessary restrictions, the model becomes a time-
varying parameter model with non-linear latent states. Importantly, our modeling approach
encompasses several relevant models discussed in the literature, for example the unobserved
components with stochastic volatility. Therefore, our methodological contributions are easily
applicable to several models of interest.

This paper’s empirical contribution involves an application for modeling and forecasting
inflation using time-varying parameter autoregressive models with stochastic volatility. An in-
creasing number of studies have found that the inflation process is subject to time-variation in
its trend and volatility (e.g. Chan, Koop, & Potter, 2013). During the 1960s and 1970s, the
inflation trend and volatility increased substantially. In the aftermath of the Great Inflation of
the 1970s, central banks of developed countries have made successful efforts not only to lower
but also to stabilize inflation. These efforts have contributed to the Great Moderation of output
volatility during the 1990s. More recently, inflation volatility peaks again as an outcome of the
Global Financial Crisis. These facts highlight that parameter instability seems to be a feature
of the inflation process and the forecasting model needs to be able to accommodate shifts in
the mean and variance of the inflation process. The models are applied to forecast U.S. C.P.L.
inflation and we perform an out-of-sample forecasting analysis in comparison to benchmark
models.

The structure of the paper is as follows. Section 2 formulates the proposed model, necessary
notation and restrictions. Section 3 presents our estimation procedure and our main method-
ological contributions, and section 4 investigates the finite sample properties of the importance
sampling method in a simulation study. In section 5, we carry out our application on modeling
and forecasting inflation.

2 Model specification

The basic framework we consider is the following time-varying parameter autoregressive
model with stochastic volatility

Yo = 2.t + TPy + €4, et ~ N(0,07), (1)
UtQ = exp(ht)> (2)



where y; is a scalar, x; = (y¢—1, ..., Yt—p, ) is the vector of observed lagged values of the dependent
variable, ¢¢ = (P14, ..., Pp,+)’ is the vector of latent time-varying autoregressive parameters. hy is
the latent log-volatility. z; is a z-dimensional vector of observed exogenous regressors and ¢. ;
is the associated z-dimensional time-varying parameters. The time-varying parameters and the
stochastic volatility (¢, ¢, ¢¢, he)' are distributed according to a Gaussian autoregression process
of order one

¢z,t d)z,tfl
Ot | =d+T | ¢p—1 | + 11, ne ~ N(0,Q). (3)
hy hi—1

The dynamics of the time-varying parameters are determined by the [ x 1 constant vector d, the
[ x [ diagonal transition matrix 7" and the [ x [ covariance matrix (), where [ = z + p + 1. Note
that the matrix @ is not assumed to be diagonal. All elements of the disturbance vectors 7; and
g; are serially and mutually uncorrelated, that is E(me}) = 0 for all t. Our estimation procedure
allows @) to be time-varying in a stochastic way when the state variable can be represented as
conditionally linear and Gaussian variable.

Several models can be cast in the representation given by equations (1)-(3). For example,
if we restrict ¢14 = --- = ¢+ = 0 V¢, d as a null vector, T" as an identity matrix, z; = 1, the
resulting specification belongs to the category of unobserved components model with stochastic
volatility (e.g. Stock & Watson, 2007). Moreover, time-varying parameter models with stochastic
volatility are also special cases. Finally, models with time-invariant parameters and stochastic
volatility are also special cases. Our estimation procedure is able to handle these models with
only small changes in the baseline algorithm.

However, time-varying parameter models depend on necessary restrictions to be imposed on
some coefficients. For instance, as it is known, an AR model must have its roots within the
unit circle at all times. Without further reparametrization it is not possible to guarantee that
stability restrictions are going to be satisfied. Explosive paths may induce large errors which
contaminate the explanatory and forecasting capabilities. Indeed, in the absence of restrictions,
the estimated paths of the autoregressive parameters can fall into explosive regions generating
filtered states and forecasts with large mean or variances.

2.1 Model restrictions

In this section, we discuss the restrictions imposed on the time-varying autoregressive param-
eters to guarantee that 3; has roots inside the unit circle at all times. It is worth mentioning that
roots within the unit circle at all times is a necessary condition for a time-varying autoregressive
model to be locally stationary (see Dahlhaus, 2012 for the conditions on local stationarity).
Moreover, we also present how to introduce time-variation in the autoregressive parameters
connecting them to a latent state.

To satisfy stability restrictions, a monotonic transformation has to be enforced on the nec-
essary time-varying parameters. Let a; be the unrestricted time-varying autoregressive parame-
ters, we impose the link function ®(.) to ensure that the resulting vector of parameters ¢; satisfy
stability restrictions at all times

¢r = <I>(Oét)- (4)

The link function ®(.) has to be continuous and strictly monotonic to avoid identifiability issues.

We continue by defining the restriction function that satisfies these conditions. Let p; =
(pit,---,ppt) be the vector of partial autocorrelations for a given vector of AR coefficients
¢, and vy = (v14...vp,)" be the vector of associated roots. For the AR(1) case, stability can
easily be imposed by restricting the partial autocorrelation, p; ¢, to be within the unit circle for
every time t. In the general case, a well-defined time-varying AR(p) model can be imposed by



restricting all the partial autocorrelations p;; Vi = 1,...p, to be within the unit circle for each
time t. This means that all characteristic roots (eigenvalues) are smaller than one in absolute
value at each point in time.

Definition 2.1. The roots are within the unit circle for every time ¢ if ¢; € SP Vt, where S? is
the hyperplane in which all the roots v; are within the unit circle, i.e. |v;;| < 1 Vt. Moreover,
¢r € SP VYt and |v;4| < 1Vt if and only if |p;¢| < 1 Vi.

Definition 2.1 applies the results of Barndorff-Nielsen and Schou (1973) and Monahan (1984)
to autoregressive models with time-varying parameters. To restrict the partial autocorrelations
a monotonic fuction defined in (—1, 1) is required. In this article we employ the the hyperbolic
tangent function

pr = tanh(ay). (5)

The hyperbolic tangent function can be understood as a rescaling of the logistic function, such
that its outputs range from —1 to 1. Finally, a transformation 1 (.) is necessary, which maps
the partial autocorrelations, p;, into autoregressive coeflicients, ¢;. We then implement the
Durbin-Levinson algorithm to map p; into ¢; for every point in time.

Definition 2.2. The required transformation that maps the PACs into the ARs at every point
in time is given by the following algorithm,

i K i k—1 k—1,i—1
G = o = prady
i=1,....k—1, k=2,...,p,

Kok 11
where ¢, = pry, and ¢, = p14.

The transformation 1(.) is defined by the last column of the ¢-* matrix. For example, when
p = 2 this transformation can be easily written as

b1 = pre(l—pay), (6)
G2t = pa2t (7)

It is possible to show that this correspondence is bijective and continuously differentiable (see
Barndorff-Nielsen & Schou, 1973). Thus, the composite link function ®(a;) = 1 (tanh(ay))
maps the unrestricted time-varying parameters a; € (—o0, 00) into non-explosive autoregressive
coefficients ¢ € SP for every time t. The composite link function ®(oy) is also bijective and
continuous, thus avoinding identifiability issues.

Time-varying autoregressive processes of order p require p partial autocorrelations that will
be converted into restricted time-varying parameters via the Durbin-Levinson recursions. We
propose to introduce time-variation in the partial autocorrelation vector via a scalar latent state.
The partial autocorrelation vector is then defined as

pr = tanh(A «y), (8)

where p; is a p X 1 vector, oy is a scalar latent state following a state equation as (3), and A is a
p x 1 vector of static parameters. For identification purposes we impose the restriction Ay = 1,
i.e. the first element of the vector A equals one. This specification can result in more precise
estimates, as usually time-varying parameters tend to be highly correlated and their covariance
matrix is near-singular, see for example (Chan, Eisenstat, & Strachan, 2020). By concentrating
the sources of time-variation of p; in the scalar latent state oy, we expect to obtain more precises
parameter estimates while maintaining model flexibility.



3 Estimation procedure

This section develops an efficient algorithm for parameter estimation and state filtering of
time-varying parameter models with non-linear latent states. The estimation procedure is a
combination of the Kalman Filter with importance sampling techniques. We show that given
the non-linear state vector, the model can be written via a conditionally linear and Gaussian
state space representation. Hence, the measurement density can be conveniently computed by
the prediction error decomposition step of the Kalman Filter. We also show that the importance
sampler admits a linear representation, thus the sampling and the evaluation of the transition
density is again based on the Kalman Filter and related techniques. An efficient log-likelihood
estimator is also presented, which can deliver maximum likelihood estimates of the parameters.

3.1 Conditionally linear and Gaussian state-space representation

The likelihood function for model (1)-(3) is given by the integral over the joint density of
observables y; and latent states 6; = (¢ ¢, o, he)’

T
L(v,y) = /Hp(yt,et; v)do . .. dor, (9)
t=1

T
Low) = [ TTotlospO15)don .. dor, (10)
t=1

where v is the vector of static parameters. The likelihood function equation (10) is a (z+2) x T
analytically intractable integral. The integrals in the expression for the likelihood function
have to be approximated numerically via simulation methods. We apply importance sampling
methods to evaluate (10).

However, note that it is possible to exploit the structure of the state-space model to take
advantage of its conditional linearity, thus reducing the dimension of the likelihood function
and increasing efficiency by integrating out the linear time-varying parameters via the Kalman
Filter. For a given non-linear state vector 6; = (ay, ht), the model (1)-(3) becomes a traditional
linear and Gaussian state-space model. Therefore, it is possible to evaluate the measurement
density given the non-linear time-varying parameters by the Kalman Filter (KF'). This procedure
is known as Rao-Blackwellization, as it is an implication of the Rao-Blackwell Theorem. Given
the 2-dimensional vector 6, the linear states ¢+ can be integrated out of (10) yielding

T
L(v,y) = /Hp*(ytIOt;'V)p(HtI@t-l;'y) dby ... dor, (11)
t=1
and . 3
P (el ) = p(vgs—110e57) ~ N (0, Fp), (12)

where p* (y; |9~t, 7) is the prediction error density, vy;_; is the prediction error and F} its associated
variance delivered by Kalman filter given the non-linear time-varying parameters ;. It is worth
mentioning that a dimension reduction is obtained while increasing computational and statistical
efficiency. The intuition behind this result is that we replace the importance sampling estimator
for ¢.; by the KF estimator. As the KF is an analytical filter its Monte Carlo variance is zero,
thus always smaller than any importance sampling filter.

Alternatively, if the non-linear state vector 6; is kept fixed, the resulting conditional state-
space model is given by

g — ©(Aow) = yi = 212 + &4, e ~ N (0,exp(hy)) (13)



with the same transition equation. Given 6;, the measurement density p*(yt|§t; 7v) is obtained by
applying the Kalman Filter to the model (13). Note that the resulting conditional state-space
representation is a regression model with linear time-varying parameters, thus its likelihood and
filtering functions are easy to obtain by the KF. From the prediction error decomposition it is
possible to compute p*(yt\ét; v) as

P (Y205 7) ~ N(y; — zE[¢s -1, Fr), (14)

where yi — 2 F[$, 4,—1] and F; are the prediction error and its associated variance respectively.
The updating and the smoothing steps of the Kalman Filter yield estimates of E[qbzyﬂt] and
E[¢. 47] respectively. A minor modification of the Kalman Filter is necessary when the matrix
@ is not diagonal, see Schon, Gustafsson, and Nordlund (2005) for a discusion on marginalization
in the particle filtering context.

However, it is still necessary to develop a procedure to sample trajectories of the non-linear
state vector 6;. Therefore, we construct an efficient Gaussian importance sampler based on
the Numerically Accelerated Importance Sampling method of Koopman et al. (2015) and the
efficiency criteria of Richard and Zhang (2007).

3.2 Importance sampler

We obtain the importance sampler g(9~|y;<p) based on the linear Gaussian joint density
9(y,0;¢). This density can be decomposed as g(y, 0;¢) = g(y|0; )g(0; ¢) where

T
gwlbie) = T ol e0), (15)
9(0;0) = p(B;7) =] pOilbi-157). (16)
t=1

Applying the Bayes’ theorem, the Gaussian multivariate importance sampler g(é|y; ©) is written
as - -
_ 9(yl0;0)g(0; )

9(0ly; ) = o) (17)

For the sake of simplicity we have ommited the time subscripts. If the latent states follow Gaus-
sian distributions, g(0; ), g(0ly; ¢), g(y; ¢) are all Gaussian densities. g(y; ) is a normalizing
constant and ¢ is the vector of parameters of the importance density g(f|y; ¢). Given the linear
and Gaussian assumption for the transition equations, it follows that g(Gi; ) = p(é; v).

The important step in the procedure is the representation of g(y:|0:;¢:) as a linear and
Gaussian state-space density

_ I U
9(ye|0s; 1) = exp(as + b0 — §0£Ct9t)7 (18)

where a; is an integrating constant, and the importance parameters b; € R? and C; € R?*? for
t =1,...T are a function of y; and . The importance sampler (17) and the observation density
(18) are only functions of the auxiliary parameters ¢, which depend on the data y;. Therefore,
given {b;}]_; and {C;}]_,, it is possible to construct the importance density.

Following Koopman et al. (2015), the proposal densities g(y:|0;; ¢:) and g(0:|ys; ;) can be
conveniently computed via the constructed variable y; = C;” b, with measurement equation

gt = 0; + &4, g ~ N(070;1)7 (19)



where the transition equation remains the same as the original model. Therefore, it can be
shown that

_ 1 1 _ _
log g(50s; 1) = —log(2m) + §1Og!Ct\ - 5{(Ct_lbt — 00)'Co(C; by — 0y)}, (20)
[
= at+ b;@t — §0£C’t9t, (21)

where a; = (log|C| — 2log 2 — byj;)/2 is an integrating constant and collects terms not related
to f;. We can conclude that g(A|y; @) = g(0]7; ). Hence, the linear state-space representation
(19) implies that we can use the Kalman Filter and related techniques to evaluate and sample
from g(0|y; o) for a given set of importance parameters ¢ = ({b:} 1. {C:},). Given this linear
representation, the smoothing density ¢(0;|y:; p¢) can be written as

o0 o0) = ——exp( = G~ ) (Vi) B = ) ) (22)
(2m) Vil

where py 7 is the expected value and Vyr is the covariance matrix of the non-linear vector

0; conditional on information of the whole sample, and both are obtained by the Kalman
Smoother applied to the importance sampler model (19) given a set of importance parameters
Y= ({bt}tT:p {Ct}?:1)~1

The linear representation for the importance sampling density allows us to use standard linear
techniques, such as the simulation smoother of Durbin and Koopman (2002), to sample non-
linear states. This contrasts with other available methods for time-varying parameter models
where the sampling must take into account constraints, usually by rejection sampling. This may,
however, lead to heavy inefficiencies, see for example Koop and Potter (2011). It is important to
mention that g(@~ ly; ©) has a linear state-space representation as long as the transition equations
are linear and Gaussian.

Using this importance sampler, it is possible to evaluate the likelihood function, given some
regularity conditions (see Geweke, 1989),

[P W0y p(0;7) 9(y. 05 0)
Low) = [ o . (23)

Using the Bayes’ Theorem, we can apply g(y, 6; ) = g(0ly; ©)g(y; ) and g(y,0; ©) = g(yl6; )9 (6; )
in the numerator and denominator of (23) to find

[P0 p(B;y) 9(Blys )
Ly = g(y’@/ 9(yl0;0)g(8; ) “ 24
L) = alwi) [ @@y 09Ol )i (25)

as g(é; ) = p(é; 7). g(y; p) is the likelihood of the importance density model. The importance
weights are defined as

P (yl0;7)
9y 6; )
evaluated at S independent trajectories of the non-linear time-varying parameters 6. The like-
lihood estimator is then obtained by sampling from the density ¢g(6|y; ¢) and evaluating (26)

. 13,

L(v,y) = g(y; 0) x [S > w(,y; 90)] (27)

i=1

w0,y ¢) = (26)

! An alternative sampling scheme for computing the moments per and Vyr is described in the appendix. The
method is more robust to the case when somes matrices C; are not positive definite.



Note that the likelihood estimator is reduced to compute an average of the ratio of two densities
easily computed by the Kalman Filter. In constrast to particle filters, this likelihood estimator
is a continuous function of the parameters of the model, thus it can be numerically maximized
to find simulated maximum likelihood estimates. To complete the procedure, a criteria to obtain
the importance parameters is necessary. Naive choices of ¢ ignore valuable information about
the underlying latent process carried by the observables available at time ¢, and can be highly
inefficient (Richard & Zhang, 2007). We apply the efficiency criteria of Richard and Zhang
(2007), which select ¢ optimally, resulting in a fully adapted likelihood estimator. In other
words, we sample the latent states so the likelihood estimator has the lowest possible variance
(mean squared error).

3.3 Numerically Accelerated Importance Sampling

The criteria to find the importance parameters ¢ = ({(pt}thl) is to minimize the variance of

L(0,y) in its full support. Richard and Zhang (2007) proposed that the appropriate Gaussian
density can be found at every time t by solving the low dimensional integral

0r = argmin//\z(yt,ét;cpt)w(ét,yt; ©0)9(Oclys; p1) dby, (28)
where A(.) is defined as

Ay, Os; 1) = log p* (42|03 7) — log g(y:|0s; 1) (29)

According to Richard and Zhang (2007), this operational criteria approximates the problem of
minimizing the MC variance (mean squared error) of the importance weights w(f;,ys; ¢;) in its
full support.

However, a main complication arises as the importance sampler g(9~t|yt; @) itself depends
upon the importance parameters ¢;. As in Richard and Zhang (2007), this can be resolved by
a standard fixed point argument using intermediate importance samplers until convergence of
({got}thl). Therefore, the minimization problem (28) can be rewritten using the intermediate

sampler g(ét\yt; %Ek))
o) = argmin / N2 (1, Bo; o) (Br, s 089 (Belye: 0 . (30)

To initiate the procedure, an initial condition go(o) is required, which will be sequentially updated
through iterations on (30) until a convergence criteria is satisfied.

The minimization (30) can be written as a weighted least squares problem, which has two
possible solutions. Richard and Zhang (2007) applied Monte Carlo simulations and weighted
least squares to find the auxiliary parameters, which approximate the minimization (30). Us-

ing M for draws é,gk) at the k-iteration from the importance sampler, we have the following
minimization problem

. . 1 A1) ~
log p* (s, ng); ) = constant + x’ Glgk) - iélvech(ﬂgk) ng)) + error, (31)

with solution »
G = (XTWiX) X W log p* (w00 ), (32)

where X; = [1 9~t(k) Vech(ét(k) égk))], and vech(.) stacks the elements of a symmetric matrix into
5(k) ()

a vector. W is a diagonal matrix of weights, w(0; ’,y:; ¢; ). The least square estimates for x



and £ are the new estimates of bgkﬂ) and Ct(kH) respectively for each time ¢t = 1...7. This

method has been denominated Efficient Importance Sampling (EIS).

Alternatively, Koopman et al. (2015) proposed numerical integration by Gauss-Hermite (GH)
methods to find estimates for y;, which are computationally faster and numerically more accurate
when 6, is of low dimension at time ¢. This variant is denominated Numerically Accelerated
Importance Sampling (NAIS). Let {z;}M 1 be the set of abscissae after all combinations of M
predefined GH nodes and h(z;) be the respective Gauss-Hermite weights. The weights are given

by w(éﬁk),yt;gaik))h(zz)exp(Q 22) and égk) = uif? V;|T z;, for i = 1,... M?, where V2 is the

root matrix computed via the Cholesky decomposition of V%) The solution for every time t is

4T
G = (XTWiXo) T XT W log b (6] ), (33)
where X; = |1 é,gk) vech(égk) égk))], and vech(.) stacks the elements of a symmetric matrix

into a vector. W; is a diagonal matrix of weights. The iteration must be initialized with
starting values for ¢; = (b, Cy) for each time t = 1...7T. Generally, a vector of zeros for b,
and a proportion of the identity matrix for C; will suffice. The iterations can continue until
convergence is achieved. However, convergence of the algorithm is not crucial as only the initial
iterations typically generate substantial reductions in the variance of the likelihood estimate
(DeJong, Dharmarajan, Liesenfeld, Moura, & Richard, 2013).

The set of static parameters can thus be estimated by numerically maximizing the likelihood
function (27). An estimator for the time-varying parameters can be easily constructed based
on the importance sampling methodology. For example, the mean of the smoothed density of
exp(ht) can be estimated by the importance sampling procedure as

8 o))

exp(hy) = == (34)

As the nominator and the denominator are evaluated using the same draws of the importance
sampler, the estimator (34) can be written using normalized weights

Y1 wr(.)

Analogously, an importance sampling estimator can be constructed for the latent states ¢, and
¢t as

exp Z exp(h wi(.) = (35)

S .
Gt = quii%wi(.) (36)

S
by = Z (At (). (37)

The Monte Carlo maximum likelihood method previously developed is based on the impor-
tance sampling technique, thus when T — oo and S — oo the likelihood estimator converges to
the true likelihood value (see Geweke, 1989 for conditions of consistency of importance sampling).
Therefore, given usual assumptions on maximum likelihood estimation, asymptotic properties
apply as well (see Hamilton, 1994 for linear state-space models and the Kalman Filter). How-
ever, the likelihood function is subject to simulation error in common samples sizes. Thus, the
next section investigates the finite-sample properties of the maximum likelihood via a simulation
study.



4 Simulation study

In this section, we perform a simulation experiment to investigate the finite-sample properties
of the importance sampling procedure on an empirically relevant set of parameters. In this
simulation study, we focus on the following model

Yt = ¢ + tanh(ay)ys—1 + exp(he/2)es, et ~ N(0,1). (38)

The dynamics of the time-varying parameters are determined by the subsequent autoregressive
processes

ot = Podot—1+ Tonot, no,t ~ N(0,1), (39)
o = Prog—1+ o1, e~ N(0,1), (40)
hi = 6+ Brhi—1 + onnng, Nhe ~ N(0,1), (41)

where By = B1 = 0.98. This choice for the state equation implies we can analyze stationary
time-varying parameters, however, taking into account that their behaviour may resemble a
unit root process in finite samples. Hence, parameter estimation will be more difficult when
compared to the usual specification of random walks, as there is an additional parameter in the
state equation. Hence, we investigate the identifiability of By and 8. The remaining vector of
statistic parameters is set at (09, 01, 9, Br, 01,) = (0.288,0.054, 0.047,0.874,0.469), a choice which
is guided by the parameter estimates found in the empirical application to inflation discussed in
the next section.

We apply the Rao-Blackwellized NAIS (RB-NAIS) procedure to compute the auxiliary pa-
rameters with 20 GH nodes (i.e. 400 combined nodes), and 500 independent trajectories are
used to draw latent states. We present mean, sample standard deviations, mean of statistical
(asymptotical) standard errors for 500 estimates generated with sample sizes T' = 250, T' = 500,
and T = 1000. We also discuss the sampling distribution of the parameters by looking at the
5%, 50%, and 95% quantiles. We present the RMSE of each parameter, and the total RMSE
defined as

Total RMSE = ,| > MSE;. (42)

=1

Equation (42) measures the average distance from the vector of estimates to the real vector of
parameters. Additionally, some diagnostic tests are applied on expected standardized prediction

errors defined as @

D1 = i ( St )wx.), (43)

i=1 Ft(z)

where vy;_; is the prediction error and F} its associated variance delivered by prediction step of
Kalman filter given the non-linear state vector. Expected standardized prediction errors should
follow a standard Normal distribution, be uncorrelated and homoscedastic. We will apply the
Kolmogorov—Smirnov (KS) Normality test, the Ljung-Box (LB) Q test with 15 lags, and the
ARCH-LM test with 10 lags. As the null hypotheses are true, we expect the tests to reject the
null in only 5% of the cases asymptotically. However, the actual size of the tests will probably
be higher in finite samples, and the closer they are to 5%, the more precise the tests are in finite
samples.

Classical parameter estimation for non-linear state-space models models is difficult due to the
intractable form of the likelihood function. The main issue for maximum likelihood estimation in
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particle filtering is the resampling step, which prevents the use of optimization algorithms. Nev-
ertheless, we compare the RB-NAIS maximum likelihood estimates with the local approximation
importance sampling method of Shephard and Pitt (1997) and Durbin and Koopman (1997),
which we refer to as SPDK. This is based on a second-order Taylor expansion of log p*(ytlét; v)
around the conditional mode of p(§t|yt; ) which can be computed iteratively using the Kalman
Filter applied to the importance sampling model (19). This method yields continuous but not
efficient approximations to the likelihood function meaning that its variance will likely be large.
More details on this method can be found in Durbin and Koopman (2012). The local approx-
imation method has been used for stochastic volatility models producing accurate estimates,
see for example Jungbacker and Koopman (2007). However, our model has complex features
including linear and non-linear time-varying parameters, which can be challenging for a method
based on a local approximation.

The estimates for the NAIS method are presented in table 1. We note that for small sample
sizes (T = 250), all the parameters have large sample standard deviations, but for 7' = 500 and
T = 1000 they become much smaller. As a consequence, the RMSE also significantly decreases
for every parameter and in total, indicating that the average distance between the estimator
and real parameter reduces with larger sample sizes. The average of asymptotical standard
errors tend to become smaller when the sample size increases. This means that the curvature
of the log-likelihood function increases with more information, and it becomes easier to identify
parameters. Quantiles also suggest that the sampling distribution of the parameters is getting
closer to the true value as the sample size increases. Analysis of prediction errors shows that
the size of the asymptotic tests are slightly larger than the expected 5% for the KS and the
ARCH-LM. This means that the asymptotic distribution approximation is not precise at the
sample size T' = 1000. On the other hand, as indicated by the LB test, prediction errors seem
to be uncorrelated even in small samples.

It is important to highlight that the autoregressive parameters of non-linear states, 8, and
especially (1, are poorly estimated in small samples, displaying large standard errors and broad
sampling distribution. However, they improve subtantially when 7' = 1000. Hence, these
parameters have identification issues in very small samples, and larger time series are necessary
to identify them.

The estimates for the SPDK method are presented in table 2. We observe that all parameter
estimates have larger RMSE, standard errors, and are more dispersed than the RB-NAIS for
the same sample size. Moreover, some parameters have broad sampling distribution even when
T = 1000, especially the autoregressive parameters of latent states. These results are due to
the fact that the SPDK method generates likelihood estimates with larger variances. Koopman
et al. (2015) show that the SPDK method yields log-likelihood estimates of SV models with
variances 30 to 40 times larger than NAIS. We suspect that this difference could be larger for
time-varying parameter models due to their higher complexity.

Importance sampling provides consistent estimates of moments of latent variables when T —
oo and S — oo. Thus, it is relevant to verify how close the estimated and the real states are
in finite-samples. Especially as most in-sample and out-of-sample analyses rely on estimated
(i.e. smoothed) state variables. An example is out-of-sample forecasting, in which we need a
reliable estimator for the conditional mean to obtain accurate forecasts. We evaluate how close
the smoothed estimates of the latent states are to the simulated time-varying parameters by
applying the RMSE across all simulated data, for example

| boor N2
RMSE = | =7 > <eXp(hi) - eXp(hi)> (44)

1=
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Table 1: Parameter estimates RB-NAIS

Parameter T = 250 T =500 T = 1000
Bo = 0.98
Estimates 0.964 (0.028) [0.014] 0.968 (0.017) [0.010] 0.971 (0.011) [0.007]
Quantiles 0.900, 0.973, 0.992 0.934, 0.972, 0.988 0.950, 0.973, 0.985
RMSE 0.032 0.021 0.014
oo = 0.288
Estimates 0.354 (0.132) [0.106] 0.328 (0.087) [0.106] 0.321 (0.052) [0.043]
Quantiles 0.178, 0.333, 0.594 0.201, 0.323, 0.473 0.235, 0.320, 0.407
RMSE 0.147 0.096 0.061
£ =0.98
Estimates 0.760 (0.296) [0.138]  0.848 (0.235) [0.076] 0.949 (0.091) [0.018]
Quantiles 0.048, 0.920, 0.987 0.247, 0.952, 0.990 0.773, 0.974, 0.991
RMSE 0.369 0.269 0.096
o1 = 0.054
Estimates 0.096 (0.055) [0.038]  0.080 (0.041) [0.026] 0.058 (0.023) [0.015]
Quantiles 0.035, 0.083, 0.210 0.033, 0.069, 0.161 0.029, 0.052, 0.101
RMSE 0.070 0.048 0.023
6 =0.047
Estimates 0.049 (0.076) [0.051]  0.051 (0.052) [0.029] 0.047 (0.022) [0.018]
Quantiles -0.053, 0.036, 0.186 0.003, 0.041, 0.123 0.015, 0.043, 0.088
RMSE 0.077 0.051 0.022
Bn = 0.874
Estimates 0.769 (0.190) [0.058] 0.846 (0.094) [0.030] 0.876 (0.041) [0.018]
Quantiles 0.343, 0.836, 0.931 0.697, 0.870, 0.930 0.806, 0.881, 0.928
RMSE 0.217 0.098 0.041
op = 0.469
Estimates 0.567 (0.205) [0.124]  0.473 (0.126) [0.088] 0.425 (0.075) [0.058]
Quantiles 0.293, 0.517, 0.959 0.307, 0.455, 0.702 0.314, 0.418, 0.552
RMSE 0.227 0.127 0.087
Total RMSE 0.518 0.336 0.154
KS 0.066 0.068 0.076
LB 0.050 0.064 0.028
ARCH 0.128 0.114 0.138

The table presents sample average of estimated parameters from 500 estimations. Values in parentheses are

sample standard deviations of the estimates. Values in brackets are the average of statistical standard errors.

We present 5%, 50%, and 95% quantiles respectively. 500 trajectories are used to evaluate the log-likelihood

function. The first 100 observations were excluded for each simulated series to reduce the effects of the initial
conditions.

where exp(h;) and em) are the vectorized variance and its vectorized estimate respectively.
Analogously, the RMSE can be computed for the remaining time-varying parameters. As im-
portance sampling provides a consistent estimate of the conditional mean of the latent state
distribution at time ¢, we expect the RMSE to decrease when sample size increases. This means
that the estimate of the conditional mean is improving with more observations. Furthermore, as
the conditional mean provides the best forecast in terms of mean squared error, a lower RMSE
implies more accurate estimates of the latent states. Results are presented in table (3). The
RMSE decrease with sample size, indicating that estimates of the conditional mean of time-
varying parameters are improving. Moreover, NAIS provides more accurate estimates for all
time-varying parameters and sample sizes.
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Table 2: Parameter estimates SPDK

Parameter T = 250 T =500 T = 1000
Bo = 0.98
Estimates 0.923 (0.083) [0.021] 0.934 (0.052) [0.016] 0.940 (0.034) [0.011]
Quantiles 0.781, 0.946, 0.989 0.841, 0.947, 0.982 0.889, 0.947, 0.980
RMSE 0.100 0.069 0.050
oo = 0.288
Estimates 0.560 (0.238) [1.343] 0.567 (0.196) [0.843] 0.578 (0.144) [0.570]
Quantiles 0.245, 0.519, 1.056 0.293, 0.543, 0.953 0.351, 0.579, 0.847
RMSE 0.361 0.341 0.326
£ =0.98
Estimates 0.673 (0.374) [0.195] 0.786 (0.326) [0.113] 0.810 (0.317) [0.081]
Quantiles 0.007, 0.912, 0.991 0.035, 0.962, 0.994 0.044, 0.980, 0.994
RMSE 0.483 0.379 0.377
o1 = 0.054
Estimates 0.096 (0.101) [0.096] 0.070 (0.076) [0.056] 0.060 (0.065) [0.030]
Quantiles 0.001, 0.058, 0.324 0.007, 0.043, 0.256 0.001, 0.034, 0.219
RMSE 0.109 0.078 0.066
0 = 0.047
Estimates 0.065 (0.160) [0.055] 0.066 (0.133) [0.039] 0.069 (0.128) [0.032]
Quantiles -0.143, 0.024, 0.4916  -0.015, 0.026, 0.477  -0.012, 0.027, 0.496
RMSE 0.161 0.134 0.141
Brn = 0.874
Estimates 0.702 (0.287) [0.046] 0.755 (0.259) [0.031] 0.757 (0.250) [0.022]
Quantiles 0.101, 0.843, 0.946 0.103, 0.869, 0.948 0.110, 0.868, 0.935
RMSE 0.334 0.285 0.298
op = 0.469
Estimates 0.544 (0.363) [0.116]  0.457 (0.313) [0.079]  0.434 (0.299) [0.056]
Quantiles 0.217, 0.401, 1.350 0.191, 0.356, 1.340 0.195, 0.339, 1.349
RMSE 0.227 0.313 0.340
Total RMSE 0.814 0.684 0.652
KS 0.084 0.086 0.172
LB 0.396 0.554 0.766
ARCH 0.438 0.752 0.970

The table refers to the local approximation estimation technique. 500 estimations were obtained. Values in
parentheses are sample standard deviations of the estimates. Values in brackets are the average of statistical
standard errors. We present 5%, 50%, and 95% quantiles respectively. 500 trajectories are used to evaluate the
log-likelihood function. The first 100 observations were excluded for each simulated series to reduce the effects of
the initial conditions.

5 Empirical application

Inflation forecasting is an important task for many central banks. As discussed in Clarida,
Gali, and Gertler (1998), since the adoption of inflation-targeting regimes, central bankers based
their monetary policy decisions on inflation and output gap forecasts. Furthermore, it is now
widely accepted that decision making has become more complex in high and persistent inflation
scenarios, as inflation may cloud public confidence as well as economic agents’ assessments of
future economic activity (Golob, 1994). Therefore, it is not surprising that a lot of effort has been
devoted to the development of models that can accurately explain the dynamics and volatility
of inflation rates.

The adoption of inflation-targeting regimes together with the changes in the inflation dy-
namics has led to a great interest in modeling and forecasting trend inflation. Stock and Watson
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Table 3: RMSE between simulated and estimated time-varying parameters

RMSE T=250 T =500 T =1000
NAIS

b0t 0.601 0.548 0.522
tanh(oy) 0.222 0.205 0.188
exp(hy) 3.205  2.750 2.595
SPDK

b0t 0.690 0.646 0.651
tanh(ay) 0.258 0.238 0.236
exp(hy) 3.673  3.509 3.142

The table presents the RMSE between simulated time-varying parameters and the estimated conditional mean
of time-varying parameters.

(2007) argue that the benchmark model for inflation forecasting seems to change over time and
it has been hard to use a single model in different periods of time. For instance, Atkeson and
Ohanian (2001) have shown that Phillips-curve type of models have performed well until the
1980s, but cannot display the same accuracy in recent decades, where simple statistical models,
like the first order autoregressive model, have been dominating forecasts.

More recent evidence suggests the importance of the trend component in forecasting infla-
tion. For example, Faust and Wright (2013) have argued that the precision of the forecasting
depends on the estimate of the underlying trend inflation especially. In addition, forecasting
trend inflation has become more relevant after the 1980s with the adoption of inflation-targeting
regimes by many central banks. Meanwhile, some central banks do not have an official target,
but still pursue stabilizing long-term inflation expectations. Although several methodologies are
available, several studies have explored univariate models for trend inflation forecasting, usually
outperforming other approaches such as survey-based forecasts (see Clark & Doh, 2014).

The empirical evidence emphasizes the importance of considering stochastic volatility and
time-varying parameters to account for sudden changes in the exogenous shocks and variations
in the propagation mechanism of these shocks. Consequently, recent studies have developed
time-varying parameter models with stochastic volatility to model inflation (e.g. Clark & Doh,
2014). In this empirical section we propose time-varying autoregressive models with stochastic
volatility (TVP-AR-SV hereafter) to forecast inflation. This model has three main features:
time-varying trend, time-varying stochastic volatility, time-varying bounded persistence.

The time-varying parameter model we consider is given by

Tt = ¢0,t + l’tq)(A Oét) + exp(ht/2)€t, Et N(O, 1), (45)

where x; is the 1 x p vector of observed lagged values of inflation, A is a px 1 vector of parameters,
and oy is a scalar latent variable. ®(.) maps Aoy into a px 1 vector of time-varying autoregressive
parameters, ¢;; for ¢ = 1,...,p, with roots inside the unit circle at all times. The intercept,
®o0,t, is a linear time-varying parameter defined by a random walk process

b0t = Po,t—1 + 00MNo ¢, no,. ~ N(0,1). (46)

The random walk has the important implication that the trend inflation has a unit root. The
scalar latent state oy driving the partial autocorrelations also follows a random walk

Qr = Qi1+ 01114, m,e ~ N(0,1). (47)
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The stochastic volatility is modeled via an autoregressive process of first order
hy =6 + Bhi—1 + onnn e, Mt ~ N(0,1). (48)

The model capture changes in the inflation trend via the time-varying parameters and sudden
shocks in the variance process through the stochastic volatility. At each time t the trend inflation
can be approximated by the long-term forecast function

®o,t
1- €:1 ¢z‘,t

Inflation forecasts are expected to converge to (49) at every time ¢ when the effects of the
transitory innovations vanish. Note that the trend inflation is a well-defined process due to
the restrictions on the time-varying autogressive coefficients, ¢;;. Therefore, the non-linear
constrains are necessary due to the central bank activity in controlling the trend inflation. We
follow the literature on forecasting inflation and impose that the trend component has a unit
root.

lim Elyinlyd] = (49)
h—o0

5.1 Estimation results

The models were estimated using annualized seasonally adjusted quarterly U.S. C.P.I. infla-
tion from the first quarter of 1960 to the last quarter of 2019. More specifically, letting P; be the
quarterly CPI figures, we define m; = 400 log(P;/P,_1) as CPI inflation. The data were obtained
in the OECD Database. For the autoregressive orders, we select p = 0,1,2,4. The case p = 0 is
a local level model with stochastic volatility (LL-SV), and was selected to compare the effects of
including autoregressive terms. The maximum likelihood estimation and state smoothing were
performed using the Rao-Blackwellized NAIS with 20 Gauss-Hermite nodes, and 500 draws of
the importance sampler were used to evaluate the log-likelihood function. The estimates are
presented in table (4). Most parameters are statistically significant. It is interesting to note
that the estimate of the volatility of the intercept (op) becomes smaller when we introduce more
autoregressive terms in the model. Thus, there is a trade-off between time-variation in the in-
tercept and in the autoregressive terms. However, including autoregressive parameters leads to
an improvement in the log-likelihood value, the Akaike information criteria, and the Ljung-Box
Q-test. In terms of residual diagnostics, we observe that the null hypotheses of Normal distri-
bution and homoscedasticity are not rejected. However only for the TVP-AR(4)-SV model, the
null hypothesis of the Ljung-Box test is not rejected.

After estimating the parameters, they were used to obtain smoothed estimates of the time-
varying parameters. Figure 1 presents the estimated long-run inflation across specifications. The
most important difference among models is that the inclusion of time-varying autoregressive
terms yields a more smoothed trend. On the other hand, the long-run inflation delivered by
the LL-SV is much closer to the actual inflation. Thus, models with autoregressive parameters
indicate that agents appear to stick to their long-run reference of inflation when making their
forecasts. In other words, they do no expect that rises in inflation are necessarily completely
incorporated in the inflation trend, but can be transitory effects. It is interesting that after the
1980s, the trend inflation seems to be stable. This can be explained by the public belief that
the Federal Reserve has increased its commitment to price stability, resulting in low and stable
trend inflation with inflation expectations anchored in the inflation trend.

The volatility results in Figure 2 reveal that inflation was very volatile during the Great
Inflation of the 1970s. On the other hand, estimates for the 1990s show a reduction in the
volatility, which is consistent with price stability over the period. Recently, volatility peaked
again in the aftermath of the Global Financial Crisis, reaching higher levels than those observed
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Table 4: Estimation results

Parameter | LL-SV  TVP-AR(1)-SV TVP-AR(2)-SV TVP-AR(4)-SV

00 0.838 0.288 0.209 0.083
(0.088) (0.062) (0.127) (0.116)

o1 NA 0.054 0.051 0.049
(0.010) (0.010) (0.004)

0 —0.057 0.047 0.048 0.061
(0.083) (0.029) (0.047) (0.031)

B 0.835 0.874 0.883 0.865
(0.073) (0.040) (0.046) (0.038)

oh 0.791 0.469 0.451 0.467
(0.143) (0.096) (0.215) (0.074)

Ao NA NA 0.042 —0.01
(0.096) (0.040)

As NA NA NA 0.404
(0.059)

Ay NA NA NA —0.248
(0.012)

LogL —454.596 —448.448 —445.374 —432.270

AIC 901.193 886.897 880.748 854.540

KS 0.049 0.051 0.045 0.051
(0.576) (0.547) (0.689) (0.534)

LB 44.782 38.942 39.131 22.529
(0.000) (0.000) (0.000) (0.094)

ARCH-LM | 13.328 10.403 10.271 10.059
(0.205) (0.405) (0.417) (0.435)

The table reports the parameter estimates of the time-varying autoregressive model with stochastic volatility for
U.S. inflation. The statistical standard errors are in parentheses. LogL is the log-likelihood value. AIC is the
Akaike Information Criterion. For diagnostics tests, we report test statistic and p-values in parentheses. KS is
the the Kolmogorov-Smirnov normality test on expected standardized prediction errors. LB is the Ljung-Box
Q-test. 15 lags were used in the LB test. ARCH-LM is the Lagrange multiplier test for autocorrelation in the

expected standardized squared prediction errors. 10 lags were used in the ARCH-LM test.

during the 1970s, however without changes in the inflation trend. The volatility estimates are
similar across models however the LL-SV seems to generate slightly larger estimates.

Figure 3 displays the sum of the autoregressive parameters as the measure of overall per-
sistence in the model. Similarly to Cogley and Sargent (2002), our models suggest that the
persistence of inflation increased during the 1960s and reached the maximum during the 1970s.
A gradual decline was observed on the 1980s and afterwards. The estimated paths are similar
across models however the TVP-AR(4)-SV seems to generate higher levels of persistence.

5.2 Forecasting evaluation

The proposed models were used to forecast U.S. inflation and their predictive power was
measured by a pseudo out-of-sample forecasting exercise in comparison to univariate benchmark
models. We consider a range of univariate models covering the features of inflation. Simple
ARMA models: the random walk (RW), AR models, and the model with lowest Akaike infor-
mation criterion in the full sample: ARMA(1,3). Models with time-varying trend: the local-
level (LL) and time-varying autoregressive models (TVP-AR). Models with time-varying trend
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Figure 1: Inflation and its estimated trend. The dark line is the actual inflation. The red line is
the trend inflation.

and volatility: Local-level with stochastic volatility (LL-SV), time-varying autoregressive mod-
els with stochastic volatility (TVP-AR-SV), and unobserved components stochastic volatility
model (UCSV) of Stock and Watson (2007).

1. RW
T = M1 + €4, g ~ WN(0,0%). (50)
2. AR(p) withp=1,2,4
P
m=¢o+ Y Gimpte, e~ WN(O,07). (51)
i=1
3. ARMA(1,3)
T = ¢o + P11 + & + 01641 + 02642 + O343, e ~ WN(0,0?). (52)
4. LL: Local level
T = T €, €t NN(OaU§)> (53)
Mt = -1+ T, ne ~ N (0, 0'72,)- (54)
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Figure 2: Inflation volatility. The red line is the volatility estimate.

5. TVP-AR(p) with p = 1,2, 4: Time-varying autoregressive models

Tt

do,t

oy

b0t + 2 P(A o) + €4,
®0,t—1 + N0t
Q-1+ Mg,

6. LL-SV: Local level with stochastic volatility

Tt

®o,t
hy

7. UCSV: Unobserved components stochastic volatility

b0t + exp(he/2)es,
$0,6—1 + Mot
0+ Bhi—1 + nu g,

pe +exp(hae/2)er,
pe—1 + exp(hat/2)n;,

Et ~~ N(O,O’Q),

770,75 ~ N(070(2))7
Nt ~ N(07 U%)

&~ N(Oa 1)7

no,t ~ N(07 U(%)v
TNh,t ~ N(O7 0121)

Et ~ N(O, 1),
e~ N(07 1)7

hie =

hit—1+vig,

hot—1+ vag,
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Vit~ N(077)7
Vo~ N(Oa7)~

8. TVP-AR(p)-SV with p = 1,2,4: Time-Varying AR models with stochastic volatility.
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Figure 3: Inflation persistence. The red line is the estimated sum of autoregressive parameters.

The TVP-AR(p) and the UCSV were also estimated by the Rao-Blackwellized importance sam-
pling procedure using 20 GH nodes and 500 draws of the importance sampler. The estimation
is done through an expanding window starting in the first quarter of 1985. The initial date
includes part of the Great Inflation of the 1970s and was selected to test the forecasting ability
of the model under different inflation conditions. This means that the forecasting sample covers
the end of the Great Inflation, the entire Great Moderation of the 1990s and Global Financial
Crisis. Forecasts are computed for 1, 2, 4, 8, 12, and 16 steps ahead, and are evaluated on the

basis of the root mean square error (RMSE) and the mean absolute error defined as

T

1
Z € MAE = T = Z leznl (65)

t=n

1
RMSE = | ————
(T o n) t=n
where n is the starting point of the forecasts, and e;p, = yt1n — Ysynps 18 the ¢ + h forecast error.
The variable g, is the importance sampling estimate for E[y,y4|y:], and can be computed by

S
- _ (@) (@) (4) -
Yttnlt = E : <¢0,t+ht + $t+h|t(I)(A O‘t+ht)>wi(')v (66)

i=1
where xif&h't = ( zgﬁh—l\t’ cee ygh_plt). Equation (66) estimates the expected value of the pre-
dictive density for y,,; based on importance sampling draws. This estimator can be further
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simplified to filtered estimates of the latent states when no autoregressive terms are present.
To construct the forecasts, the time-varying parameters are estimated until time ¢ and updated
forward in the forecast horizon based on their estimated law of motion using information up to
time ¢.

The results of the forecasts are presented in Table 5 relative to the UCSV model as main
benchmark, i.e. the relative RMSE of model i is defined as RMSE; /RMSEycsy. Values smaller
than one imply that the model i has smaller RMSE than the UCSV. We note that all models
with time-varying coefficients forecast inflation well and outperform most benchmark specifica-
tions, especially in medium and longer horizons. For one-step ahead forecasts our models predict
inflation as good as the UCSV. However for longer horizons, the UCSV is easily surpassed by
our time-varying parameter models. These results suggest that models based on time-varying
parameters are better estimators of the inflation trend than models based on unobserved com-
ponents as the trend embedded in an inflation model plays a key role in longer-term inflation
forecasts (Clark & Doh, 2014). Hence, they are able to measure the public’s perception of the
inflation goal of the central bank in a more accurate way. It is noteworthy that the inclusion of
stochastic volatility reduces the forecasting errors for all horizons, but especially for short and
medium step-ahead. Hence, it is the combination of time-varying autoregressive parameters and
stochastic volatility which yields the best inflation forecasts.

The corrected Diebold-Mariano test proposed by Harvey, Leybourne, and Newbold (1997) is
applied to compare the predictive performance of the forecasts. Let L(.) be the mean squared
error loss function, the loss differential between the benchmark model j and model 7 is

dy = L)) — L(el), (67)

where egjiz are the forecasting errors of the benchmark models (1) to (7) previously presented,
and egi})l are the forecasting errors of the TVP-AR-SV models. We test the null hypothesis
Hy: E(d;) =0 Vt, (68)

with alternative
H : E(dt) >0 Vi (69)

Under the null the models have equally accurate forecasts, and under the alternative our mod-
els have more accurate forecasts. Note that the test provides only an approximation as the
asymptotic normal distribution only holds for forecasts obtained by non-nested models.

Table (6) presents the results. We note that the differences on the forecasting accuracy
are often statistically significant, especially for h = 4, h = 12, and 16 step-ahead forecasts.
The TVP-AR-SV models easily outperform simple autoregressive and local level models in most
forecasting horizons, but especially in the medium and long-run. It is interesting to highlight that
complex models such as the UCSV were outperformed in medium and long forecasting horizons.
This suggests that only unobserved components and stochastic volatility are not enough to
provide the most accurate forecasts of the trend inflation. These results are consistent with our
previous estimation using the whole dataset.

6 Conclusions

This paper develops efficient importance sampling methods for time-varying parameter au-
toregressive models with stochastic volatility. Stability and identifiability of time-varying au-
toregressive models are discussed. The estimation procedure is built on the importance sampling
of Koopman et al. (2015) and Richard and Zhang (2007) together with a Rao-Blackwelization
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Table 5: Forecast results

RMSE MAE

h=1 h=2 h=4 h=8 h=12 h=16|h=1 h=2 h=4 h=8 h=12 h=16
RW 1.132  1.257 1.270 1.234 1.232 1.236 1.146 1.246 1.242 1.212 1.155 1.202
AR(1) 1.054 1.111 1.109 1.115 1.155 1.179 1.074 1.124 1.148 1.135 1.300 1.329
AR(2) 1.038 1.097 1.091 1.096 1.140 1.181 1.035 1.105 1.113 1.116 1.259 1.328
AR(4) 1.036 1.090 1.086 1.077 1.104 1.160 | 1.040 1.085 1.087 1.092 1.206 1.298
ARMA(1,3) 1.021 1.081 1.093 1.055 1.060 1.112 | 0.999 1.066 1.094 1.062 0.990 1.218
LL 1.107 1.222 1.233 1.203 1.163 1.202 | 1.119 1.212 1.213 1.185 1.142 1.179
TVP-AR(1) 1.112 1.016 1.009 0.996 0.995 1.005 | 1.033 1.009 1.013 0.987 0.969 0.997
TVP-AR(2) 1.155 1.035 1.002 0.990 0.983  0.999 | 1.040 1.025 1.009 0.978 0.966 0.989
TVP-AR(4) 1.129 1.041 1.082 1.051 1.152 1.017 1.082 1.050 1.083 1.002 1.037 1.024
LL-SV 1.015 1.024 1.026 1.026 1.007 1.027 1.003 1.022 1.035 1.021 1.037 1.039
UCSv 1 1 1 1 1 1 1 1 1 1 1 1
TVP-AR(1)-SV | 1.008 0.973 0.977 0978 0.968 0.978 | 0.989 0.965 0.996 0.958 0.985 0.979
TVP-AR(2)-SV | 1.003 0.964 0.966 0.970 0.963 0.964 | 0.993 0.962 0.993 0.956 0.980 0.965
TVP-AR(4)-SV | 0.989 0.963 0.983 0.936 0.927  0.897 | 0.990 0.956 0.994 0.910 0.935 0.890

The table presents root mean square errors and mean absolute errors relative to the UCSV. Values smaller than
one imply that the model has smaller RMSE than the UCSV. Forecasts are computed using an expanding
window initially starting in 1985Q1, yielding 139, 138, 136, 132, 127, and 124 out-of-sample forecasts for h=1, 2,
4, 8, 12, and 16 respectively.

step. We show that the model has a linear and Gaussian representation conditional on the non-
linear latent states. The method yields a numerically and computationally efficient estimation
procedure, as only non-linear states need to be simulated. The likelihood estimator is continuous
and efficient due to it having the lowest variance.

A simulation study for an empirically relevant set of parameters shows that the average of
parameter estimates tend to be closer to the real parameters when the sample size increases.
Furthermore, standard deviations and the RMSE also significantly decrease. The sampling
distribution of the parameters seems to be getting closer to the true value as the sample size
increases. The RB-NAIS method outperforms an alternative maximum likelihood procedure in
all criteria. This suggests that the procedure is reliable and yields estimates with good finite-
sample properties for the proposed model.

The model is then applied to forecast U.S. C.P.I. inflation. Smoothed estimates of the time-
varying parameters show that the inflation trend has been stable since the 1980s, indicating the
public belief in the Federal Reserve’s commitment to price stability in the long-run. An out-of-
sample forecasting exercise highlights the predictive power of the proposed model, outperforming
simpler and more complex univariate benchmark specifications, especially in medium and longer
horizons. This indicates that the models provide more accurate trend inflation estimates, as the
success of a forecasting model in the long-run depends on its implied trend.
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A Backward-Forward Sampling Algorithm

This appendix discusses the Backward-Forward (BF) sampling algorithm to sample from a
multivariate linear and Gaussian proposal density, which can be regarded as an alternative to
the Kalman Filter. The algorithm is able to sample from the proposal density even when some
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matrices Cy are close to singular. Moreover, infrequent problematic cases can be corrected by
finding the closest symmetric positive definite matrix to C;. The procedure is based on Jung,
Liesenfeld, and Richard (2011), and modified by Koopman et al. (2015) to yield a more efficient
sampling scheme. More details on the construction of the sampler can be found in Koopman et
al. (2015). Initially, we rewrite the state equations for the non-linear latent states ;

0 =d+T0_1 +m, ne ~ N(0,€), (70)

where d is the 2 x 1 vector of constants and T is the 2 x 2 matrix of autoregressive parameters.
The procedure is based on the following decomposition of the importance density for the
states 0

T
g0lyie) = [ 9(0ul0i—1,v5:00) (71)
t=1
T ~ ~ ~ ~ ~
= Hg(yt|9t;SOt)g(@tWt—l;@t)X(@t—hbt,ct)Ct(Qt,th,CtH), (72)
=1

where X(ét—la b, Ct) is the integrating constant transferred from ¢ + 1, and Ct(ét, bit1,Cry1) is
a Gaussian kernel intended to approximate the proposal and the target integrand. Given the
linearity of the representation g(f|y;¢) the Gaussian kernel is proportional to the integrating
constant

Ci(0t,bey1, Crp1) o< 1/ X411 (0t, b, C). (73)

Thus the resulting sampling density is proportional to
90001001, 915 00) < g(yelOs; 00)g(B:]6r—1; 01). (74)
The integrating constant is defined as

- - 1- -
Xt(et—la by, Ct) = €Xp <7"t - q£9t_1 + 29£1Pt9t—1>, (75)

where 7 is a scalar, ¢; is a m X 1 vector, and P, is a m X m matrix, with m being the dimension
of the state vector ;. The next period Gaussian kernel is, therefore, given by

N 1. N
Ct+1(0, ber1, Cry1) = exp <q£+19t - 29£Pt+1‘9t>- (76)

It follows then that the Gaussian sampler g(ét\ét_l, Yt,; pt) is proportional to
9(0e10r—1, v 0¢) o g(yel0s; 1) G (Br, b1, Com1)g(0elr—1: 1) (77)
It can be shown that the mean and variance of g(6;|0;_1,y) are

e = Xi(be + Qfl(d + Tét—l) + Gi41)s (78)
Y o= (4G4 Pyr) (79)

Given these expressions for the mean and variance of the importance density it is possible to
rewrite the sampling of #; as a linear representation

0, = di + T 01 +m;, ni ~ N(0,%), (80)
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where df = Xy(by + Q7 'd + q;41) and T} = ¥, Q7 'T. The initial condition for the recursion is
01 ~ N(d,%1).

We continue by showing how to express the integrating constant, and the value of 7(.)
required to compute the linear state-space representation for sampling the state vector. The
function y; is given by the integrating constant of the Gaussian kernel g(étlét_l; ©¢) over the
state variable ét—l

~ Q 1 ~ ~ 1 _
Xt(0i—1,b,Cy) = |Et||exp<2(d + 10,1 (d+ T@t_1)>exp< — 5/1;275 1Mt) . (81)

We can substitute the expression for the mean of the importance (78) into (81). After some
manipulation this yields

P = T'Q T —T'O%Q7T, (82)
@ = T IS(by+ Q7 d+ q1) —T'Q7 4, (83)
1 Q| 1,
= Zlog| = | +=da! 4
T 20g<2t>—|—2d d (84)
1
— §(bt+Q‘1d+qt71)’2t(bt+Q_1d+qt+1), (85)

where the covariance matrix Y; was defined previously. We can initiate the recursions with
x7(.) = 1, thus Pryq can be initialized with a matrix of zeros and gr41 with a vector of zeros.
The procedure starts with the backward filter, where we evaluate X;, P, ¢, r¢+. From these
values it is obtained df, 7. In the forward pass we compute the mean and the variance of the
state vector

El6] = di +T;E[6i-1], (86)
VO) = TVO)T +3, (87)
where E[f;] and V (6;) can be used in the implementation of the Efficient Importance sampling

and the Numerically Accelerated version of Koopman et al. (2015). Finally, the likelihood of
the importance model is computed as

T

9(y; @) = [ [ exp(—rs), (88)

i=1

which is necessary in the likelihood estimator equation (27) in the main text.
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