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Limit theorems for trawl processes”

Mikko S. Pakkanen' Riccardo Passeggeri? Orimar Sauri®
Almut E. D. Veraart'

Abstract

In this work we derive limit theorems for trawl processes. First, we study the
asymptotic behavior of the partial sums of the discretized trawl process (X;a,,) }Zf} -1
under the assumption that as n T 0o, A, | 0 and nA,, — u € [0,4+00]. Second, we
prove a general result on functional convergence in distribution of trawl processes. As
an application of this result, we show that a trawl process whose Lévy measure tends
to infinity converges in distribution, under suitable rescaling, to a Gaussian moving

average process.

Keywords: trawl process; partial sum; stable convergence; functional limit theorem; moving
average.
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1 Introduction

In this paper, we study probabilistic limit theorems for a class of stationary infinitely
divisible stochastic processes called trawl processes, which were introduced for the
first time in 2011 by Barndorff-Nielsen [2]. By construction, a trawl process allows
for both a very flexible autocorrelation structure and the possibility of generating any
kind of marginal distribution within the class of infinitely divisible distributions. Often

*R. P. acknowledges the support provided by the Fondation Sciences Mathématiques de Paris (FSMP)
fellowship, held at LPSM (Sorbonne University). O. S. would like to thank the Villum Fonden for providing
partial funding for this research as part of the project number 11745 titled “Ambit Fields: Probabilistic
Properties and Statistical Inference”.

TDepartment of Mathematics, Imperial College London, South Kensington Campus, London, SW7 2AZ, UK.

E-mail: m. pakkanen@imperial.ac.uk
*Department of Statistical Sciences, University of Toronto, 700 University Ave., Toronto, ON, M5G 1X6,
Canada.
E-mail: r.passeggeri@utoronto.ca
SDepartment of Mathematical Sciences, Aalborg University, Skjernvej 4A, 9220, Aalborg, Denmark.
E-mail: osauri@math.aau.dk
fDepartment of Mathematics, Imperial College London, South Kensington Campus, London, SW7 2AZ, UK.
E-mail: a.veraart@imperial.ac.uk


https://imstat.org/journals-and-publications/electronic-journal-of-probability/
https://doi.org/10.1214/21-EJP652
https://ams.org/mathscinet/msc/msc2020.html
https://arXiv.org/abs/2009.10698
mailto:m.pakkanen@imperial.ac.uk
mailto:r.passeggeri@utoronto.ca
mailto:osauri@math.aau.dk
mailto:a.veraart@imperial.ac.uk

Limit theorems for trawl processes

the marginal distribution is chosen among infinitely divisible distributions on positive
integers, with a view to applying the process as a model of serially correlated temporal
count data, although in general such an assumption is not necessary.

Barndorff-Nielsen et al. [5] provide the first systematic study of trawl processes,
investigating their probabilistic properties and analyzing volatility modulation within
this framework. A distinctive feature of the class of trawl processes is that it allows
to model independently its correlation structure from its marginal distribution. More
specifically, if L denotes a homogeneous Lévy basis on R? (see Section 2), and 4 =
{(r,y) : 7 <0,0 <y <a(-r)} where a : Rt — R™" is a non-increasing integrable function,
then X, := L(A;), t € R, where A, := A+ (¢,0), is termed as trawl process. Under this
framework, L determines the distribution of X; while the autocorrelation function of X
is described by the so-called trawl function a via the relation

o d
px(h) = I8

Jo a(s)ds
This expression reveals that if high-frequency observations of X, say (XA, x)k=0,1....n, are
available, then inference on a can be done through the sample autocovariance function
which, as it is well known, consists of a quadratic and a linear functional of X. Motivated
by this, during the first part of this paper we focus on the linear component of the sample
autocovariance function, i.e. we study the asymptotic behavior of the (centered) partial

sums
[nt]—1
S" = ( > (Xauk —E(XAnkz))> ;
>0

k=0

where (A, )nen is @ sequence of non-negative constants such that A, | 0 and nA,, —
u € [0,+00] as n 1 co. The limiting behavior of this functional depends on the value of p.
Thus, we divide our analysis in three different scenarios, namely 0 < y < oo, 4 = 0, and
@ = 4o00. When 0 < 4 < oo we obtain that the above functional becomes a Riemann sum
and thus we derive a functional convergence in probability to g (X, — E(X,))ds. In the
case pu = 0, it turns out that the behavior of S™ depends on the increments of X around
0. Based on this, we show that S”, after centering and properly rescaling, converges
stably to certain stochastic integral driven by a Lévy process. Lastly, when p = +o0o
the limit depends on whether the trawl process X has short or long memory. Under
short memory, we show that, when properly scaled, S™ converges to a Brownian motion.
In contrast, when X exhibits long memory we have to further distinguish whether the
Gaussian component of the trawl process is present or not. If the Gaussian component is
present, then S™ under proper scaling converges towards a fractional Brownian motion
with Hurst parameter H > 1/2. Interestingly, if the Gaussian component is absent,
the limit is no longer Gaussian and the rate of convergence of S™ is governed by the
Blumenthal-Getoor index of the trawl process. We note that these findings agree with
those obtained by Grahovac et al. [13] on superpositions of Ornstein-Uhlenbeck type
processes.

Our second main result is a general functional limit theorem for trawl processes in
terms of the characteristic triplets of their Lévy seeds. As an application of the general
result, we establish a link between trawl processes and stationary Gaussian processes. In
particular, we show that the sequence of scaled trawl processes converges in distribution,
as their Lévy measures tend to infinity, to a limiting process which admits a Gaussian
moving average representation. Note that this result gives an insight on the modeling
set-up introduced by Marquez and Schmiegel [18]. In this work the authors proposed
to use a (conditionally) Gaussian moving average to describe the main component of a
turbulent velocity field while assuming that the energy dissipation can be represented
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by a trawl process. What is remarkable about this model, and very much in line with our
results, is that these two physical quantities are function of each other, i.e. the energy
dissipation is a function of the velocity field and vice versa.

Since article [5] appeared, there has been an increasing interest in trawl processes,
covering a wide range of issues ranging from applications to theoretical investigations,
and for the convenience of the reader we provide here a brief review of the recent
literature on these processes.

Prior to the present paper, several limit theorems for trawl processes have been de-
rived. Doukhan et al. [10] characterize a class of discrete time stationary trawl processes
and study the functional limits of their partial sums. Grahovac et al. [14] investigate the
intermittency property of trawl process, while Paulauskas [20] investigates trawl pro-
cesses (and general linear processes) with tapered innovations. Additionally, Talarczyk
and Treszczotko [28] study limit theorems for integrated trawl processes with symmetric
Lévy bases.

In a more applied realm, Noven et al. [19] develop a latent trawl process model for
extreme values and apply it to environmental time series. This work is extended by
Courgeau and Veraart [9], who derive an asymptotic theory for inference on the latent
trawl model for extreme values. Further work in the direction of extreme values has been
done by Bacro et al. [1], who propose hierarchical space-time modelling of asymptotically
independent exceedances based on a space-time extension of the trawl process and
apply their model to precipitation data. In finance, Shephard and Yang [27] and Veraart
[31] adapt the trawl process to provide a coherent statistical model of high-frequency
data, the latter considering multivariate trawl processes, while the suitability of trawl
processes for the modeling of high-frequency data is further corroborated by the results
of Rossi and Santucci de Magistris [23].

With regards to estimation methodology for trawl processes, in addition to the
aforementioned works [1, 5, 9, 19, 27], Doukhan [11] introduces spectral estimation for
non-linear long range dependent discrete time trawl processes, and Shephard and Yang
[26] develop likelihood inference for exponential-trawl processes.

The paper is structured as follows. Section 2 lays out the notation used throughout
the paper and discusses some essential preliminaries. In Sections 3 and 4 we formulate
the main results of the paper, concerning the asymptotics of partials sums of trawl
processes and the convergence of a sequence of trawl processes to a Gaussian moving
average, respectively. For the sake of ease of exposition, we defer the proofs of these
results to the end of the paper, namely to Section 5.

2 Preliminaries

In this section, we introduce the basic notations and recall several basic results and
concepts that will be used throughout this paper.

2.1 Functions of regular variation

A function g : Rt — R™ is said to be regularly varying at co with index o € R if as
t — oo

t
g(tz) =z % Va>0.

In this case we will write g € RVS®. If we replace ¢ — oo by ¢ — 07 in the previous
equation, then g is called regularly varying at 0 and in this case we denote this as
g e RV(;. If, in the previous definitions, a = 0, then we will refer to g as slowly varying.
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It is well known that if g € RV°, then as ¢ — oo

+oo ife > 0;

)zt —
9(@) {0 ife <0.

One of the key results for functions of regular variation is the Karamata’s Theorem
(KT for short) which states that, if g € RV, and locally bounded in [z, +00), then the
following limit results hold:

1. If p > a—1, then

1 v 1
—_ s)sPds - ———, = — o0,
xPtlg(x) /IO 9(s) p—a+1

2. For every p < a — 1, we have that

1 e rd 1
m : g(S)S §—> —, T — Q.

For a complete exposition on the basic properties of functions of regular variation we
refer the reader to [7].

2.2 Stable convergence

For the rest of this paper, (2, 7,P) will denote a complete probability space. The
notations — and % stand, respectively, for convergence in probability and distribution of
random vectors (r.v.’s for short). If Xn/YnEO when n — oo, we write X,, = op(Y;,). Given
a sub-o-field G C F and a sequence of r.v.’s (§,,)n>1 on (2, F, P), by G-stably convergence
in distribution of £, towards a random vector (r.v. for short) £ (in symbols &, o4 &),
we mean that, conditioned on any non-null event in G, §7L—d> £. In this framework, if
(X{)ternen is a family of stochastic processes, we will write X" g_—>fd X if the finite-
dimensional distributions (f.d.d. for short) of X™ converge G-stably toward the f.d.d. of

X. We further write X" g'D:[OﬁT] X, if X™ converges to X in the Skorohod topology and

-fd . -
X" g—f> X. We refer the reader to [15] for a concise exposition of stable convergence.

2.3 Lévy bases and infinite divisibility

Let n be a measure on B(R%), the Borel sets on R?, and let B} (R?) := {A € B(R?) :
n(A) < oo}. The family L = {L (A) : A € B](R%)} of real-valued r.v.’s will be called a
Lévy basis if it is an infinitely divisible (ID for short) independently scattered random
measure, that is, L is o-additive almost surely and such that for any A, B € B} (R?), L(A)
and L(B) are ID r.v.’s that are independent whenever AN B = (). The cumulant of a r.v. &,
in case it exists, will be denoted by C(z;¢) := log E(e?*¢). We will say that L is separable
with control measure 7, if

C(z L(A)) = n(A)(2), A€BJ(RY),z€R,

where
P(z) i=dyz — %b222 —|—/ (e —1 — izxljy<1)v(de), z €R, (2.1)
R\{0}
with v € R, b > 0 and v is a Lévy measure, i.e. v({0}) = 0 and f]R\{O}(l Az r(dz) < .
When n = Leb, in which Leb represents the Lebesgue measure on R¢, L is called
homogeneous. The ID r.v. associated to the characteristic triplet (v,b,v) is called
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the Lévy seed of L and will be denoted by L’. As usual, (v,b,v) will be called the
characteristic triplet of L and ¢ its characteristic exponent. The Blumenthal-Getoor
index of an ID distribution with triplet (v, b,v), is defined and denoted as

B, := inf {B >0: /| - lz|” v(dz) < oo}.

Within this framework, we will also refer to 3, as the Bluementhal-Getoor index of a
homogeneous Lévy basis with characteristic triplet (v, b, v). In this paper, the sigma field
generated by L is denoted by F}.

For any Lévy measure v, we associate the functions v* : (0,00) — R™, defined as
v (x) :=v(z,o0) and v~ (z) := v(—o0,—z). Let K, + K_ > 0and 0 < 3 < 2. A separable
Lévy basis is called strictly S-stable with parameters (5, K4, K_,~) if its Lévy seed is
distributed according to a strictly S-stable distribution, that is, the characteristic triplet
of L' has no Gaussian component (b = 0), its Lévy measure satisfies

v(dx)
dx

= Ky |2 asoy + K [2] 7 1acy,
and either vy = (K_ — K )/ |8 — 1| when 8 # 1, or vy arbitrary with K, = K_ in the case

of 8 = 1. The characteristic exponent of a strictly S-stable with parameters (5, K, K_,~)
admits the representation for every z € R

—o|2|? (1 — ipsign(z) tan(rB/2)) if B # 1;

z3 7K aK—7 = 22
W(z; 8, Ky ) {—K+7T|Z|+i’72 ifg=1, (2.2)
where
K, - K_
0 = D(=f)cos(nf/2) (K +K-), and pi= 5

2.4 Trawl processes

Let L be a homogeneous Lévy basis on R? with characteristic triplet (v,b,v). In
addition, let @ : R™ — R be a non-increasing integrable function and put

A={(r,y):r<0,0<y <a(-r)}.

The process defined by
X, :=L(A4), teR, (2.3)

where A; := A+ (¢,0), is termed as a trawl process. From now on, we will refer to A and
a, as the trawl set and the trawl function, respectively. It is well known that X is strictly
stationary and, in the case when L is square integrable, its auto-covariance function is
given by

I'x(h) = Var(L’)/ a(u)du, h € R. (2.4)
|R|
Moreover, 'y uniquely characterizes a. More precisely, if L is square integrable, and X
and X are two trawls processes associated to L with trawls functions ¢ and a, respectively,
then a = a a.e. if and only if

I'x =T;.
For a detailed exposition on the basic properties of trawl processes we refer to [5] and

[4].
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3 Limit theorems for partial sums of trawl processes

n—1

In this section, we focus on the limit theorems for the partial sums of (X;a, )/,
under the assumption that as n T oo, A, | 0 and nA,, — p € [0, +00]. More specifically,
we study the asymptotic behavior of the process S™ = (S[ﬁ;])tzo, where

m—1
SnA,L = Z(XAk — E(XAk)), meIN,A >0,
k=0
with X as in (2.3). Note that we will always assume that the associated Lévy basis L
has characteristic triplet (v, b,v) with E(|L’|) < oo, and that « is continuous in [0, c0).
Furthermore, for the sake of exposition all of our proofs are presented in Section 5.

3.1 Main results

In this section, we state our main results concerning S™. As expected, the rate of
convergence will depend entirely on the sampling scheme, which is in turn represented
by p. In what follows we will use the notation

X, =X, - E(X;), t€R.

3.1.1 The case 0 < 4 < o0

Let us start by assuming that nA, — p € (0,00). In this situation the points
t; =10, i=0,...,[nt] -1,

form a partition of [0,tu]. Consequently, A,,S? becomes a Riemann sum for the mapping
s — X,. Based on this observation, the following result is not surprising.

Proposition 3.1. Suppose that E(|L'|*) < co and A,n — pu € (0,00). Then for every

V>0
sup Eo.
0<t<V

tp
A,SI — / X,ds
0

3.1.2 The case =0

Let us now turn our attention to the case when p = 0. Intuitively, when this occurs, one
should expect that
XAHTL%XAninXO’ i:O71,...77’L—1,
for n large, which suggests that
1 -
*Sﬁ" ~ Xj.

n
This turns out to be true as the following result shows.

Proposition 3.2. Suppose that E(|L'|) < co and a is continuously differentiable in a
neighbourhood of 0. If A,,n — 0 as n — oo, then

1 -
—sr Bix,, t>o0.
n
Next, we proceed to derive second order asymptotics for S™ when p = 0. Following
the previously discussed heuristic argument, one should expect that, for large n,

1 ~
*S? — tXO ~ t(XAnn — XQ)
n

Therefore, in this case, the asymptotic result is determined by the behaviour of the
increments of X. Before presenting our results in this framework, we introduce our
working assumption, which reads as follows:
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Assumptlon 3.3. There exists a constant 0 < § < 2 such that (see Section 2) v ( ) ~
Kix Pasz — 0F w1th K, + K_ > 0. Furthermore, if 3 = 1 assume in addition that
K+ = K_ and PVf Lzv( (dz), the Cauchy principal value, exists.

Theorem 3.4. Let the assumptions of Proposition 3.2 hold and set Z}* := (%XO - %S?)
Then the following holds.

i. Ifb > 0, then

1 F-fd /t
—— 72T s | (t—s)dB,, t>0,
k2T et
where B is a Brownian motion which can be chosen independent of L, and o2 =

2b%a(0).
iii. Suppose thatb = 0 and Assumption 3.3 holds. Then, as n — oo,

1 F-fd t
— 7y t—s)dY,, t>0,
g T [ (e e

where Y is a symmetric (3-stable Lévy processes with K, = 3a(0)(K 4 + K_), which
is in addition independent of L.

3.1.3 The case ;= +x

Suppose now that nA,, - 4 = 400 asn T oo and A, | 0. In order to get some
intuition of what one should expect in this situation, firstly let A,, = A, i.e. the space
between observations if fixed. Obviously, A,n — +oco and the process (Xap)n>1 is
strictly stationary. In this situation S™ becomes the partial sums of a discrete-time
stationary process. In view of this, when properly scaled, S™ typically converges to
either a Brownian motion or a fractional Brownian motion (fBm for short), depending
whether (Xa,)n>1 has short memory or long memory, respectively. It turned out that in
our general setup, the former result still holds, while in the latter S™ will converge to
a fBm only when L has a Gaussian component. Before presenting our results for this
sampling scheme, we introduce our working assumptions.

Assumption 3.5 (SM). There is py > 2 such that E(|L'|™*) < oo and a(s) = O(s7?°) as
s T +oo.

Assumption 3.6 (LM). Assume that E(|L'|?) < oo, and that there is a strictly positive
continuous function o’ € RV}, with 1 < o < 2, such that

ats)= [y s>0

Assumption 3.7 (LM’). Assumption 3.6 holds and for some c, > 0, a’(y) ~ c,y~ "1 as
Yy — Q.

Our first result concerns the short memory case:
Theorem 3.8. Suppose that u = +o0o, and that Assumption 3.5 is fulfilled. Put

(U K XOaXAN,...,XkAN))_

k>1 N>k

A, X_
78" g :D>[071] O-aBﬂ
n

where 02 = Var(L') [ a(s)ds and B is a Brownian motion independent of G*.

Then, as n 1T oo
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Remark 3.9. By the independent scatteredness property of L, the limiting process
appearing in Theorem 3.8 is not only independent of G, but also of

a(L(D):DﬂUAt:Q)).

>0

Furthermore, in view that the array of o-fields

Froi=0(Xo, XA, X4n,), §=0,1,...,n—1,

J,n

is “almost nested”, we conjecture that
GX =0o(X,,t>0).

The asymptotic behaviour drastically changes when X has long memory. We will now
present two theorems distinguishing the cases of presence and absence of the Gaussian
component in L.

Theorem 3.10. Let Assumption 3.6 hold. Suppose thatb > 0, E(|L'|*) < 0o, and p = +oo.

Then as n T oo
1

S e C oaBH, n — oo,
ny/a(nAp,)nA,

where O'i = m, BH is a fBm of index H = 3770( > 1/2

In the absence of the Gaussian component, the limit is no longer Gaussian and the rate
of convergence for S™ varies according to the behaviour of /3, the Blumenthal-Getoor
index of L. More precisely, we have the following theorem.

Theorem 3.11. Let Assumption 3.6 hold. Suppose thatb =0, (|L’|2) < 0o, and that
W = +o0. The following holds:

i. If B, < a, let Assumption 3.7 hold. Then, as n T oo

B gy
(canlAy) = ’

where Y is a strictly a-stable Lévy process satisfying that (see (2.2))
C(Z; Yl) = 1/)(2’ «, K+,O¢7 K+,a7 :)/)a
with Ky o = [ z*v(dz) and K_ o = fi)oo |z|* v(dx).

ii. When 2 > 3, > o > 1, further assume that for some K, + K_ > 0, v¥(z) ~ Kyaz P
asx — 0. Then, asn — oo,

1
n (a(nAn)nAn)l/ﬁ”

sy e,

where £ is strictly §,-stable, such that

C(Z,f) = w(z;ﬂv»K—&-,a,ﬁya K—,oz,ﬁl,a'?)v

in which K+ o 5, = 0o, K= and

1 1
On = + a/ (1—s)sP(etds 4 2/ sh=ads.
0 0

a—1
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Remark 3.12. Here, the notation v*(z) ~ Kiz~? means that z°v*(z) — K. when
x | 0. Moreover, this property only concerns the behaviour of the Lévy measure of L
around zero. Hence, one can simultaneously have that this condition is satisfied and that
the second moment of L is finite. An example of such an infinitely divisible distribution
is the normal inverse Gaussian distribution (see [25]).

Before presenting our last result for this section we would like to comment why, to
the best of our knowledge, Theorems 3.8-3.11 cannot (in general) be deduced from
existing results in the literature. First, (fractional) Donsker-type theorems are typically
stated for a fixed discrete-time stationary process, while in our case, (Xa,»)n>0 is @
sequence of processes. Another alternative, which is more specific to our framework
(infill and long span asymptotics), would be to apply the results obtained in [12] for
sequences of discrete-time moving average processes. However, as pointed out in [10],
in general trawl processes cannot be represented as a moving average process (see also
[2] and references therein). Finally, in the Gaussian case, i.e. when v = 0, one could
try to use the continuous version of the Breuer-Major theorem (see for instance [8] and
references therein) to derive limit theorems of the non-linear functional

[nt]—1

SE(t) = > (G(Xa,k) — B(G(Xa,x), t>0,
k=0

via the sequence

Zi = /RM[G(XS) — E(G(X;))lds, ¢ >0,
0

in which G is a measurable function. Since for G(z) = x, it holds that

1
VAN

We conclude that Z}* is asymptotically equivalent to S%.(¢) whenever A, \/n — 0. The
latter condition is clearly stronger than the one imposed in our main results. We
would like to emphasize that it is not clear whether the previous bound is optimal or
not. Therefore, future research should examine the situations in which the asymptotic
behaviour of S¢, can be described by Z".

Most of the estimates used in our proofs rely heavily on the square integrability of L.
Thus, it is natural to consider the situation in which this condition does not hold anymore.
The following result gives a partial answer to this question.

E(|Z]" — AnSg(1)]) < O(Any/n) +o(1).

Theorem 3.13. Let Assumption 3.6 hold. Suppose that L is strictly $-stable with
parameters (K, K_, 3,%) and that u = +oco. Then the following holds:

i. If1 < 8 < «, then

A
_on_gnfd Y, n— oo,
(nAn)l/’G

where Y is a strictly 5-stable Lévy process satisfying that (see (2.2))
C(Za Yl) = C(Zv Yl) = ’l/)(Z, 55 QaK-i-,(h Q(LKv ;5/)5
where g, = [, s”d/(s)ds.

ii. If2 > B > «, then the conclusion in Theorem 3.11 ii. remains valid.

EJP 26 (2021), paper 116. https://www.imstat.org/ejp
Page 9/36


https://doi.org/10.1214/21-EJP652
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Limit theorems for trawl processes

4 Functional convergence of trawl processes

4.1 General limit theorem

In this section, we study the convergence in distribution of a sequence of trawl
processes to an infinitely divisible process in the Skorohod space D[0, o). Note that the
convergence of the finite-dimensional distributions of trawl processes in general can
be characterized using existing limit theorems for infinitely divisible distributions, e.g.,
Lemma 15.15 in [17], so our focus is primarily on tightness.

To ensure the tightness of the sequence of trawl processes with a fixed trawl set A,
we need a technical assumption that is formulated in terms of the set Bt’s,r = A\ A\ A
for r < s < t. An illustration of the set Bt,s,r, among some other relevant sets, is given in
Fig. 1 in Section 4.7.

Assumption 4.1 (Behaviour of trawl sets). We assume that a is monotone, and that
given any r,s,t € R such that r < s <t we have Leb(A; \ 4;) < C(t - s)2*5 and
Leb(By s,.) < C'(t — r)t*, where C,C’ € (0,00) and € > 0.

Remark 4.2. When ¢ is monotone, we can write

Leb(Brr) = | (a(s — p) — a(t — p))dp.

Remark 4.3. We stress that Assumption 4.1 is indeed only needed for tightness in the
proof of Theorem 4.7 below, and the convergence of the finite-dimensional distributions
does not rely on it.

We will now look at two examples of a that satisfy Assumption 4.1 and one that does
not.

Example 4.4 (Exponential). For p > 0 consider a(p) := Ce™? with C > 0, then by the
mean value theorem we have that

Leb(By.s,) = c/ (P~ — P tydp < c/' (t— 8)eP=dp < C(s — r)(t — s) < C(t — )2,

and .
Leb(A:\ As) = C'/ eP7tdp < C(t — s).

Example 4.5 (Lipschitz functions). Let f : R, — R be a Lipschitz monotone function
with Lipschitz constant M > 0. Consider a(p) := C'f(p) with C > 0, then by the Lipschitz
condition we obtain that

Leb(Bror) = C [ (f(s—p) — £t —p))dp
< C'M/S(t —s8)dp < CM(t —7)*.

and ,
Leb(A\ A) = C [ f(t = p)dp < FOIC(t - ).

Example 4.6 (Unbounded trawl). Suppose that a(p) = pitipe (0,po), for some py > 0
and € € (0, 1). Then for r,s,t € (0,po) such thatr < s <t¢,

(NI

Leb(Bt,sm) = /rs [(s —p)_%‘*‘% —(t—p)* +§} dp

1

= C (s =38 = (t=n)3F5 (- s)3TE ]
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and notice that when s = (¢t +r)/2 (namely ¢t — s = s — r), we have, by denoting = :=t — s,

wln

1 € 1 € 1 € 1 € 1 € 1
rztz — (2z)2t2 4 g2te = (2 — 25‘*‘5) x2ts =(C'g2t2,

which does not satisfies the desired condition of Assumption 4.1.

Let us now rewrite (2.1) as follows:

izz iz \1+2? _
(6 —-1- W)TV(dI), A ]R,

W(z) = m+/

R

where

2

%u(dx), and ,%::7—}—/

5(dx) = b2y (d _r
v(dz) of x)+1+x R\{o}(lJrfCQ

—$1|I|§1)1/(dx), .1)

and where the integrand in (4.1) is defined as —§ when x = 0 to attain continuity (see
page 295 in [17]). In the general limit theorem we use the following notation: For any
ceRlet

2
T @ (dz), and

7 (dz) := (b'9)26y(dx) + e

+z

(©) .— () _r (c)

K=y +/ ( i< )1/ (dx),
R\{0} 1+ a2 et

where 79 := ¢y + [ cx(Ljegi<1 — Ligj<1)v(dx), b := cb, and v(9(B) = v(c™'B) = v({z :
cx € B}). In particular, if (7, x) is the characteristic couple (resp. (7(?),b(9), (%)) is the
characteristic triplet) of an ID random variable X then (7(¢), (%)) is the characteristic
couple (resp. (7(9),b(¢), 1(9) is the characteristic triplet) of c¢X.

Theorem 4.7. Let (Xt(n))nem be a sequence of trawl process with characteristics
(Yn, b, V) or equivalently (v, k), n € IN. LetY; be a trawl process with trawl seed
having characteristics (v, b, v) or equivalently (v, x). Let (r,)n,en be a sequence of real
valued constants. Assume that Assumption 4.1 holds. Then,

(n) D[0,00)
I

holds if and only if 7™ “$* 7 and k{'") — K asn — .

4.2 Convergence to a Gaussian moving average

As the limit Y in Theorem 4.7 is a stationary, infinitely divisible process, it may be
possible to express it in simpler form as a causal moving average

t
Y, = / g(t —s)dLs, teR, (4.2)
— 00

with some kernel function g : R — R and a Lévy process L;. If this is possible, it is
subsequently interesting to study how g relates to the trawl function a, for example
from a modelling point of view. Imagine that we would like to approximate a moving
average with a particular kernel by a sequence of trawl processes. How can we choose
the right a?. In other words, how do we choose the right sequence of trawl processes?.
We restrict ourselves here to the Gaussian case where L; reduces to a Brownian motion,
as in this situation we are able to give a rather complete result. In the non-Gaussian
case, difficulties may arise with the existence of representation (4.2), especially if Y is
not square integrable (see Section 5 in [2] for further discussion).
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Theorem 4.8. Let a(h) = — 4= [ g(s)g(h + s)ds for every h > 0, where g € L*(R), and

let Xt( ") be the assoc1ated trawl process with characteristics (v, bn, vy,) for any n € IN.
Assume further that Assumption 4.1 holds. Then the convergence

t
{rnXt(")} PLoge) {/ gt — s)st} , asn — oo,
te[0,00) oo t€[0,00)

where B is a one-dimensional Brownian motion, holds if and only if I/(Tﬂ wegk 0o and
kU™ 5 0 asn — .

Remark 4.9. Observe that, in the case when g is differentiable and positive monotone
(resp. bounded) then, by the rnonotone (resp. bounded) convergence theorem, we have
4 157 9(s)g(h + s)ds = [;° g(s)g'(h + s)ds.

It is worth stressing that Theorems 4.7 and 4.8 apply to the centered process

ro(X™ — E[X™]) as well. In the following remark we present some conditions on

the characteristic triplet of the converging centered trawl process. These conditions are
stronger than those in Theorem 4.8, but they are useful in practice (as we show in the
subsequent example).

Remark 4.10. Consider the following conditions: [, 722wy, (dx) — 1, [ 73|23 v, (dz) —
0, and r2b2 — 0 as n — co. Then, we have that

logE(eXp(Xi: 2y (X007 - E[ij@])))

L[

k
Irpx k_ zila, (y,s .
+/ (e 2o zilag; (W) —21[71,1](35)7“”,@2@1,4% (y,s))un(dx)
R =
k

_ z/ Tr, Z ziLa, (y, s)l/n(dx)] dsdy
|z >1 !

Jj=1

k 2
//f’%bi(zzjhtj(y,s)) dsdy
j=1
1 k 2
)
_ —TiT z-IAt,(y,8)> Vp(dx)dsdy
/111/13/1112 (; I A
ir xZ’? 21, (y,5) k
+/ // <€ " J=1737485 3 _1_Zrn$ZZ]IA1 (y’ S)
RJRJR 2 ;

k 2
1
+ §rix2 ( Z ziLa, (y, s)) >Vn(dx)dsdy.
j=1

It is possible to see that the last term is bounded by C [ 73 |z[*v, (dz), where C' > 0.
Moreover, we have that

k 2
1
- Z-IAt.y78>7”,’2Lx2I/nddedy—E zjz1Leb(Ag, N Ay, /rwundx
/]R/]R/]RQ<J.§_:1J ;(:9) (dz) jaLeb(Ay, t)]R (dx)

7,0=1

k
1
=3 Z zjzLeb(Ay; N Ay,), as n — oc.

=1
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This implies the convergence of the finite-dimensional distributions. For tightness, the
same arguments as the ones used in the proof of Theorem 4.7 apply.

Example 4.11 (The Poisson case). In this example we show that the assumptions on
the characteristics of Theorem 4.8 (see in particular Remark 4.10) are satisfied in the
case Xt(n) = LM (A;) ~ Poisson(\™ Leb(A)) for all ¢ € [0,00), where A\(™) is the intensity
parameter (or equivalently, L'(™) ~ Poisson(A("™)). In particular, we have that

Clz; L'™) = A\ (e —1).

Letr, = ﬁ In order to satisfies the assumptions we have to impose that A(") = n + o(n)
(e.g. A = + bn? for b € R and v < 1). Indeed,

2 A(m) 3 A
/ m—V(”)(da:) —1s — 1, and / mV(”)(da:) - 0& — 0, asn — oc.
R T n R

Concerning the trawl function, we can take a(p) = Ce P, which satisfies Assumption 4.1
(see Example 4.4).

Example 4.12 (A kernel g that satisfies Assumption 4.1). Let g : R4 — R be integrable,
monotonically decreasing and second order differentiable with ¢”(x) > 0, Va2 € R4, and
let C > 0. Then a(h) = —C f0°° g(8)g’(h + s)ds satisfies the assumptions of Theorem
4.8. Indeed, it is possible to see that a is positive (since ¢’ is negative), monotonically
decreasing (since ¢’ is monotonically increasing), and satisfies Assumption 4.1 thanks to
Example 4.5; indeed

g"(0)
C

1 ! 1 e 1" o
sup < |a’'(p)| = = sup [ g(s)g"(p+ s)ds < g(s)ds < oo,
0 0

p>0 C C p>0

where we further used that ¢” is monotonically decreasing.

5 Proofs

Throughout all our proofs, the non-random positive constants will be denoted by the
generic symbol C' > 0, and they may change from line to line. Additionally, for simplicity
and without loss of generality, we may and do assume that E(L’) = 0 and Var(L’') =1
in such a way that I'x (h) = [~ a(s)ds, for h > 0. We note that below we will use the
notation T,, = nA,,.

5.1 Technical lemmas

We start by analysing the variance of S2

m*

Lemma 5.1. Suppose that E(|L'|*) < co. Then

2 mA  pr
Var(S53) = E/o /0 I'x(s)dsdr +O(m), m e IN,A > 0. (5.1)

Furthermore, if Am — p € [0,400] as A | 0 and m 1 oo, then we have the following
result.
i. If p =0, then
%V&T‘(Sﬁ) — I'x(0).
ii. If0 < p < oo, then
A*Var(S2) —>2/0ﬁ /0 I'x(s)dsdr.
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iii. If y = +oo, then

a) If [[* [ a(s)dsdr < oo, then Var(S5) ~ [ I'x(s)ds%, as A | 0 and m 1 occ.

b) If fo fT (s)dsdr = +oo assume in addition that a E RV with 1 < a < 2.

/
Then, V(Z’I"(S ) ~ CQVGT(L) (mA)m A Co = W

Proof. We have that

i

m—1
Var(Sp) =mIx(0)+2 > > I'x(jA). (5.2)
i=1 j=1

Now,

m—1 1 mA r
1 2
R(m, A) = A2 A Zl ZFX ]A)—/O /0 I'x(s)dsdr

% j=1

=R (m, A) + Rg(m, A) + Rg(m, A) + R4(m, A),

where

i DA GHDA
Ry(m.A) = = ' Z/ / (M (GA) — Iy (s)] dsdr:

j A

1 T
Ry(m, A) = fE/O /0 I'x(s)dsdr;

1 ™= 1 G+1)A  pGE+D)A
R3(m,A) := Az Z /A / I'x (s)dsdr;
i=1"" r

From (2.4), I'x is non-increasing on R™, with derivative —Var(L')a. Therefore

(i+1)A (F+1)A
Ri(m, A)| < C / / a(jA)dsdr

(i+1)A
/ / a(jA)dsdr
m=1 i (i+1)A
C / / s)dsdr
A G-na

=1 j

=1
<C— A /0 / s)dsdr.

In a similar way, we obtain that
1 Am
[Ra(m, 8)] + |Ram, A)| < 5 [ Tx(r)ar,
0
The results above imply that

R(m,A) < CmIx(0).
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This estimate together with (5.2) give (5.1).

Now assume that Am — 5 € [0, 4+0o0]. i, ii. and part a) of iii. follow immediately by
(5.1) and the Dominated Convergence Theorem. Therefore, for the rest of the proof, we
will assume that Am — +oco and that a € RV’ in which 1 < « < 2. By KT we get that

mA
é/ / I'x(s)dsdr ~ coa(mA)m3A, as Am — +oo.
0

Since a € RVY’, it admits the representation a(z) = 2~ *I(z), with [ a slowly varying

function at co. Thus,
a(mA)Ym2A = (mA)?~*I(mA)A™! = 400,

where we have used that, for any slowly varying function, I(z)z” — 400 as z T o
whenever p > 0. Consequently, by (5.1), we deduce that

) mA T
Var(S5) — Z/ / I'x(s)dsdr
0 0

which completes the proof. O

1

_ -0 —
a(mA)Ym3A ) asn o

Next, we find a very useful decomposition for S2. For any A > 0, let
PR3, 5) = {(r,s) : a(tjz1—s) <r <a(t; —s),ti-1 <s <t}

where t; = t;(A) = iA with the convention that t_; = —oo. It is clear that P4 (,7) N

PA(i’,j') = ) whenever either i # i’ or j # j' fori =0,...,m — 1 and j > i. Moreover,
k o
Leb{ Apa\ | J | P24 p =0, (5.3)
i=0 j=k
and

S als)ds if i = 0,5 > 0;

J (5.4)
j;i”l[a(s)—a(s—i—A)]ds ifi=1,....m—1,7<m—i.

Leb(P4(iyi+ 7)) = {
Based on these observations, the following result is obvious.
Lemma 5.2. Let x7; := L(P(i,5)) — E(L(PZ(i,j))). Then, almost surely

m—1m—1

Z Z t] Z+1X'LJ A Z (55)

=0 j=¢
=Gl L ga2 4 gas 53’4, (5.6)
where (7, :=>72 xi; and
1 m—1m—1i m
Al A . A2,
Sy = N Z iXigtio13 Sm’ Z zm?
i=1 j=1 i=1
1= t
SA,S P 1 A SA,4 = moA )
m A - J+ X0,55 Pm A CO,m
j=

When § = +o0, it turns out that in the short memory case Sﬁ;l dominates the
asymptotic behaviour.
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Lemma 5.3. Let m,, € IN be such that m,, T oo, A,m, — oo and A,, | 0, as n — oo.
Suppose that E(|L'|*) < oo and that [;° [~ a(s)dsdr < co. Then

Ay _ glg,l Mn
S = §hn +o]p< A )
n

The proof of Lemma 5.3 heavily relies on the next property.

Lemma 5.4. Let f > 0 be an integrable continuous function such that fooo f;o f(s)dsdx <
oco. Then, as © — +00

x/;of(s)ds—>07 and alj/oxs2f(s)ds—>0.

Proof. If f = 0 a.e. the result is trivial, so assume that f > 0. For z > 0, put F(z) :=
[ f(s)ds. Integration by parts gives that

/0 " F(s)ds = 2F(2) + /0 " sf(s)ds.

In view that f > 0 and fooo F(s)ds < oo, the Dominated Convergence Theorem guarantees
that

0 < lim Omsf(s)dSZ/Ooosf(s)dsg/OOOF(s)ds<oo.

Tr—r00

This shows in particular that the following limit exists

Tr—00

oo > { = lim xF(l‘):/OOF(s)dsf/oosf(s)dsz().
0 0

Observe that if £ > 0, then, as « — +o0, 1/ (x [° f(s)ds) — 1/¢. Thus, if £ > 0, we could
find ¢ > 0 such that for all x > x(

1 o0
p < C’/w f(s)ds,

which contradicts that [~ [ f(s)dsdz < co. Hence, £ = 0 as required.
To show the last part, observe first that when [, fyoo [ f(s)dsdady < oo, an analo-
gous argument as above shows that

o0 o0 oo
0< / sF(s)ds < / / F(z)dads < oo.
0 0 s

Therefore, from the first part of the proof, as + — +o0

1 /Oz s*f(s)ds = —xF(z) + i/ow F(s)sds — 0.

X

Now suppose that Joo ST ST f(s)dsdzdy = 400 and put F(z) := [ F(s)ds. Clearly
Jy F(s)ds — 400 as & — +o0, and, for all z > 0,

L[ s = —orw) 2 [P - 1 [T R 5.7)

T T

Moreover, by L'Hospital’s Rule and the continuity of f we have that

alj/owF(s)ds — /OOO F(s)ds,

which applied to (5.7) concludes the proof. O
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Proof of Lemma 5.3. Since L is independently scattered, we get by (5.4) that, for any
m € N and A >0,

t;

Var(S5?) = A2 Z 2a(ty, — s)ds;

tzl

1 Am 9 MZl ptin ptin
Var(S52) = E/ sa(s)ds + Az Z / / rdra(s)ds
=0 tj s

o0
Var(S5*) =m? a(s)ds.
Am
Moreover in view that the trawl function is non-negative, continuous and such that
IS % a(s)dsdz < oo, Lemma 5.4 can be applied in order to obtain that
o0

A'VL
Var(SﬁZA) = Anmn/ a(s)ds — 0.

Mn Apmy

We proceed now to show that for every m € INand A > 0

1 Am Am
Var(S5?) — E/ s)ds| < C— / (s)ds + O(1); (5.8)
1 Am Am
Var(S53) — E/o s)ds| < C—/ s)ds + O(1). (5.9)
Let R(m,A) =377, [, ( )2a(t, —s)ds and R'(m, A) = Z;.":Bl :jj“ f;”l rdra(s)ds.
Then,

< CAZM: / " (b — ti)altn — 5)ds

Am Am
< C’A/ s)ds + C’A2/ a(s)ds,
0

Am
R(m, A) — /O (tn — $)2a(tye_1 — 5)ds

which is exactly (5.8). In a similar way, we see that

m—1l ot
[R/(m,A)| <24 ) /t tiv1a(s)ds
J=0 %

Am Am
< QA/ sa(s)ds + 2A2/ a(s)ds.
0 0

Relation (5.9) is obtained easily from this. Finally, note that from (5.8), (5.9) and Lemma
5.4, it follows that for [ = 2,3

A,
—Var(Samh) =
my, ( mnA

AfmL
/ (s)ds+o(1) = 0, n — oo,

completing the proof. O

We proceed now to find some estimates for the characteristic function of S2+, for

Il =1,2,3. For doing this, the following result is essential and its proof follows the lines
of the proof of Proposition 3.6 in [22] as well as the well-known inequality

‘ izw 1’ < 2(‘Z$|1\zz|<1+1|zm|>1)
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Lemma 5.5. Let ¢ be the characteristic exponent of an ID distribution with mean 0.
Then v is continuously differentiable and there is a constant C' > 0 depending only on
(v,b,v) such that

h(2)] < B2 |2 + c/ (1A |z2P)v(da), = € R (5.10)
R
[0/ (2)| < b* 2| + C’/ (LA |zz]) |z| v(dz), z € R. (5.11)
R

Lemma 5.6. Suppose that E <|L’|2) < oo and let

e = | oy (5) [”‘A“A)} as:

I22(2) = /OAm P (%z) a(s)ds.

Then the following estimates hold

N

c (3 SAL) IA’l(Z)’ <C /Am(Am —5)(s+ A)d|al (s)
s Mm m = A 0

+CA /OM ]z/; (%z)‘d|a| (s)

Am
+Caf? / (s + A)d fa] (s);

A

Proof. Recall that we are assuming that L is centered. By the independent scatteredness
property of L, we have

2 Am
C (2 Si?) — I,%’Q(z)‘ +C (2 Sa?) — IT%’Z(Z)’ < Cﬁ/ (s + A)a(s)ds.
0

m=l .t . _
C(z85n") = / (tm — 5 (Zz) {W} ds (5.12)
j=1 "ti-1
m—1 ts
J ts _ + A
+ 4 /t‘_ (s —t;)¢ (Ajz) [a(s) aA(s )] ds;
j=1 j—1
C (z; SA’2) = i . P (tm — ti z) a(ty, — s)ds; (5.13)
" i=1"7ti-1 A
moloetii .
€ (2:52%) = Y (%12> a(s)ds. (5.14)
j=1 "1

Since

/t " Ja(s) — a5+ A)] ds = / " (s —t;_1)dlal (s) + / " (tye1 - $)dJal (s), § >0,

j—1 j—1 tj

the claimed estimates are easily obtained by noting that from Lemma 5.5 and the Mean

Value Theorem
tj S
‘1” (A) -v(3%)

while, for¢;,_1 < s <t

2
<cBlisra) ya<ss<t,
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5.2 Proof of Propositions 3.1 and 3.2

Proof of Proposition 3.1. For simplicity, we will assume that ¢ = 1. Following the rea-

soning in Section 3 in [3], we can always find a measurable modification of X, so

without loss of generality we may and do assume that X is measurable and almost surely
2

fot X2ds < oo, forall t > 0. Thus, using the well-known bound (Zle |a:i|> <dX |l

and Jensen’s inequality, we see that forany V > 0and ¢t <V

[nt]A,
A,SP — / Xsds
0

[nt]— a1

< VnA, Z / X, — X,[*ds

[nV]—l tig1
<C > / Xt — X, ds,
1=0 ti
where we have used that nA\,, is bounded. From this estimate we deduce that as n — oo
[nt]An 2 MVI-1 gy
E| sup |A,S} — / X.ds <C Z / / r)drds
0<t<T 0

< Ca(0)([nV] An)A, — 0.

The result now follows by observing that

¢ [nt] A, 2 v
Xyds — / Xsds| < |t — [nt] An\/ X2ds,
0 0

0

and using the fact that |t — [nt] A, | < A, + V|1 — Aynl. O
Proof of Proposition 3.2. Plainly, from (5.3)

(5.15)
which in view of (5.4) implies that

c <z; (is@;ﬁ - [”nt]Xo>) — ¢ <[Zt]z> /O[ntmn a(s)ds — 0.

Therefore, thanks to (5.5), we only need to check that, for i = 1,2, 3, %Sﬁml E) 0. To see
this, observe that from equations (5.12)-(5.14) and the continuity of

1 tn
‘c (z; Sﬁnﬂ)’ < Ctn/
n 0
’c (z; 1537172) +C (z; 1Sﬁ">3>
n n

where we have further used that a is continuously differentiable in a neighborhood of 0.
This completes the proof. O

a(s) —a(s+ Ay)

A ds < Cti — 0,

and

tn
< C/ a(s)ds — 0,
0
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5.3 Proof of Theorem 3.4

Our proof in this case relies heavily on the asymptotic behaviour of the Lévy measure
of L around 0. It is worth noting that, if L is deterministic, then almost surely Z' = 0,
so by the Lévy-It6 decomposition of Lévy bases (see [21]), in our proof we will always
assume that vy = fmgl zv(dz) or v = 0, depending whether [, (1 A |z])v(dz) < co or not.
In this situation, under Assumption 3.3, Theorem 2 in [16] establishes that as ¢ — 0

— 30722 if b>0and =2
(V) () =4 20 Atb>Oandf=2 (5.16)
Y(z; 8, K+ p,K_B,7) underiii.and 0 < 5 < 2,

where ¢¥(-; 5, K138, K_f(,%) as in (2.2). Note that the convergence takes place uniformly
on compacts. The proof is divided into several steps: In the first step, we show that
Sanl = op(nT,'/?). In the second step, we argue that L can be assumed to be strictly
[B-stable. Finally, we show that i. and ii. hold.

Step 1: S2»! = op(n(nA,)'/?). Assume that (5.16) holds and set

£ () [

tjl

5 / oo () [ 2],

tj—1

The C'-property of a and the fact that 0 < t; /T, <1lead us to

SC(sup T,

[u<|z]

(7)o (i) 20

Now, the strict stability and the continuity of 13 give us that

|Al (2)] < C(Ty, + Ay) = 0, n— oo,

where we once again used the fact that a is continuously differentiable in a neighbour-

hood of 0. This is enough for the negligibility of WST?"J. O

Step 2: An approximation. In this step we assume that (5.16) holds for some 0 < g < 2.
From (5.5), (5.15) and the previous step, we have that

Zp =Ur = U +op(Ty/P), t >0, (5.17)

where U} := Z["t (W J+1) Xo.; and U = 182 Furthermore, (U, ﬁtn’ﬁ)tzg

[nt]
are defined as (U ,Ut )tZO when we replace L by a homogeneous strictly S-stable
distribution whose seed has characteristic exponent given by 3. Note that U" and U
(U™P and U™P) are independent. We are going to show that the f.d.d. of (U", U") are
asymptotically equivalent to those of (U"’B, U’“B). Indeed, fixge N, A\q,..., A\, € Rand
0=wug <uy <--- <uy and note that

nuq

q
Z/\IU Z 9] YLX()ja
=1

q ILILq
N A, 3
Z )\lU - Z Z (C [nuk] Ci,[nuk+1]) az,k,nv
=1 j=0 k=1
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WhereC g =0, and

=2

[t j+1>’

Am 1[nul 1]1<i< [nuy] < -

— n n
1

z kn = Z [num 1]<i<[num] n ﬁ .

m=11

Whence, from (5.4) and (5.16), a
1 : n n,s
C z;—l/BZAZUul 1/BZAZU :
T =3 Tn

<C sup T,
|u]<|Cxz|

1 &, s 1 &, s
. n . n,B
’C <ZT1/B > :)\ZUU1> -C (Zle/BE AU )‘
n =1 =1

n

M» iMQ

q
k

u u
() -+ (g3m) >

<C sup T,
|u]<|COxz|

u u
()< )l -

where Cy := 2u, Y0 S0 [ A| > [0,.0] + |6 as claimed. O

ik, |

Step 3: Proof of i. and ii. We start by showing that the f.d.d. distributions of 1A zZm
converge to those stated in the theorem. In the last part we show that the converggnce
in distribution can be strengthened to stable convergence.

Assume that b > 0. In this case, by virtue of Step 2, we may and do assume that v =0
and v = 0. Accordingly, U™ and U™ are two independent centered Gaussian processes
satisfying (5.17). Therefore, the convergence in i. is achieved whenever

1 tAu
—EUU,; —>02/ t—r)(u—r)dr; —
FEUPU) =0 [ (=)

To see that this is the case, take ¢ > u > 0. Then

tAu
BT — 02/ (t—7)(u—r)dr. (5.18)
0

[nul =1 (j+1)/n i1 i1
EUpUn) =* S / ([”ﬂ Vs ) (W A ) o(T,5)ds,
" = Jim n n n n

R AN CROIC RN CE

The results in (5.18) follow from the Dominated Convergence Theorem.
Suppose now that b = 0 and Assumption 3.3 holds. Therefore, by the previous step,
we may and do assume that L is strictly stable with characteristic exponent 13, with

0 < 8 < 2. Therefore, using the notation of Step 2, the strict stability of /3 results in
1 q q

(sgriwn)-X % [
n=1

o (zq: A (W:Lm] _ 921) z> o(Tys)ds
1=1 j=[nu;_1] -
zq: /[nu, /n o (2‘1: \ ( M) [sn}n+ 1) Z) (T, 5)ds

[nw] - (G+1)/n

[nu;—1]/n m—1
q u,l q
Z Z Am (U ds, n — oo.
=1 m=l
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Similarly, as n — oo

SR SN C I R )

z=14i=1V[nuzy_1] l=x

2 % e ()

a=1i=1V[nuy_,] k=’ (=1)/n =z

el () o ()

0) Z/UT g <Z Am (U — ) z) ds.
z=1"U=-1 l=x

<
@

Since U™ and U™ are independent, the previous relations show the desired weak con-
vergence of WZ ™. Therefore, in order to conclude the proof, it remains to verify
that the convergence also takes place stably and the limit is independent of L. Let B be
a bounded Borel set and H the limiting process stated in the theorem. Since for every
n € N, Z" is Fr-measurable, thanks to Theorem 3.2 in [15], it is sufficient to show that

({(nA) VP 2y, Yy, L(B)) = ({Hu My, L(B)), (5.19)
and that for all zq,..., 2441 € R.

C((z1:- s 2g1);s ({Hu Yoy, L(B))) = C (21, -, 20)i {Hu Hy) +C (2415 L(B)) - (5.20)

Set

[uqn]

B, = |J Pir(0.5)V UU
i=1 j>i

7=0

Then by (5.4), Leb(B N B,,) < 2a(0)[ugn]A,, — 0, meaning that L(B N B,,) % 0. Relations
(5.19) and (5.20) are easily obtained by decomposing L(B) = L(B N B,) + L(B\B,), the
preceeding observation, and an application of Slutsky’s Theorem. O

5.4 Proof of Theorem 3.8

Here we show the validity of Theorem 3.8. The proof will be divided into three steps.
We first show the convergence of the finite-dimensional distributions. Secondly, we verify
that our sequence is tight. We conclude by proving that the convergence is also stable.
Therefore, for the rest of this subsection we assume that Assumption 3.5 holds. We
finally emphasize that thanks to the Lévy-I1tdo decomposition of Lévy bases (see [21]) and
Lemma 5.1, we may and do assume that L has no Gaussian component, i.e. b = 0.

Step 1: Convergence of the f.d.d. Fixr e N, A1,...., A\, e Rand 0 = ug < u1 < -+ < uy.
We start by noting that from Lemma 5.1, we have that

An . Ay,l
1/7;)\,18 1/ ZASM +op(l), ne.
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Thus, in order show the convergence of the finite-dimensional distributions, it is enough
to verify that

1/2

An - Ap,l d -
— ASTT = 0y AgAgrty Nty N(0,1). 5.21
\/7; aPnty) 7 E : qAg'lg Nig (0,1) ( )

q,q'=1
Since )
An _ ALl 1 -
Vo S hsin = e 2
[nt ] 7,1
n q=1 ! Tn i=1
where the array

n—1

Ein =D An(i— i+ Dduixt, doj =3 Aljciur,; (5.22)
=i q=1

is centered and row-wise independent, (5.21) will be achieved whenever

1 n—1 r
=D E (Iginl?) = 02 = AAgty Ay, n— o, (5.23)
" i=1 q,9'=1

as well as the Lyapunov condition is satisfied, i.e. for some p > 2

n—1
Lipa = Y E(l&al”) = o ((T)7/2), asn = oc. (5.24)
=1

In view that, for all ¢ > u, S[i;]’l = S@Z]’l + Zgnzt][;h 3:1(] —i+ 1)X1,AJ?L7 we conclude from
the proof of Lemma 5.3 that

E (S S ) = Vor (S5') = Var (80) + o(n/8), £>

[nt] [nu

(5.23) follows now easily from this and Lemma 5.1. In order to check (5.24) first observe
that thanks to Assumption 3.5, [ [I'x(s)|ds < oo, and that for any 0 < p < po the
measure

pa(ds) = 1iz057d [al (5),
is finite. Now, fix py A 3 > p > 2. By Rosenthal’s inequality

p/2

A, P
Xi,j+i—1 )

E(Ignl") < CO 316 E
j=1

n—i
An p 2
Xi,j+i—1‘ )+ Z|tj| E(
=1

where we further used that d,, ; is uniformly bounded. Moreover, from (5.4), we deduce
that the Lévy measure of Xf;;ri_l is given by

N ():/J [a(s) —a(s+ Ap)]dsv(), 5=1,...,n—1.

tj71

Therefore, from Corollary 1.2.7. in [30], there is a constant C' > 0 only depending on p
and v(-), such that

B
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Hence,
Lupa <CUL  + 18 +10) 1), (5.25)

where we let

n t;
1
Bn =13 [ Il dlal s),
j=17ti—1

n t; p/2
= a3 ([ waao)
j=1

tj—1

p/2

n tj

3 |

19 = A [ / 5% d Jal (s)
j=17t

Thus, (5.24) is obtained whenever 11(51)771 + 17(31)771 + 17(5271 =0 ((T,,)?/?). Observe that, for

any j=1,...,n,t;_1 <(<t; and pg A3 > ¢q > 2, it holds that

t;
/ €7 = 57| dal (s) < C(Anpg—1,a(tj—1,t5] + A2 pg2.a(ti—1,t5] + Al po.a(t;—1, ;).

tj-1
(5.26)
Using the previous property and the fact that 41, o(R) < 00, one easily deduces that, for
any pp A3 >p>2,

L R S
n n j=1 ti—1
1
< Ci(Tn)P/Qfl — 0.
Similarly;,
1 (3) 1
o7 Tnoa| < s = ©

Finally, by Jensen’s inequality,

1 (2) 1 n /tj
18, <0 t;17 da] () = 0,
(T,)P/? n,p,1 np/2-1 ; - j
which concludes the argument for (5.21). O

Step 2: Tightness. Using similar arguments as in the proof of Lemma 2.1 in [29] and

Lemma 5.1, we deduce that @/%S" is tight if for any sequence m, € IN, such that
my, 1 0o, A,m, — oo and A,, | 0, as n — oo, it holds that

N my, p/2
) —0 ((An) ) , (5.28)

for some p > 2. We proceed now to show that (5.28) is fulfilled. By (5.5), Lemma 5.1 and
Rosenthal’s inequality, we have that

p/2
(52) E (s
My, '
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where I, ,, ;1 is as in step 1 but we replace n by m,,, and

P
Ap
Xi,mnq‘ ) )

.

My —1
1 n
Inp2 = (mnAn)p/2 Zl (tmn - ti)pE (
1=

my,—1
1 n
_ . P Ap
Inps = VNS ; (tjy1)PE (‘X(),j
)
We have already seen that I,, , ; — 0 as n — oo. On the other hand, invoking once again
Corollary 1.2.7 in [30] and using (5.4), we get

» t; t; p/2
E ( XiA,%,,Lq ) < C max / a(tm, —1 — s)ds, (/ a(tm, -1 — s)ds> ,

In,p,4 = (Anmn)p/2 E (‘X()A,;z,,,—l

ti—1 ti—1

t; ts p/2
A, lP ! !
E (‘XO,;‘L ) < C'max / a(s)ds, (/t a(s)ds) ,

ti—1

E (‘XOA,’;M_1 p) < C'max / a(s)ds, </t a(s)ds)

g —1 mp—1

Similarly as in Step 1, we deduce that for po A3 > p > 2 and n large enough, the following
estimates are valid

my,—1

1 b
1, <C—r-—"-——+ tm, — 1) tm_1 — s)ds,
D2 = (mnAn)p/Q L:Z1 ( n ) /ti1 Cl( 1 S) S

my,—1 t.
1 J
bs <O Sy [ atoa,
(mnA,)P/2 — tos
I,,a<C (Anmn)p/Q/ a(s)ds.
Ay (mp—1)

Assumption 3.5 now asserts that, as n — oo,
L4 < C(Aum, P3Pt

because 2 < p < pg < 2(pg — 1). Furthermore, analogous arguments used to establish
(5.8) and (5.9), can be applied in order to get that

1 Apmp
I L3=C—"r-+-—— P d 1 0

which implies (5.28). O

Step 3: Stability. From Step 2, Proposition 3.9 in [15] and its subsequent remark, the
stable convergence in D([0, 1]) will be obtained if (5.21) can be strengthened to G~ -stable
convergence. Consider the filtration

fﬁ;a<{L(P§n(k,j))} ka) i=0,....,n—1, neN. (5.29)
j>k
From Step 1
An T 1 n—1
VRSN TS = — in+op(l), neN,
n ; 9=t \/an ;5 ;N ]P( )
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where ¢; ,,, defined in (5.22), is F*-measurable and independent of F;' ;, for all i =
1,...,n — 1. Consequently, thanks to (5.23), (5.24) and Theorem 6.1 in [15], (5.21) can
be strengthened to G-stable convergence, where

Q:—J(U ﬂ ]-",iv),

n>1 N>n

but in view that
o(Xo, XA, .-, Xin, ) CF, i=0,1,...,n—1,

it follows immediately that GX C G, which concludes the proof. O

5.5 Proof of Theorems 3.10-3.13

In this subsection, we justify the statements of Theorems 3.8-3.11. In what follows
(7, b,v) and ¢ will denote respectively, the characteristic triplet and exponent of L. We
note that, for the sake of exposition, the proof of each theorem is given in a corresponding
subsubsection.

5.5.1 The caseb >0

[ S
ny/a(nAy)nl,
step 2 in the proof of Theorem 3.8 together with Lemma 5.1, give us automatically that

r,S™ is tight in D([0,1]) if E (|L’|2) < oo. Therefore, we only need to show that within

the framework of Assumption 3.6, the finite-dimensional distributions of r,S™ converges
to those of the fBm with index H = 352,

For every n € IN, we will let r,, = . Observe that the same argument used in

Proof of Theorem 3.10. Let us start by noting that from the proof of Theorem 3.10 ii.
below, and the Lévy-It6 decomposition of Lévy bases, it follows that the non-Gaussian
component of r,S™ is negligible. Consequently, we may and do assume that r,S" is
centered and Gaussian. Moreover, it satisfies that and such that forall1 >¢>u >0

E(SSY) = 5 {Var(]) + Var(S[) — Var(ST_,)}

where we have used that X is stationary. The convergence of the finite-dimensional
distributions of r,S™ follows now by Lemma 5.1. O

5.5.2 The case b=0

In this part, unless otherwise said, we will always assume that b = 0. Observe that,
under the assumptions of Theorem 3.11 ii., (5.16) is once again valid. We recall for the
convenience of the reader that we are also assuming that L has mean zero. Finally, we
would like to stress that in view that (5.33) below holds whenever L has mean zero, then
relation (5.34) as well as (5.36)-(5.38) remain valid if we replace (3, by 2. It follows from

this that 1

ny/a(nA,)ni,

We now proceed to present a proof for Theorem 3.11.

P
Sy —0, n— oo.

Proof of Theorem 3.11. The proof is organized as follow: First, based on our assumption,
we derive some preliminary estimates. Secondly, by using (5.5), we approximate the
characteristic function of S? by means of I2!(-) and I5+2(-), where the latter are as in
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Lemma 5.6. We conclude by applying such approximation to obtain the desired result.
For the rest of the proof, we will use the notation 7,, = nA,,, r, = a(T,)T,, as well as

An/(caTn)i if 8, < a;
Bn - 1/[’31; .
1/nry if2> 3, > a.

Preliminary estimates: First, Assumptions 3.6 and 3.7 allow us to invoke the so-
called Potter’s bounds (see Theorem 1.5.6 in [7]). Such a result provides the existence
of a positive constant only depending on € > 0, such that, forall0 <r <1,

/
a(Tys) <C (Sfozfe v Sfoﬂrs) . and a(rA, +Tys) <C ( (a+l)—e S*(a+1)+s) . s> 0.
a(Ty) a'(Ty)
(5.30)
From Lemma 5.5 and the square integrability of L', we have that, for every 2 > 6 > (3,
Wl <C (P Alyl’). zyeR. (5.31)

On the other, using that E <|L’|2) < o0, it follows that as 2 — oo, v*(x) = O(z?), for

all § < 2. Thus, if v*(z) ~ K1z~ P as z — 01, for some constants K, + K_ > 0, then
the cadlag function /(z) := v(x)z? := [v*(x) + v~ (x)] 2P is uniformly bounded in [0, 00).
Consequently, by Lemma 5.5, forany y >0, z € R

1
W (2)] < C(l2] v 1)2 / 3(a/y)ads < CyP. (5.32)
0

Estimating the characteristic function: In this part we will only assume that
a € RV:’. Recall that from (5.5), the following decomposition holds

4
ZSA ZCZSAk,nE]N,ZER.
k=1

From Lemmas 5.6 and 5.4 as well as KT, forl = 2,3

EP(2) = |C (857 1) — I (2)| <C|2[*nO(1)

Tn S
+0An/0 v (52)| dlal ), (5.33)
2
£1(2) = [¢ (z:.85+) — 122(2)| <C 2L (0(@2a(T) + O(a,)

Suppose first that 5, > «. If (5.32) holds, then

. A, c 1 Tn
1 (Bnz) <C—757— 2/ 0(1)4'?11%/0 sPvdlal (s),
A,

El ( )<O Q/B"Tz

(O(Tia(Tn)) =+ O(An)) .

Moreover, by KT
T
[ s dlal(s) = 0z a(z)).
0

We deduce from this and (5.33) that

EN (Bn2) _o_Bn +o(1) = 0,

T?L/Bu Tn
A A2 (5.34)
n n n
&' (Bpz) =—=5,—0(1) + 2/57”0(1) — 0,
Tn Pu T, Tn
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where we further used that a € RV;~ as well as the fact that 8, + 2(1 — «) > 0 and
(1—a)(2-p4,)+ B, > 0. Suppose now that 3, < a. If (5.31) holds, we obtain from (5.33)
that, forall2 > a >0 > 5,

2 1
A ‘S/Tn”

T’IL 1
E1[Bnz] < CA, / (‘S/T,;x
0

2(a—1)
&l [Bnz) < CALa(T,) Ty

9) dal () + o(1),

0(1).

Using that 2(w — 1) — o < 0, results in &£ [B,,z] vanishing as n — oo, for [ = 2, 3. Now, KT
implies that

Ty 12
/ (‘S/Tn”
0

We conclude from this that ' [B,,z] — 0 as n — oc.
Convergence in i.: So far we have shown that, if « € RV~ and either 5, > « and
(5.32) or B, < « and (5.31) hold, then for ! = 2,3

1

9)d|a| (s):/om (S/T$)2d|a| (s)+/TZ" (s/7%) " alal (5

= O(a(Ti)) + O(Ty ™).

1
A ‘S/Tn

C(z; B,S5 1) = 121 (B,,2) + o(1);
C(z; BpS5»Y = 122 (B,z) + o(1).

We proceed to verify that S,f‘"’l is negligible for [ = 2, 3,4, whenever 3, < a and
a € RV’ . Indeed, from (5.31), for all z # 0 and 2 > a > 6 > (3, we get due to KT that

C (2; By, SA”’4 ’w zTa 1)/00 a(s)ds

n

0(a—1) oo
<CT, * / a(s)ds — 0.

n

In a similar way, we deduce from (5.30) and KT that for (3 —a) A (@ —0) > >0

a—1
.
122 (B,2)| < CT,?/ (52 A 5") a(T 5)ds (5.35)
0

a—1

1

1 1 1 Tn *
= O(T5 a(T5)) + Ty a(T33) / sfmateds.
1

If B, < a— 1, we can further choose 8, < <a—1and 0 <e < a—1-—0in such a way
[;7 s972+2ds < co. Otherwise, we have

a—1

T’Vl @
/ sf—oteqs — O(Tn —1 (- (afl)Jre)).
1

11 5
Either way, Ty a(T%) flT” s?~2*2ds — 0 whenever a € RVS°, which implies immedi-
ately that /22 (B, z) — 0. Using the previous reasoning, we conclude that, if a € RVS?,
then
B,S} = B,Spy" + op(1),

Since (S[% a’l)tzo has independent increments, it only remains to verify that, for all
1>t>u>0,asn — oo,
c (z B, [SA”J - SA”’ID (%Y — V),

[nt] [nu]
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where Y is as in the theorem. For simplicity, we will only consider the case when ¢t =1,
u = 0 and ¢, = 1. Suppose now that z # 0, then by doing the change of variables

x = (s|z|)/T% and invoking Assumption 3.7, we see that
" (Bnz)
a (TA,L + Tné ﬁ)

Y (sign(z)x) - dxdr.
a' (%)

T a T . I‘
R
oI T

From (5.30) and (5.31), we deduce that for2 > a > 6 > 5, and any ¢ > 0

(ra, 4+ T e
I L]w@ign(z)x)a(r kit |

21 = a’(TnE) z<T & z

S C (|ZL‘|2 A |l“0) (|x|—((x+1)—5 V. ‘xl—((x-f-l)-‘r&) )

Choosing 0 < ¢ < (2 — a) A (o — 0) allows us to apply the Dominated Convergence
Theorem in order to get that

(oo}
I*1(B,2) — |z|a/ Y(sign(z)z)z~ @ dg,
0
The result now follows from Fubini’s Theorem and the relation (see Lemma 14.11 in
[24]) -
/ (eF" —14ir)r @ ldr =T(—w)eT%, 1<w<2.
0
Convergence of ii.: We conclude the proof by showing that ii. holds, so for the rest

of the proof we will assume that v*(z) ~ K1z % as # — 0% and that 2 > 3, > a. From
the first and second part of the proof, it is enough to show that in this situation

1
I,f"l (Bnz) — a/ (1- S)Sﬁ”_(a_.—l)dswgu (2); (5.36)

0

1
122 (Byz) — / sP=%dsipg, (2), 1 = 2,3; (5.37)

0

1

C (7 BnSﬁ""L) — m1/1311(2). (5.38)

Since r,, — 0, we deduce from KT and (5.16) that as n — o

C (2 B, S2 4)r7,¢< 1'/Zﬁy) 1 /ma(s)dsﬁﬁibm(z), z€R.

Tn

On the other hand, by doing the change of variables x = s/T,,, we get that

000 = B[ [0 2) FB

122 (Bu2) = / s ( 1%) s

From (5.16) and the fact that o’ € RV, it follows that for 0 < r,s <1asn — oo

T,d'(T},) s \ & (Tn(r/n+s)) o
Q(Tn) nl/J( 1/,8L,> a/(Tn) — Oé’(/}ﬁy(zs)s (ot ),

rnT/J( ; /‘2) ‘;(g?j)) b, (25)s°.
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Moreover, from (5.30) and (5.32), we infer that

i) < 1/36V> a (Tna(/r(é“Z)+ 8))’ < CgPv(atl)—e

a(T,s)
oo () S
Therefore, (5.36) and (5.37) now follow by letting 8, — o > ¢ > 0 and by applying the
Dominated Convergence Theorem. O

< CsPrmae,

5.6 Proof of Theorem 3.13

Proof of Theorem 3.13. We will only show that i. holds, since the proof of ii. is identical
to the proof of ii. in Theorem 3.11. Observe that, by the strict stability of L, (5.33) and
KT forall z€e Rand ! =2,3,4

C( Tl/ﬁSA’“l> — 0, n— oco.

This implies that 1 =% S[ﬁ;‘] = 17,3 S@n] 4 op(1). Therefore, as in the proof of Theorem

3.11, we only need to show that foralll1 >t >u>0,asn — oo,

c ( [SA”’ SA"’lD S (2 Y — Ya).

[nt] [nu]

As before, we will only consider the case when v = 0. Now, from Assumption 3.7,
Iy sPd’(s)ds < co and

Ay A/ [nt) s ,
C (z; P S[m > / / < Tn> ([s/Ay] An)ﬁ a' (rA, + s)dsdr

nt] 1 tivt
/ / (s —t;)thad (rA, + s)dsdr,
t;

in which

[nt

tJ+1 1 o0
/ / (s —t; )tﬂ "(rA, + s)dsdr| < — / s7a/(s)ds — 0,
t; 0

aswellasfort; <s<t;;;and0<r <1

[nt] s

’( - ) ([s/An] An)” a'(rA, + 5)dsdr

< sPd' (rp, .
w T < sPad'(rA, +s)

Hence, the Generalized Dominated Convergence Theorem asserts that

C( 175 ) S () [ s

as required. O

5.7 Proof of Theorem 4.7

Proof of Theorem 4.7. In this proof without loss of generality we consider the case
~(rn) weak ~ n)

rn > 0, for every n € IN. Assume first that v, X¥ P and ky "' — k as n — oo. Thanks
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Figure 1: Separation of overlapping trawl sets into disjoint sets.

to Theorem 16.7 in [6] it is sufficient to prove the statement in the space DJ0,T] for any
finite T' > 0.

We first prove that the finite-dimensional distributions convergence. For given
tg <ty <---<ty,andeveryt,j=0,...,m with 7 > i, define

Pa(i ) ={(r,s) raltjy1 —s) <r <a(t; —s),ti.1 <s <t;},

with the convention that t_; = —oco and ¢,,+1 = co. Using that forall k =0,1,...,m,
kK m
Leb(Atk \Uu PA@,J')) =0,
i=0 j=k

it follows that for any zq, ..., 2, € R, it holds that

logE(exp (z Z zjrnX)f(:))) = Z Z logE<eXp <i2i’jrnL(") (PA(i,j))>)
k=0

i=0 j=i
=33 Leb(Pali, §))C(Z i L),
i=0 j=i

where % ; = 327 __ .. Then, by Lemma 15.15 in [17] and by the convergences ;") %" i

and k" — k as n — oo, we obtain that

C(El’J,’l"nL/n) —)C(,gi],Lly), as n — oo,

where L}, is the trawl seed of the trawl process Y;. Thus, we conclude that the finite-
dimensional distributions of r, X (™) converge to those of Y.
We now prove tightness. First, observe that (see Fig. 1)

Ln(Af) - Ln(Ae) = Ln(At,s) - Ln(Bt,s,r U Et,s,r) = Ln(ﬁt,s) - Ln(Bt,s,r) - Ln(Et,s,T)v
that

Ln(As) - L”(Ar) = L”(Bt,s,r ) ét,s,r) - Ln(Dt,s,r) = Ln(Bus,r) + Ln(ét,s,r) - L7L(Dt,s,r)a
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and that L”(fltvs), L”(Btysyr), L”(Etysyr), L"(C‘m,r), L"(Dt,s,r) are independent of each
other. Then, we have

P(IL"(A) = L"(A)| A [L"(A,) = L"(A,)] = )
= P(IL"(Ats) = L"(Bruo) = L" (B
AL (Brys) + I(Crror) = L (Disr)| = )
< P((1L" () + 1L (Brss)| + 11" (Brr))
A (1L (B )| + 1L (Coo )] + L7 (Dro)l) > A)
= P (IL"(Brr)| + min (IL"(Ae)| + (2" (Bro)|s |1 (Crsr) | + 1L (Drs)]) = A)
<P (IL"U%S,T) > ;)
+ P (min (1A + 2 (B )L LG + 12 Dr)) 2 5
P (1" (Bue)l 2 5 )
A

# P (1) | B > 5

3 A 5 A 3
<P (1Bl 2 5) + [P (1270001 2 ) + P (1B >

X []P <|L”(ét,s,r)| > 2) +P <|L”([7t,s,,,)| > i)} (5.39)

where we used that given two independent real valued random variables Z and V we
have that P(min(Z,V) > A) =P(Z > )PV > \).

Now, consider the following inequality which holds for any real valued random
variable £ (see eq. (3.34) in [28] and see also [17])

2/
P(el>X) <A [ (1 Blexp(it)])as.
—2/x
Moreover, consider that
eb _ piatd _ 6b(1 _ 621'%) _ _ebei%(ei% _ eﬂg) — _9icbei% sin (g)
from which we get that |e’ — e*T?| = 2¢®|sin ()|, and consider that |1 — e***?| < |1 —

eb| + |eb — e’et?|, for every a,b € R. Observe also that 2|sin(z/2)| < 10(1 — e~ 1*l), and that
1 —e @ <2 (and so that 1 — e~ 1l < |z|), for z € R.

Let us use these inequalities for P (rn|L”(Bt}S,r)| > %) that is let ¢(6) be the charac-

teristic exponent of rnL”(Bm’T) then

P (r 2" (Bl 2 )

4/x 4/
< % / (1—e#®)qg = 2 / 1 _ (Re(6(0)+im(6(8)) 4
—4/x —4/A
N A ‘
< o) / (1 - 6R9(¢(9))| + |6Re(¢>(9)) _ oRe(@(0))+ilm(¢(0)) )dé (5.40)
—4/A

4/)\ ~ 1
< 5)\/ Leb(B; .., (|97§f") + 2022 / (1 A a:2) ufjn)(dx)) do.
—4/X : 2 R
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where for the first addend in (5.40) we used that

= 3 Loy cos(fz) — 1w (dz
Re(6(0) = Leb(F..) (~ 50204, + [ (cos) — D) (an)) <0,

Re(/}R(ei” -1- izx1|z§1)1/(dx))‘ < /]R (1 A x2> v (da),

(and similarly for the imaginary part) and so that

that

11— eRe(¢>(0))| =1 — R0 < —Re(¢(0))
~ 1 .
< Leb(By.s.) (92(1)5;"n>)2 +/ (1 A xQ)yfjn)(dx))
2 R

and for the second addend in (5.40) we used that eR¢(?(¥)) < 1 and so that

Re(¢(0)) _ Re(¢(0))+iIm(4(0))| «
e e | < 10]Tm(6(0))
< 100eb(r) (109 + [ (1702 an) )
R

By the previously shown convergence r,, L], S L}, as n — oo and by Theorem 8.7 in [24]
we have that [, (1 A x2) Ur(de) = [y (1 Az ) (dz), v = 7, and

nmnmsup|(b§;”n>)2+/ 2?v(m) (dz) — b2 = 0.
|z|<e

el0 nosoco

(rn)

Hence, we have that [v{"|, (\/"))2, and Ja (LA Z?)vy (") (dz) are uniformly bounded and

thus we have

. \ . 4/x
P <rn|L"(Bt,s7T)| > 2) < Leb(Bt,s,,,)m/ (Col6] + €167 + C3) o
4/
8C, 640,
= Leb(B:., ’“)lo(T + =5 402).

To prove tightness we use Theorem 13.5 in [6] which requires to obtain the bound: for
r<s<t,n>land >0,

P (r (IL"(Ar) = L™ (A A L™ (As) = L”(Ar)\)Z/\)S)\%(t*T)”E,

where C' > 0, 5 > 0 and € > 0. It is possible to see by its proof and by Theorems 13.2 and
13.2 in [6] (see also eq. (12.31) and (12.32) therein) that it is sufficient to take A € (0, 1).
Thus, in the following we consider only the case of A € (0,1). Then, we have that

8Ch 6401 %

A 3)\2 A2
From Assumption 4.1 it is possible to see that Leb(B; , ) is bounded by (¢ — r)'*¢ for
some ¢ > 0. Thus, we have

P (TnIL"(Bms,T)I > ;) < %(t —p)le,

For the other summands of (5.39) we have that

Leb(Bys,)10( +4C3) < Leb(Bis.,)

- A 5A 8/ )
P rall™(Aes)l 2 5 ) <Le eb(As) 5 5 (Colf] + C167 + C2) df

—8/A
~ 1600 25601 C 1l,e
= Leb(At7g)1O( N 32 402) < F(t—5)2 2
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and similarly for the probabilities P (7‘”|L"(Et7577.)| > %) P (rn|L"(C~'t7s,,.)\ > %) and
P (Tn|Ln(Dt,s,r)| > %) Then, we have that

P (Tn|Ln(At,s)| Z 2) P <rn|Ln(ét,s,T) Z Z)

C42 1 £ 1 £ CZ 1 £ 1 £
< F(t 5)2T3(s—r)2T2 < F(t—r)5+§(t—r)5+§ =

Since A < 1 then we obtain that
P(ry(|L"(Ar) — L"(A)| A [L™(Ay) — L™(A)]) > A) < = (¢ —r)**e.

Thus, we obtain the desired bound. Since for any ¢ € R we have that Y; — Y, = 0 as
s — t, also condition (13.12) in Theorem 13.5 in [6] is satisfied and so we obtain the
stated convergence in distribution.

D[0,T]
Assume now that {rnXt(")}te[O’T] U =" {Yi}icjor)» @ n — oo. Since coordinate
projections are continuous functionals of the sample path, by the continuous mapping

theorem we obtain that {rnXt(")}te[oﬁT] ¢ {Yi}ie0,7) » @s n — oo. This implies that

C(z;rn L)) — C(2; L), asn — oo,

for every z € R, which by Lemma 15.15 in [17] implies that 7" “%" 7 and &™) — & as

n — oQ. O

5.8 Proof of Theorem 4.8

Proof of Theorem 4.8. From the same arguments as the ones used in the proof of Theo-
rem 4.7 we obtain that

m n 1 m
logIE<eXp <iZZjT7LXt(k ))> — 3 Z zjzLeb(Ay; N Ay,), asn — oo.
k=0

4,1=0

Since Leb(Ay; NAy,) = Leb(Amax(t, t)—min(t, ) N Ao) fo (max(t;, ;) —min(t;, )+ s)ds,
we need to show that [, a(max(t;,t;) — min(t;, ;) + s)ds = finol:(t i) g(t; —s)g(t; — s)ds,
for every j,1 = 0,...,m. Therefore, in general terms, we have the following condition to
satisfy
00 0
/ a(h + s)ds = / g(h — s)g(—s)ds.
0

Notice that
oo o) 0 oo
/ a(h+ s)ds = / a(s)ds and / g(h — s)g(—s)ds = / g(h + s)g(s)ds,
0 h —o0 0

so by the fundamental theorem of calculus we need to satisfy

—a(h) = % /hoo a(s)ds = % 000 g(h + s)g(s)ds,

which is indeed satisfied by assumption. Thus, we obtain the finite-dimensional distribu-
tions convergence. The tightness and the necessity of the conditions 7™ ““¢* 5, and

(T") — 0 as n — oo is proved using the same arguments as the ones used in the proof of
Theorem 4.7. O
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