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� The effect of bend radius on the
particle size becomes negligible when
Ref > 30,000.

� Lower Reynolds numbers and larger
bend radius result in larger particles.

� The particle size distribution of
flocculated soot is replicated using
CFD-PBE.

� Periodic boundary conditions are
applied to obtain a steady-state
solution.
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a b s t r a c t

Predicting the agglomeration and breakage of solid particles is important when designing a compact and
efficient water purification process. A coupled computational fluid dynamics model is presented where
the population balance equation is applied to track the particle size distribution for a periodic turbulent
pipe flow with 180� bends for fluid Reynolds numbers of 15;000 < Ref < 35;000 and pipe bend radii of
rB ¼ dh; rB ¼ 1:5dh and rB ¼ 2:5dh. The critical parameters in the Euler-Euler model are analysed and val-
ues are chosen to describe the agglomeration of soot particles based on an experimentally obtained par-
ticle size distribution measured using a Malvern Mastersizer 3000. It is concluded that the particle Sauter
mean diameter converges to a constant value independent of the pipe bend radius when Ref > 30;000.
The Sauter mean diameter increases from d32 ¼ 42:7lm to d32 ¼ 95lm without changing the total
length of the static flocculator by choosing rB ¼ dh and Ref ¼ 15;000.

� 2022 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).

1. Introduction

The aggregation and breakage of particles in turbulent flows are
relevant to a wide range of industries and applications, involving

several topics in the chemical sector. In both the wastewater-
and clean water industry, the aggregation and breakage of solid
particles are commonly a problem which is investigated and anal-
ysed using both experimental and numerical techniques. Examples
of industrial applications are the formation of powders (Tong et al.,
2016), production of pharmaceuticals (Palzer, 2011), the formation
of soot during combustion (Bhandari et al., 2019) and in floccula-
tion systems for water purification purposes (Lee et al., 2014). In
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this paper, we focus on water purification where the scope of the
study is to analyse the particle size distribution for different geo-
metrical configurations and fluid Reynolds numbers.

In wastewater treatment plants solid particles are agglomer-
ated in a stirred reactor or by in-line mixers to reduce sedimenta-
tion time (Bratby, 2006). Several researchers have, since the 1970s,
carried out experimental studies on particle aggregation systems
(Vrale and Jorden, 1971, 1972, 1991, 1994, 2001, 2004, 2016,
2018). In more recent years, computational fluid dynamics (CFD)
has been extensively applied to improve the understanding of
applications that are used to agglomerate particles. Traditionally,
the performance of wastewater pretreatment systems has been
characterised by the velocity gradient and energy dissipation rate,
as proposed by Camp and Stein (1943). As these parameters are
directly available using CFD, this approach is highly advantageous.

Ducoste and Clark (1999) were among the first to apply CFD to
describe particle aggregation in flocculation systems. The authors
used the CFD code FIDAP to evaluate the fluid mechanics in a floc-
culator using the standard k-e turbulence model. The numerical
results were compared to experimental results using laser Doppler
velocimetry. However, the CFD code applied by the researchers did
not produce accurate results for the energy dissipation for the
swirling flow in the reactor.

Bridgeman et al. (2010) highlighted the applicability of CFD in
the development of particle aggregation systems for wastewater
treatment plants. They analysed the difference and impact of sev-
eral turbulence models within the Reynolds averaged Navier
Stokes (RANS) framework. The authors were successful in high-
lighting zones in the system where high-velocity gradients were
present, causing particles to break up. Historically, flocculation sys-
tems have been designed from a global perspective using either the
total pressure loss or the power input to the mechanical actuator
(Vrale and Jorden, 1971; Mhaisalkar et al., 1991) but Bridgeman
et al. (2010) proposed that a local design perspective using CFD
improves the overall performance of the application.

To simulate the aggregation and breakage of discrete particles
in a continuous flow, several different multiphase methods have
been used. A widely applied approach is to couple CFD and the dis-
crete element model (DEM), where discrete particles are tracked
using a Lagrangian soft-sphere model. Hærvig et al. (2018) anal-
ysed particle deposition and aggregation in straight turbulent pipe
flows with a large eddy simulation (LES) in order to adequately
describe the turbulence in the continuous phase. A periodic bound-
ary condition was applied to the pipe section, thereby effectively
resulting in an infinitely long straight circular pipe. The CFD-DEM
model successfully described the aggregation and breakage of
dilute particles in a turbulent gas using the surface adhesion theory
proposed by Johnson et al. (1971). Dizaji et al. (2019) analysed the
collision and breakage of loosely coupled agglomerates in a shear
flow using a four-way coupled CFD-DEM approach. The authors
demonstrated in high detail, how agglomerates break into several
fragments when placed in a shear flow. Furthermore, they showed
how two agglomerates can merge into a single agglomerate,
bounce off each other, or fragment into several new smaller
agglomerates during a collision. The details of the modelling
framework for both the particle and fluid phase are extensive,
thereby producing accurate results but at a high computational
cost.

Due to the high computational demand of the Euler–Lagrangian
CFD-DEM approach, alternative methods have been proposed,
which are computationally less demanding. They involve an
approximate solution of the population balance equation (PBE),
which tracks the temporal and spatial evolution of the particle
number density function. Several methods have been proposed
to solve the PBE, including the least-square spectral element
method (Zhu et al., 2009), the finite element method (Ganesan,

2012) and the family of various method of moments (MOM). One
of the most widely used approaches is the quadrature method of
moments (QMOM), first implemented into the commercial CFD
code Fluent by Marchisio et al. (2003) for modelling simultaneous
aggregation and breakage of particles. The QMOM solves for a con-
secutive set of lower-order integer moments of the number density
function and utilises Gaussian quadrature for approximating the
integral source terms of the PBE. The QMOM was extended by
Yuan et al. (2012) to solve the continuous number density function
in the Extended QMOM (EQMOM) approach. Passalacqua et al.
(2018) implemented the EQMOM into the OpenFOAM CFD library
under the OpenQBMM module. The authors successfully described
the aggregation of dilute particles in a Taylor-Couette flow reactor.

Another approach to solving the PBE is the class method, alter-
natively referred to as the sectional or discrete method. Using this
approach, the number density function is discretised into a range
of size classes, resulting in a set of source term coupled transport
equations for individual number concentrations. The integral
source terms are transformed into summations over subintervals.
Lehnigk et al. (2021) successfully implemented the class method
of Kumar and Ramkrishna (1996) into the Euler-Euler model, also
referred to as the two-fluid model, of OpenFOAM. They applied it
to simulate both the co-current flow of air and water in a vertical
pipe as well as the synthesis of titania in a tubular furnace reactor.

The advantage of the QMOM is that it requires a low number of
transported scalars to account for statistical moments which
makes this method computationally advantageous. This modelling
approach, however, does not provide direct information about the
number density function, meaning its shape is unknown. It can be
obtained with the EQMOM, as it approximates the number density
function through a combination of kernel density functions. How-
ever, Li et al. (2017) report that the EQMOM can be up to 30 times
as computationally demanding as the QMOM, resulting from costly
source term calculations. Class methods are costly as well and
require a priori knowlegde of the size range, but the number den-
sity function is readily available at any point in the computational
domain.

In this study, the PBE is solved using the class method imple-
mentation of Lehnigk et al. (2021), as the scope of this study is
to analyse the impact on the shape of the number density function
when altering the geometrical configuration and the fluid Reynolds
number. Furthermore, the class method allows for a direct compar-
ison with experimental data, as the size distribution is directly
available. The aggregation and breakage of solid particles through-
out circular pipe U-bends are modelled and analysed for fluid Rey-
nolds numbers ranging from 15;000 < Ref < 35;000 using the
Euler-Euler model of OpenFOAM. Special care is taken to model
the aggregation, breakage and external force acting on the solid
particles and agglomerates suspended in the flow. The numerical
results are compared to an experimentally obtained particle size
distribution for an in-line flocculator designed to agglomerate soot
particles.

2. Experimental setup

A particle size distribution of agglomerated soot particles was
measured and presented in this study for the process seen in
Fig. 1. A 2 MW engine (MAN 9L28/32H) is operated on heavy fuel
oil with a sulphur content of 2.5% w/w. As the fuel contains a high
sulphur content, a wet scrubber is used to remove the sulphur con-
tent from the exhaust gas by scrubbing the exhaust gas with a
water film inside the wet scrubber. As a bi-product, up to 40% of
the particulate mass in the exhaust gas is trapped by the water film
and transferred from the gas phase to the water phase (Simonsen,
2018). The trapped particulate mass in the wet scrubber is
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primarily soot and black carbon, which is formed within the cylin-
der of the engine during combustion, and a percentage of residual
lube oil. In this study, the particulate mass is assumed as a single
component, namely as soot. The water is recirculated over the
wet scrubber through a circulation tank and continuously cleaned
in a water purification system through fast sedimentation using a
high-speed centrifugal separator. The clean water is recirculated
back to the circulation tank and the particles are removed from
the system as a sludge. To achieve a shorter sedimentation time,
the suspended soot particles are agglomerated using an in-line sta-
tic flocculator consisting of 11x straight pipes followed by 180�

pipe bends, which is also seen in Fig. 2. By producing larger
agglomerates over the static flocculator, the water purification pro-
cess becomes more effective, as a shorter sedimentation time is
needed. Aluminium chloride (Kemira PAX-18) is dosed as a metal
coagulant at the inlet of the static flocculator to reduce the net sur-
face charge of the soot particles. Further, a highly cationic polymer
flocculant (BASF Zetag 9048FS) is dosed into the process stream, in
a Venturi-like static mixer after a total of 4x 180� pipe bends, to
strengthen and further agglomerate the particles. The net surface
charge of the particles is reduced as the soot particles are nega-
tively charged and this makes the particles stable within the
suspension.

The static flocculator, shown in more detail in Fig. 2, features a
pipe bend radius of rB ¼ 1:5dh and is operated at a fluid Reynolds
number of Ref ¼ 22;500, which corresponds to a fluid bulk velocity
of �uf ¼ 0:563m=s. The particle size distribution of the agglomer-
ated soot is measured for the wet scrubber re-circulation water
prior to sedimentation in the water purification application.
Agglomerated soot particles are extracted at the outlet of the static
flocculator and the particle size distribution is analysed using a
Malvern Mastersizer 3000, which uses the technique of laser

diffraction to measure the particle size distribution. The total sus-
pended solid concentration is measured using EN 872:2005 to
determine the particle mass concentration. The volumetric concen-
tration is then estimated using the assumption that soot primarily
consists of graphite layers, (Wang et al., 2018), with a density of
qp ¼ 1400 kg/m3 yielding a bulk volumetric concentration of
ap ¼ 0:1%.

3. Numerical framework

The simulations are carried out with the mesh shown in Fig. 3.
The computational domain is designed to use periodic boundary
conditions, i.e. the outgoing velocity profile, turbulence character-
istics and particle properties are reapplied at the inlet. This effec-
tively results in an infinite number of U-bends followed by a
straight section with a length of L ¼ 20dh, which allows a steady-
state solution to be obtained. Pipe bend radii of
rB ¼ dh; rB ¼ 1:5dh and rB ¼ 2:5dh are analysed in this study, as
those are commonly used in industrial applications.

The Euler-Euler model is applied to simulate the fluid and par-
ticle flow. In the following sections, the governing equations for the
fluid and particle phases as well as the particle–particle interaction
are presented.

3.1. Governing equations for multiphase flow

In the Euler-Euler model, a separate set of equations for conti-
nuity and momentum is solved for each phase u as seen in Eq.
(1) and (2), respectively.

@

@t
auqu

� �
þr � auquuu

� �
¼ 0 ð1Þ

@
@t auquuu

� �
þr � auquuuuu

� �
�r � su ¼ �aurpþ auqug

þMu þ Su;

ð2Þ
where a is the volumetric fraction, q the density, u the velocity, S
represents the momentum source due to volume forces, g the grav-
itational acceleration, p the pressure, s the stress tensor, which also
includes the Reynolds stresses for the fluid phase and Mu is the rate
of interfacial momentum transfer between the phases which is
given by

Mu ¼
XN

u¼0;u–w

FD;uw þ FL;uw þ FVM;uw þ Fdisp;uw

� �
; ð3Þ

where the subscripts denotes drag force, D, lift force, L, virtual mass
force, VM, and turbulent dispersion force, disp, between phase u
and w. Conservation of momentum implies that

P
uMu ¼ 0. It is

assumed that the pressure is shared between the phases. A momen-
tum source term Su is applied for the fluid phase in this study to
balance the pressure gradient in the periodic domain, which acts
to ensure a mean bulk velocity corresponding to the fluid Reynolds
number chosen. To this end, a pressure gradient increment is added
to the existing pressure gradient of the fluid phase for each itera-
tion, based on the difference between the fluid velocity and the
desired bulk velocity at the given time step.

3.1.1. Turbulence modelling
Several authors have applied the re-normalisation group turbu-

lence model (RNG) by Yakhot and Orszag (1986), to successfully
describe the turbulence in swirling flows, such as flow through a
pipe bend or fluid separation flows (Hilgenstock and Ernst, 1996;
Kim et al., 2014; Cai et al., 2019; Marshall and Bakker, 2004).
Kim et al. (2014) analysed the accuracy of several turbulence mod-

Fig. 1. Process overview of the system that produces the soot that is agglomerated
in the flocculator. Flue gas from a 2 MW engine is cleaned using a wet scrubber,
where the soot is trapped in the wet scrubber by a water film. The dirty water is
recirculated over the scrubber and through a water purification application. The
soot particles are agglomerated in a static flocculator, which is where the particle
size distribution is measured.

Fig. 2. In-line pre-treatment static flocculator. The flocculator consists of a set of
180� pipe bends and a metal coagulant is dosed at the inlet of the application and
the dosing of the cationic polymer is performed after a total of 4x 180� pipe bends.
The particle size distribution is measured at the outlet of the static flocculator.
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els for a 90� pipe bend including the standard k-e, realizable k-e,
RNG-k-e; k-x SST model. The authors concluded that the RNG k-e
model yields good agreement for the primary stream-wise velocity
and secondary swirling velocity profile compared to the other tur-
bulence models.

Escue and Cui (2010) compared the accuracy of the RNG k-e to
the Reynolds stress model (RSM) which generally has a better pre-
diction of turbulence, but is also more computationally expensive.
The authors concluded that the results obtained by the RNG k-e
model were in better agreement with experimental data compared
to the RSM for low swirling flows. Since the swirling flow is pro-
duced by a pipe bend, it is assumed that the RNG k-e produces suit-
able turbulence results for this study.

The two-equation RNG k-e model is developed by applying sta-
tistical methods used in re-normalisation group theory to resolve
the smallest eddies in the inertial range. The RNG procedure
removes the small scales of motion by expressing their effects in
terms of larger-scale motion and modifying the turbulent viscosity.
The governing equations for the RNG k-e model by Yakhot et al.
(1992) are

@

@t
afqfkð Þ þr � afqfkufð Þ ¼ r lf þ

lt

rk

� �
rk

� 	
þ Pk � afqfe ð4Þ

and

@
@t afqeð Þ þ r � afqfeufð Þ ¼ r lf þ lt

re

� �
re

h i
þ C1e

e
k Pk

�C2eafq e2
k ;

ð5Þ

where the subscript f denotes the fluid phase and Pk the generation
of turbulence due to the mean velocity gradients. The model coeffi-
cients chosen for the RNG k-e model used in this work are the
default values.

3.1.2. Kinetic theory of granular flows
The stress tensor for the dispersed particle phase, sp, is mod-

elled using the kinetic theory of granular flows to account for the
particle–particle interactions (Lun et al., 1984; van Wachem,
2000; Yao et al., 2015; Shekhawat et al., 2018). An extensive
description of the KTGF model and a comparison of the submodels
included is presented by van Wachem (2000). The submodels

selected here are listed in Table 1 and the corresponding mathe-
matical expressions can be found in Appendix A.

3.2. Interfacial momentum transfer models

The rate of interfacial momentum transfer can be divided into
several submodels accounting for the different fluid forces acting
on the particles. The interfacial forces are defined by the drift
velocity between the two phases, ur ¼ up � uf



 

 or the particle Rey-
nolds number, Rep ¼ urdp=mf .

3.2.1. Drag force
The drag force acting on the particles is described by Eq. (6)

FD ¼ 1
2
qf urj jurCDAp; ð6Þ

where CD is the drag coefficient and Ap is the projected surface area
of the particles as seen by the fluid. The particles are assumed
spherical and the drag force coefficient presented by Wen and Yu
(1966) is used in this study which reads

CD ¼

24
Rep

a�2:65
f for Rep < 0:5

24
Rep

1þ 0:15Re0:687p

� �
a�2:65
f for 0:5 6 Rep < 1000

0:44a�2:65
f for Rep P 1000:

8>><>>: ð7Þ

Assuming the soot particles and agglomerates to be spherical is, of
course, a simplification, as these are fractal-like in their nature.
According to the observations of Mikhailov et al. (2006) and Ma
et al. (2013) soot structures tend to collapse when entering a wet

Fig. 3. Geometrical setup for the computational domain. The domain is periodic, effectively resulting in an infinite number of 180� bends followed by a straight pipe section
with lengths of L ¼ 20dh. In this figure rB ¼ 1:5dh. The mesh resolution of the cross-sectional view is also seen in the figure.

Table 1
Submodels applied for the KTGF.

Description Author

Conductivity of granular energy Hrenya and Sinclair (1997)
Frictional stress Johnson and Jackson (1987)
Generation and dissipation of granular energy Lun et al. (1984)
Particle shear viscosity Hrenya and Sinclair (1997)
Particle phase pressure Lun et al. (1984)
Radial distribution function Lun and Savage (1986)
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environment and thereby become quite spherical. Furthermore, as
the particles are small, so is the Stokes number. For the largest parti-
cles it evaluates to St < 0:2 and for themajority St � 1,meaning that
the relative velocitybetween thephases is small. Theparticles largely
follow the flow and the effect of assuming sphericity is negligible.

3.2.2. Lift force
The dispersed particles are affected by shear and rotational

forces in this study. The lift force acting on a dispersed phase by
a continuous phase can be described as

FL ¼ �CLqfapur �x; ð8Þ
where CL is the lift force coefficient andx is the vorticity defined by
the curl operator asx ¼ r� uf . The lift force coefficient by Saffman
(1965) describes the lift force coefficient for low Reynolds numbers
as

CL ¼ 3
2p

ffiffiffiffiffiffiffiffiffi
Rex

p C0
L ð9Þ

where C0
L ¼ 6:46 and the vorticity Reynolds number is given as

Rex ¼ xj jd2
p=mf . Mei (1992) extended the lift force coefficient to

cover finite Reynolds numbers and extended the applicable range.
The lift force coefficient, C0

L, is given as

C0
L ¼

6:46 1� 0:3314b0:5� �
e�0:1Rep þ 0:3314b0:5� 


Rep 6 40

6:46 � 0:0524 ffiffiffiffiffiffiffiffiffiffi
bRep

p
Rep > 40;

(
ð10Þ

where b ¼ 0:5 Rex=Rep
� �

.

3.2.3. Virtual mass force
The virtual mass force describing the additional mass of the

fluid being accelerated along with the particulate mass is seen in
Eq. (11).

FVM ¼ �CVMqfap
Dp

Dt
up � Df

Dt
uf

� �
; ð11Þ

where CVM is the virtual mass force coefficient, and for this study, a
constant value of CVM ¼ 0:5 is applied. The term Dp=Dt and Df=Dt
denotes the material derivative for the particle and fluid phase
respectively.

3.2.4. Turbulent dispersion force
The turbulence in the continuous phase, described by the turbu-

lent diffusion term, is based on the averaged velocity field when
using the RANS methodology. This means that the turbulent eddies
in the continuous phase do not directly impact the dispersed phase
as the eddies are modelled and not resolved. To account for the tur-
bulent dispersion of the dispersed phase, Burns et al. (2004) per-
formed a Favre averaging of the drag force. The turbulent
dispersion force is given as

Fdisp ¼ �3
4
CD

apqf

dp
ur
mt
r

raf

af
�rap

ap

� �
; ð12Þ

where r is the turbulent Schmidt number, which is set to a value of
r ¼ 0:9 in this study.

3.3. Population balance equation

The evolution of the particle size distribution is described using
the population balance equation, a transport equation for the num-
ber density function, n n;x; tð Þ, where n is the internal coordinate and
x is the spatial coordinate. In this study, the particle size distribution
is of interest, which is why the internal coordinate is the volume of
the particles, n ¼ vp. For ease of notation and since all terms depend

on the spatial dimension and time, the number density function is
denoted by nv . The population balance equation is given as

@

@t
nv þr � unvð Þ ¼ Sv ; ð13Þ

where Sv is the source term accounting for the discontinuous
changes in the number density function such as aggregation and
breakage, given by

Sv ¼ 1
2

Z v

0
nv 0nv�v 0av 0 ;v�v 0dv 0 � nv

Z 1

0
nv 0av;v 0dv 0

þ
Z 1

v
nv 0bv 0bv;v 0dv 0 � nvbv :

ð14Þ

The birth and death by aggregation are given by the first two terms
on the right-hand side and av;v 0 denotes the corresponding aggrega-
tion frequency. Birth and death by breakage are described by the
third and fourth term on the right-hand side of Eq. (14), where bv 0

denotes the corresponding breakage frequency. During breakage,
information about the number and distribution of daughter parti-
cles is given by the daughter size distribution function, bv;v 0 , which
must satisfy the constraintsZ v 0

0
vbv;v 0dv ¼ v 0; ð15Þ

andZ v 0

0
bv ;v 0dv ¼ nb; ð16Þ

where nb is the total number of daughter particles born from parti-
cle breakage. The daughter size distribution function for this study
is presented in Section 3.3.3.

Eq. (13) is solved by discretising the particle size domain into a
set of size classes with an upper and lower boundaries, v i and v iþ1,
respectively. The number concentration, N, is given by integrating
over the resulting size class

Ni ¼
Z v iþ1

v i

nvdv: ð17Þ

The discretised version of Eq. (13) using Eq. (17) yields

@Ni

@t
þr � uNið Þ ¼ Si: ð18Þ

The source term in Eq. (18) is obtained using the formulation pro-
posed by Kumar and Ramkrishna (1996), where it is assumed that
the population is concentrated at pivotal volumes and the mean
value theorem is applied for computing the frequencies. A separate
transport equation is solved for each size class. The volume concen-
tration of the particle phase is then given as:

ap ¼
Xk

i¼0

xiNi ; ð19Þ

where xi is the pivotal volumes of the size class. For further details
of the algorithm, the reader is referred to the work of Lehnigk et al.
(2021).

3.3.1. Aggregation kernel
The birth and death of new particles due to aggregation are

based on an aggregation kernel describing the aggregation fre-
quency. In this work, the aggregation kernel proposed by Adachi
et al. (1994) is adopted. It has been applied successfully by
Marchisio et al. (2003) and Cai et al. (2019) to describe the aggre-
gation of particles in turbulent flows. The aggregation frequency
model is
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ad;d0 ¼
4
3

ffiffiffiffiffiffiffi
3p
10

r ffiffiffiffiffi
ef
mf

r
dþ d0� �3

; ð20Þ

where ef is the turbulent dissipation rate of the continuous phase
and mf is the kinematic viscosity of the continuous phase.

3.3.2. Breakage kernel
The birth and death of particles due to breakage are described

by the breakage kernel. Here, the model proposed by Kusters
(1991) is adopted. The breakage frequency model is an exponential
kernel given by

bv 0 ¼
ffiffiffiffiffiffiffiffiffi
4

15p

r ffiffiffiffiffi
e
mf

r
exp � ecr

e

� �
; ð21Þ

where ecr is the critical rate of energy dissipation required for the
agglomerate to break up. The critical rate of energy dissipation is
defined as

ecr ¼ B
rc
; ð22Þ

where B is a strength parameter that accounts for the critical shear
velocity needed to break an agglomerate and rc is the collision
radius, which is based on a correlation proposed by Mandelbrot
(1985):

rc ¼ r0
ni

kc

� �1=Df

: ð23Þ

Herein, r0 is the radius of the primary particle in the agglomerate, ni

is the number of primary particles in the agglomerate, kc is a con-
stant relative to the packing density which is generally assumed
to be unity (Jeldres et al., 2017) and Df is the fractal dimension.
The number of primary particles, ni, is given by Eq. (24), where ri
is the radius of the agglomerate.

ni ¼ ri
r0

� �Df

: ð24Þ

The critical strength of the agglomerate is thereby a function of the
fractal dimension and the number of primary particles in the
agglomerate, meaning larger agglomerates are more likely to break
compared to smaller agglomerates.

3.3.3. Daughter size distribution
A size distribution model is needed when an agglomerate

breaks into smaller fragments (daughters particles). For this study
a beta distribution function is chosen for the newly formed parti-
cles. Laakkonen et al. (2007) proposed a beta distribution that is
a function of the number of daughter particles and is given as

bv;v 0 ¼ 1þ C4ð Þ 2þ C4ð Þ 3þ C4ð Þ 4þ C4ð Þ 1
3

� �
1
v 0
� � v

v 0
� �2 1� v

v 0
� �C4 ;

ð25Þ
where v is the volume of the daughter particle and v 0 is the volume
of the mother particle. The total number of daughters generated is a
function of the coefficient, C4:

ni ¼ 4
3
þ C4

3
: ð26Þ

4. Results and Discussion

4.1. Simulation parameters

The particle properties used for the simulations are seen in
Table 2. The primary particle size of the agglomerates is chosen
based on the measurements of Trivanovic et al. (2019) and the
fractal dimension selected according to the measurements of

Mikhailov et al. (2006) and Ma et al. (2013). The particle size range
is discretised into 50 size classes that are distributed equally on the
logarithmic scale in the range of 1lm < dp < 1000lm as

log10
dp;i

dp;i�1

� �
¼

log10
dp;N
dp;1

� �
N � 1

1 < i < N: ð27Þ

To ensure computational stability the Courant–Friedrichs– Lewy
(CFL) condition, which determines the maximum allowed time step
by considering the mesh size, is set to a maximum value of
CFL ¼ ufj jDt=Dx < 1. The simulations were continued until a
steady-state solution was obtained, which was found to be depen-
dent on the fluid Reynolds number and the geometrical setup for
the specific case. Dependent on the case, a steady-state solution
was obtained after a dimensionless flow length of 300 < ~L < 1000,
where ~L ¼ t � �uf=dh and �uf is the mean bulk velocity of the fluid.
Common for all geometrical cases was that the steady-state solu-
tion was obtained faster with increasing fluid Reynolds number.

The experiment features a total dimensionless length of
~L ¼ 500. A length of ~L ¼ 350 is experienced by the fluid after the
polymer flocculant is dosed into the process stream. In the simula-
tion, the particulate phase is inserted into a fully developed flow
field and then the dimensionless flow length needed to obtain a
steady-state solution for the particle size distribution is analysed.
For the numerical simulation with a fluid Reynolds number of
Ref ¼ 22;500, the dimensionless length to reach the steady-state
solution is seen in Fig. 4. The steady-state solution for the particle
size distribution is obtained after a dimensionless flow length of
~L � 450. It is therefore concluded that a periodic computational
domain can be used to obtain steady-state solutions for the given
geometry. The no-slip condition is applied to the walls of the
domain for both phases.

Table 2
Particle properties applied for the simulations.

Property Symbol Value Unit

Density qp 1400 kg/m3

Primary particle size d0 250 nm
Fractal dimension Df 2.4 -
Coefficient of restitution e 0.75 -

Fig. 4. Sauter mean diameter as a function of the dimensionless flow length, ~L for
rB ¼ 1:5dh;Ref ¼ 22;500;B ¼ 50 � 10�7 and C4 ¼ 2.
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4.2. Mesh independence study

The number of computational cells in the domain is increased to
a point where a solution that is independent of the number of com-
putational cells is obtained. The parameter of interest in this study
is the particle size distribution and the volume-averaged Sauter
mean diameter which is seen in Fig. 5 for three different mesh
sizes. The coarse mesh consists of 97,000 cells, the medium mesh
consists of 313,000 cells and the fine mesh consists of 521,000
cells. The mesh is refined in the axial and radial direction, but keep-
ing a constant minimum cell size at the wall. A mesh independent
particle size distribution is obtained using the medium-sizedmesh,
which is also the computational mesh seen in Fig. 3.

4.3. Validation of model parameters

Two model properties are varied to find particle characteristics
that resemble the experimental measurements. The particle criti-
cal strength parameter, B, and the daughter size distribution coef-
ficient, C4, is varied to see the effect of that given parameter and to
find suitable properties for the particles.

4.3.1. Critical strength parameter
The particle strength parameter, B, is varied for a constant fluid

Reynolds number, to analyse the effect on the particle size distri-
bution when changing the critical strength. The fluid Reynolds
number resembles that of the experimental measurements,
Ref ¼ 22;500, and the strength parameter was varied from
40 � 10�7 < B < 60 � 10�7. The daughter size distribution coefficient
C4 is set to C4 ¼ 2 for this parameter study. The steady-state parti-
cle size distribution at the outlet of the domain is seen in Fig. 6. The
shape of the particle size distribution is similar for the three values
of B, but the peak of the particle size distribution increases as B

decreases. Using a strength parameter of B ¼ 50 � 10�7 m3/s3 pro-
duces results that are in good agreement with the experimentally
obtained particle size distribution. This value will be used for fur-
ther analysis of the impact of the fluid Reynolds number and the
effect of the pipe bend radius.

4.3.2. Daughter size distribution coefficient
For studying the impact of the daughter size distribution coeffi-

cient C4, simulations are carried out using C4 ¼ 2;C4 ¼ 4 and
C4 ¼ 6. The number of agglomerate fragments increases with the
coefficient, meaning that smaller daughter particles are favoured.
The particle size distribution for the different daughter distribution

coefficients is seen in Fig. 7, where the experimentally measured
particle size distribution is shown for reference. An increased con-
centration of smaller particles is observed when C4 increases, as
expected. It is seen that a daughter size distribution coefficient of
C4 ¼ 2 produces a particle size distribution in good agreement with
the experimental results, which corresponds to binary breakage
according to Eq. (26).

4.4. Flow field

The normalised fluid velocity, ufj j=�uf , is seen, as a contour in the
middle of the pipe, in Fig. 8a for Ref ¼ 22;500 and rB ¼ 1:5dh. Lar-
ger absolute velocities are observed at the beginning of the pipe U-
bend, as the fluid is forced towards the outer radius of the bend,
due to the strong curvature which effectively causing a down-
stream separation zone. The separation zone is a function of the
curvature of the bend and also of the velocity of the fluid, as the
fluid is more prone to stay attached at lower velocities. The high-
velocity zones are also the zones with the highest velocity gradi-
ents, as the fluid changes direction within the U-bends. Therefore,
the U-bends are the zones where the particles are most prone to
breakage, which is seen when analysing the contours of the parti-
cle number concentration and the Sauter mean diameter in Fig. 8b

Fig. 5. Particle size distribution for three different computational mesh sizes with
the parameters of Ref ¼ 22;500; rB ¼ 1:5dh;B ¼ 50 � 10�7 and C4 ¼ 2.

Fig. 6. Particle size distribution for strength parameters, B, compared to experi-
mentally obtained particle size distribution using a Malvern Mastersizer 3000.
Lowering the strength parameters results in an increased number of smaller
particles.

Fig. 7. Particle size distribution of Ref ¼ 22;500 and rB ¼ 1:5dh for different
daughter size distribution coefficients, C4, with the experimentally obtained
particle size distribution for reference.
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and 8c, respectively. The high curvature of the bend forces the two
phases to separate and a larger volume fraction is observed in the
180� bend, as seen when analysing the normalised volume fraction
of the particle phase in Fig. 8d. The heavier particle phase is forced
towards the circumference of the bend.

4.5. Variation of flow parameters

The fluid Reynolds number and the geometrical setup of the
180� bend are varied to study their effect on the particle size distri-
bution. These parameters are chosen to analyse the effect of
increasing the volumetric flow rate through the same static floccu-
lator or changing the bend radius of the static flocculator in the
design process.

4.5.1. Fluid Reynolds number
The fluid Reynolds number is varied in the range of

15;000 < Ref < 35;000 and the resulting steady-state particle size
distributions are seen in Fig. 9. When the fluid Reynolds number
increases, more turbulence is generated. This means that the tur-

bulent energy dissipation rate increases overall in the computa-
tional domain and also at the 180� bends. As a result, breakage
outweighs aggregation, thereby resulting in a distribution that is
shifted towards smaller sizes.

It is observed how the mean particle diameter decreases along
the inner circumference of the 180� bend when analysing the con-
tour plot of the Sauter mean diameter in Fig. 8c. This is also where
the turbulent energy dissipation rate is largest, which is causing
the particles to break up. Downstream of the U-bend the mean par-
ticle diameter increases again as the turbulent dissipation rate
decreases, resulting in an increased agglomeration.

4.5.2. Pipe bend radius
To analyse the impact of the geometrical setup, the bend radius

of the pipe is varied. Three of the most common industrial bend
radii are used: rB ¼ dh; rB ¼ 1:5dh and rB ¼ 2:5dh. The fluid Rey-
nolds number is again varied within the range of
15;000 < Ref < 35;000 and the Sauter mean diameter is plotted
as a function of the fluid Reynolds number in Fig. 10. It is seen that

Fig. 8. Steady-state contour plots for the geometrical symmetry plane of the computational domain for Ref ¼ 22;500;B ¼ 50 � 10�7 and C4 ¼ 2. (a): Normalised fluid velocity,
ufj j=�uf . (b): Number concentration of the particle phase. (c): Sauter mean diameter, d32, of the particle phase. (d): Normalised volume fraction of the particle phase, af=�af .

Fig. 9. Particle size distribution for different fluid Reynolds numbers for rB ¼ 1:5dh.
Fig. 10. Sauter mean diameter, d32, as a function of the fluid Reynolds number for
three different pipe bend radii.
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as the fluid Reynolds number increases, the particle Sauter mean
diameter decreases and converges to a constant value for all pipe
bend radii. This effect is due to more turbulence being induced in
the fluid domain, thereby increasing the turbulent energy dissipa-
tion rate in the overall computational domain. It is therefore
observed that the bend radius of the pipe has a negligible impact
on the Sauter mean diameter of the particles if the fluid Reynolds
number exceeds Ref > 30;000, for the particle properties chosen.

When analysing the dimensionless length needed to obtain a

steady-state solution, eLSS, in Fig. 11, it is seen that the response
length of the system increases with the bend radius of the pipe.
It is also observed that the response length decreases when the
fluid Reynolds number increases. The experimental setup, see

Fig. 2, has a total dimensionless length of eL ¼ 500, and therefore
the largest particle size distribution that can be obtained within
this length is given by choosing a bend radius of rB ¼ dh and a fluid
Reynolds number of Ref ¼ 15;000. By choosing this configuration,
the Sauter mean diameter increases from d32 ¼ 42:7lm to
d32 ¼ 95lm without changing the dimensionless length of the
experimental setup.

5. Conclusion

A numerical model for predicting the particle size distribution
when accounting for particle agglomeration and breakage is pre-
sented in this study in conjunction with an experimentally
obtained particle size distribution of flocculated soot particles.
The fluid and particle phases are modelled using the multi-fluid
model, where the particle number density function is tracked by
solving the population balance equation with the method of
classes. Special care is taken to account for the interfacial momen-
tum transfer between the fluid and solid phase. Furthermore,
agglomeration and breakage kernels are applied for the turbulent
regime, to obtain a steady-state solution for the particle size
distribution.

Several simulations are carried out to analyse and find suitable
parameters that describe the agglomeration and breakage of soot-
like particles in the Euler-Euler model. Using the critical turbulent
energy dissipation rate and daughter size distribution, suitable
numerical parameters are presented which obtain results in good
agreement with the experimental data.

The particle size distribution for fluid Reynolds numbers in the
range of 15;000 < Ref < 35;000 is analysed for three different pipe
bend radii of rB ¼ dh; rB ¼ 1:5dh and rB ¼ 2:5dh. It is shown that the

pipe bend radius has a negligible impact on the Sauter mean diam-
eter when the fluid Reynolds number exceeds Ref > 30;000 for the
selected particle parameters. It has been shown that the Sauter
mean diameter can be increased from d32 ¼ 42:7lm to
d32 ¼ 95lm by decreasing the pipe bend radius from rB ¼ 1:5dh

to rB ¼ dh and decreasing the fluid Reynolds number from
Ref ¼ 22;500 to Ref ¼ 15;000 while maintaining a maximum flow
length of ~L ¼ 500.

6. Additional information

The implementation of the aggregation- and breakage kernels
as well as the Saffman-Mei lift force models is published through
the HZDR Multiphase Addon for OpenFOAM (Schlegel et al.,
2022) and has also been contributed to the main OpenFOAM
release (Foundation, 2022).
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Nomenclature
A Area (m2)
a Aggregation frequency
B Strength parameter (m3/s3)
b Breakage frequency
C Constant (-)
CFL Courant–Friedrichs–Lewy number (uDt=Dx)
d Diameter (m)
Df Fractal dimension (-)
e Coefficient of restitution (-)
F Force (N)
G Velocity gradient (1/s)
g Gravitational acceleration (m/s2)
k Turbulent kinetic energy (m2/s2)
M Interfacial momentum transfer
N Number concentration
n Number (-)
p Pressure (Pa)
r Radius (m)
Re Reynolds number ( uj jdh=m)
S Source term
t Time (s)
u Velocity (m/s)
v Volume (m3)
Greek letters
a Volume fraction (-)
b Daughter size distribution function
e Turbulent energy dissipation rate (m2/s3)
l Dynamic viscosity (Pa s)
m Kinematic viscosity (m2/s)
q Density (kg/m3)
r Turbulent Schmidt number (-)

(continued on next page)

Fig. 11. Sauter mean diameter, d32, as a function of the dimensionless length eLSS
needed to obtain a steady-state solution for the different bend radii and fluid
Reynolds numbers.
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s Stress tensor (N/m2)
x Vorticity (r� u)
Subscripts
0 Primary particle
32 Sauter mean
u Phase
x Vorticity
B Bend
c Collision radius
cr Critical rate
D Drag
disp Turbulent dispersion
f Fluid
h Hydraulic
L Lift
p Particle
r Relative
VM Virtual mass

Appendix A. Submodels applied for KTGF theory

Mathematical equations for the submodels applied for the
kinetic theory of granular flow is presented in this appendix to sup-
port Table 1.

A.1. Radial distribution function

The mathematical expression for the radial distribution func-
tion, g0, by Lun and Savage (1986) is given as

g0 ¼ 1� ap

ap;max

� �
: ðA:1Þ

A.2. Conductivity of granular energy

The mathematical expression of Hrenya and Sinclair (1997) to
account for conductivity of granular energy is given by

j ¼ 25
ffiffiffiffiffi
pH

p
128 qpdp

1

1þkmfp
R

8
gg0

þ 96ap
5

� ��
1þ12

5 g
2 4g�3ð Þapg0
41�33g

� �
þ 512

25p ga
2
pg0

	
;

ðA:2Þ
where H is the granular energy, kmfg is the mean free path, e is the
coefficient of restitution, g ¼ 1=2 1þ eð Þ and R is the characteristic
length.

A.3. Frictional stress

The semi-empirical equation proposed by Johnson and Jackson
(1987) for the normal frictional stress, Pf , is given as

Pf ¼ Fr
ap � ap;min
� �n
ap;max � ap
� �p ; ðA:3Þ

where Fr, n and p are empirical material constants and ap > ap;min.
The volume fraction at where frictionla stresses become significant
is denoted by ap;min and in this study this value chosen ap;min ¼ 0:01,
meaning frictional stresses are assumed negligible for dilute parti-
cle flow.

A.4. Generation and dissipation of granular energy

The mathematical expression for generation and dissipation of
granular energy, kp, by Lun et al. (1984) is given as

kp ¼ 12 1� e2
� �apqpg0

dp
ffiffiffiffi
p

p H3=2: ðA:4Þ

A.5. Particle shear viscosity

The mathematical expression for particle shear viscosity, lp of
Hrenya and Sinclair (1997) is given by

lp ¼ 5
ffiffiffiffiffi
pH

p
96 qpdp

1
gg0

þ 8ap
5

� �
1þ8

5g 3g�2ð Þapg0
2�g

� �h
þ 768

25p ga
2
pg0

i
:

ðA:5Þ

A.6. Particle phase pressure

The solid-phase pressure, Pp, represents the normal forces due
to particle–particle collisions. The mathematical formulation of
Lun et al. (1984) is given as

Pp ¼ qpapH 1þ 2 1þ eð Þg0ap
� 


: ðA:6Þ
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