
Aalborg Universitet

An inverse strategy to determine constitutive parameters of tubular materials for
hydroforming processes

ZHANG, Bin; ENDELT, Benny; LANG, Lihui; ZHAO, Yang; YAN, Shu; NIELSEN, Karl Brian

Published in:
Chinese Journal of Aeronautics

DOI (link to publication from Publisher):
10.1016/j.cja.2021.11.007

Creative Commons License
CC BY-NC-ND 4.0

Publication date:
2022

Document Version
Publisher's PDF, also known as Version of record

Link to publication from Aalborg University

Citation for published version (APA):
ZHANG, B., ENDELT, B., LANG, L., ZHAO, Y., YAN, S., & NIELSEN, K. B. (2022). An inverse strategy to
determine constitutive parameters of tubular materials for hydroforming processes. Chinese Journal of
Aeronautics, 35(6), 379-390. https://doi.org/10.1016/j.cja.2021.11.007

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            - Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            - You may not further distribute the material or use it for any profit-making activity or commercial gain
            - You may freely distribute the URL identifying the publication in the public portal -

Take down policy
If you believe that this document breaches copyright please contact us at vbn@aub.aau.dk providing details, and we will remove access to
the work immediately and investigate your claim.

https://doi.org/10.1016/j.cja.2021.11.007
https://vbn.aau.dk/en/publications/b4a69834-fb25-47c4-84c2-62ea3e0f5ba5
https://doi.org/10.1016/j.cja.2021.11.007


Downloaded from vbn.aau.dk on: December 04, 2025



An inverse strategy to determine constitutive

parameters of tubular materials for hydroforming

processes

Bin ZHANGa,*, Benny ENDELT a, Lihui LANG b, Yang ZHAO c, Shu YAN c,

Karl Brian NIELSEN d

aDepartment of Materials and Production, Aalborg University, Aalborg 9220, Denmark
bSchool of Mechanical Engineering and Automation, Beihang University, Beijing 100083, China
cSchool of Materials Science and Engineering, Northeastern University, Shenyang 110819, China
dDepartment of Mechanical and Production Engineering, Aarhus University, Aarhus 8000, Denmark

Received 20 February 2021; revised 29 March 2021; accepted 2 June 2021

Available online 22 November 2021

KEYWORDS

Aluminum alloy;

Constitutive parameter;

Hydraulic bulging test;

Inverse modelling;

Tubular material

Abstract This paper is to determine the flow stress curve of 5049-O aluminium alloy by a tube

hydraulic bulging test with fixed end-conditions. During this test, several tubular specimens are

bulged under different internal pressures before their bursting, and the corresponding bulging

height and wall thickness at the pole are measured. An inverse strategy is developed to determine

the constitutive parameters of tubular materials based on experimental data, which combines the

finite element method with gradient-based optimization techniques. In this scheme, the objective

function is formulated with the sum of least squares of the error between numerical and experimen-

tal data, and finite difference approximation is used to calculate the gradient. The tubular material

behavior is assumed to meet the von Mises yield criterion and Hollomon exponential hardening

law. Then, constitutive parameters identification is performed by minimization of the objective

function. In order to validate the performance of this framework, identified parameters are com-

pared with those obtained by two types of theoretical models, and tensile tests are performed on

specimens cut from the same tubes. The comparison shows that this inverse framework is robust

and can achieve a more accurate parameter identification by eliminating mechanical and geometri-

cal assumptions in classical theoretical analysis.
� 2021 Chinese Society of Aeronautics and Astronautics. Production and hosting by Elsevier Ltd. This is

an open access article under theCCBY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Tube hydroforming technology has been proven to be a suc-
cessful manufacturing process and can form tubular metal

blanks into various complex tube components. Such a forming
process is widely utilized in the aviation and aerospace indus-

* Corresponding author.

E-mail address: zb@m-tech.aau.dk (B. ZHANG).

Peer review under responsibility of Editorial Committee of CJA.

Production and hosting by Elsevier

Chinese Journal of Aeronautics, (2022), 35(6): 379–390

Chinese Society of Aeronautics and Astronautics
& Beihang University

Chinese Journal of Aeronautics

cja@buaa.edu.cn
www.sciencedirect.com

https://doi.org/10.1016/j.cja.2021.11.007
1000-9361 � 2021 Chinese Society of Aeronautics and Astronautics. Production and hosting by Elsevier Ltd.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

http://crossmark.crossref.org/dialog/?doi=10.1016/j.cja.2021.11.007&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:zb@m-tech.aau.dk
https://doi.org/10.1016/j.cja.2021.11.007
http://www.sciencedirect.com/science/journal/10009361
https://doi.org/10.1016/j.cja.2021.11.007
http://creativecommons.org/licenses/by-nc-nd/4.0/


try1 owing to its advantages such as weight reduction, increase
of part complexity, and cost savings.2 A robust and productive
hydroforming process depends heavily on several process

parameters like incoming tubular material, preforming opera-
tion, fluid pressure loading path, lubrication, equipment, and
tools. Among the above factors, materials properties, i.e. the

flow stress curve and the tool-workpiece friction, have drastic
influences on the quality of final hydroformed parts. Besides,
an accurate evaluation of incoming tube material properties

is essential for the input data in the Finite Element Method
(FEM).3

To determine tubular metal properties, a number of indus-
trial tests have been carried out to measure material behaviors.

One of the simplest methods is the tensile test which is used to
test sheet metal behaviors commonly.4 When it is applied on a
tubular material, specimens can be cut from the tube wall at

different locations along the longitudinal and circumferential
directions, and then will be flattened and tested under uniaxial
tension according to the ASTM standard.5 However, the flat-

tening process of curved specimens before testing will change
their strain–stress behaviors and formability, especially those
cut from small-diameter tubes. The ring hoop tensile test can

avoid the unnecessary work hardening caused by flattening
and measure the hoop flow stress curve of a tubular material
accurately. In this test, a ring specimen with a reduced section
is taken from a tube along the hoop direction and then pulled

by a universal tensile apparatus. A disadvantage of this
method is the friction on the interface between the specimen
and a pair of blocks, which will lead to some measuring

errors.6

Another more accurate method to measure tubular material
properties is the hydraulic bulge test, because the stress state of

specimens under this procedure is close to the realistic hydro-
forming process. A number of efforts have been made to var-
ious types of hydraulic bulge testing methods and post-

processing procedures for experimental data. Fuchizawa et al.7

ignored the stress through thickness and calculated stress com-
ponents along circumferential and longitudinal directions
based on the recorded internal pressure, wall thickness, and

bulge height near the tube center in experiments. The use of
three displacement sensors to improve the accuracy of measur-
ing the meridian profile shape increased the complexity and

cost of the hydraulic press. Hwang et al.8 proposed a simple
analytical model where the bugle profile shape was assumed
as an elliptical curve to avoid measuring the longitudinal curve

radius, and the flow stress curve could be obtained when only
the tube center diameter and pole thickness were measured.

Other studies on theoretical analysis for the hydro bulge
process are similar, in which they followed the same stress for-

mulas as those of Hwang et al.8 and Fuchizawa et al.7 and only
changed the shape assumption. The meridian profile shape
could be assumed as two circular arcs,9 spline functions.10

However, to calculate the axial stress component, those
researchers adopted an unreasonable hypothesis that tubular
specimens and dies were regarded as a whole and isolated

the analyses for stress and strain. Bortot et al.11 introduced a
plastic strain–stress relationship, i.e. strain components were
proportional to the corresponding deviatoric stress to derive

the longitudinal stress component while the tube thickness
was ignored in the radical force equilibrium equation for a pole
element. In all the above analytical approaches, the tube defor-
mation was treated as a plane stress problem, and the tube

bulge profile was assumed as a simple mathematical formula;
this simplicity reduced the accuracy of results to some extent.

A substantial progress for the identification material

parameters of analytical models is the application of the
inverse modelling strategy which combines the optimization
technique with the FEM model and obtains the optimum

material coefficients by minimizing the difference between
numerical simulation results and experimental data. Compared
with the classical theoretical equations, it allows a more accu-

rate determination by avoiding mechanical and geometrical
assumptions.12 A large number of publications focused on
the inverse identification of sheet metal properties,13–17 and
limited work was carried out on the application of inverse

modelling on the tube hydraulic bulge test. Zribi et al.18,19 used
this inverse procedure combining the FEM with Nelder Mead
simplex algorithm to identify material constitutive parameters

of tubular parts made of low carbon steel. The gap of the inter-
nal pressure versus the bulge curve between collected from a
free hydraulic bulging experiment and FEM responses was

set as the cost function. One limitation of this research was
that the direct search algorithm in the strategy showed a lower
efficiency and a lack of comparison with classical theoretical

analysis.
In this paper, a novel and flexible hydraulic setup is

designed, and several tube hydraulic tests with fixed end-
conditions for annealed 5049 aluminium alloy are carried

out. The bulge height, wall thickness at the pole, and applied
internal pressure are measured during the process. An inverse
modelling technique combining the FEM model and an

improved Levenberg-Marquardt algorithm is used to deter-
mine the tubular materials constitutive parameters of 5049-O
aluminium alloy. A general objective function is created to

evaluate the difference between computed and experimental
data, and material constitutive parameters are identified by
minimizing this function. Meanwhile, two theoretical models

based on the force equilibrium and total strain theory for this
process are given, and tensile tests for specimens cut from the
tube along the longitudinal direction are performed. In order
to demonstrate the inverse strategy’s feasibility and perfor-

mance, a comparison of three types of methods is carried
out by running FEM simulation of the tube hydraulic bulging
process.

2. Hydraulic bulging test analysis

A tube hydraulic bulging test is a material characterization

method which expands a tubular material into a suitable shape
freely using the internal fluid pressure. In the test, some data
such as the bulge height, internal pressure, and pole thickness

can be measured online or offline, and then these collected data
can be used further to determine tubular material properties.
Fig. 1 illustrates a typical tube hydraulic bulging process. In
general, this test includes three types of end-conditions at tube

ends: A) Free-end, B) Forced-end, and C) Fixed-end; the ends
of a tubular workpiece are fixed completely in current study.

2.1. Geometrical analysis

The profile of the deformation zone on a tube is assumed as an
elliptical curve.8 The geometrical parameters for this shape are

shown in Fig. 2, where R0 is the initial external tube radius, t0
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is the initial tube wall thickness, L0 is the length of the bulge
zone, h is the bulge height. The elliptical curve can be defined

as20

z2

a2
þ r2

b2
¼ 1 ð1Þ

where a and b are the half lengths of the major and minor axes

of the ellipse, respectively.
In Fig. 2, it can be seen that the coordinates of the contact

point between the tube and the die are (L0/2, R0), and the ellip-

tical curve passes through this point. The pole point (0,
R0 + h) also meets Eq. (1), and then parameters a and b in
the elliptical equation can be determined as20

a ¼ L0ðR0 þ hÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4hð2R0 þ hÞp ð2Þ

b ¼ R0 þ h ð3Þ
Based on Eqs. (1)–(3), the meridian curvature radius at the

pole point can be described as20

ru ¼ L2
0ðR0 þ hÞ

4hð2R0 þ hÞ ð4Þ

Then, the circumferential radius at the pole of the tube
bulge zone can be written as

rh ¼ R0 þ h ð5Þ
As a comparison, Hwang et al.8 applied another elliptic

shape equation to describe the profile, and ru can be calculated
as

ru ¼ a2

b
ð6Þ

It can be seen from Eq. (1)–(6) that the meridian and cir-
cumferential radii depend on the bulge height, tube thickness,

and diameter, which can be measured during the hydraulic bul-
ging test.

2.2. Stress analysis

For the thin-walled tube used in this research, the ratio of its
thickness to diameter � 1, so the stress within the workpiece
can be referred as the plane stress state according to assump-

tions in the membrane theory. It means that the stress along
the thickness direction is zero, i.e.

rt ¼ 0 ð7Þ
The equivalent stress can be calculated by two stress com-

ponents, rh along the circumferential direction and ru along

the longitudinal direction. They can be determined from the
force equilibrium along the thickness direction for a membrane
element at the pole of the tube bulge zone, as shown in Fig. 3,

which can get

2ruðrh � t

2
Þth sinu

2
þ 2rhðru � t

2
Þtu sin

h
2

¼ Pðrh � tÞuðru � tÞh cos h
2
sin

u
2

ð8Þ

where rh and ru are the circumferential and meridian curve
radii at a point of the tubular elliptical surface, respectively;
P is the internal fluid pressure; h and u are the angles on the

planes of hoop and meridian, respectively. When these angles
are small, Eq. (8) can be rewritten as20

ru

ru � t
2

þ rh

rh � t
2

¼ Pðrh � tÞðru � tÞ
tðrh � t

2
Þðru � t

2
Þ ð9Þ

According to Fuchizawa et al.7 and Hwang et al.,8 the
hypothesis that both ends of the tube were considered closed
was applied. For a closed tube under internal pressure, from
the force equilibrium equation along the longitudinal direction

at the cross-section perpendicular to the tube surface, it can be
expressed as21

2p
�
rh � t

2

�
tru ¼ Ppðrh � tÞ2 ð10Þ

Based on hypothesis Eq. (10), the longitudinal stress at the
pole can be approximately calculated as8

ru ¼ P rh � tð Þ2
2tðrh � t

2
Þ ð11Þ

Substituting Eq. (11) into Eq. (9), the stress along the hoop
direction can be written as8

rh ¼ Pðrh � tÞ
2tðru � t

2
Þ ð2ru � t� rhÞ ð12Þ

Fig. 2 Tube geometrical parameters before and after bulging test.

Fig. 1 Schematic for tube hydraulic bulging process.
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The other method to calculate the stress along the longitu-

dinal direction is presented based on the total strain theory
proposed by Ilyushin and Lensky.22 During the test, the inter-
nal fluid pressure increases continuously without intermediate

unloading. The Ilyushin plastic strain–stress relationship can
be expressed by

r
0
u ¼ 2

3

reff

eeff
e
0
u ð13Þ

r
0
t ¼

2

3

reff

eeff
e
0
t ð14Þ

r
0
h ¼

2

3

reff

eeff
e
0
h ð15Þ

where r0 = [r
0
u, r

0
t, r

0
h] and e0 = [e

0
u, e

0
t, e

0
h] are the stress and

strain deviators at a certain deformation state, respectively; reff
is the effective stress; eeff is the effective strain. Considering the
total stress, Eq. (16) can be derived:

ru � rt

eu � et
¼ rt � rh

et � eh
¼ rh � ru

eh � eu
ð16Þ

where eu, et and eh are the strains along longitudinal, thickness
and circumferential directions.

Combination Eq. (16) with Eq. (9), the stress along the cir-

cumferential direction can be obtained as

rh ¼ Pðru � tÞðrh � tÞ
ðet � euÞðrh � t

2
Þ þ ðet � ehÞðru � t

2
Þ ð17Þ

The stress along the longitudinal direction can be derived

from Eq. (9) as

ru ¼ Pðrh � tÞðru � tÞ � rhtðru � t
2
Þ

tðrh � t
2
Þ ð18Þ

From Eqs. (7)–(18), the application of the plane stress state
assumption ignores the stress through the thickness and simpli-

fies the calculation for the stress tensor at the tube pole. Clas-
sical Hwang model and total strain model are presented to
calculate the other two stress components along the longitudi-

nal and circumferential directions, respectively. Whichever
method is used, it is essential to measure the bulge height
and pole thickness during the test.

The tube is assumed as an isotropic material and meets von
Mises yield criterion, so its effective stress can be expressed by

reff ¼ 1ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrh � rtÞ2 þ ðrt � ruÞ2 þ ðru � rhÞ2

q
ð19Þ

where rt, rh and ru can be obtained using Eqs. (7), (17), (18).

2.3. Strain analysis

For a calculation of the strain tensor at the pole point, assume

that the strain increment is continuous and the principal strain
direction keeps identical during the test. Thus, the strains
along the circumferential and thickness directions can be
described as7

eh ¼ ln
R0 þ h� t

2

R0 � t0
2

ð20Þ

et ¼ ln
t

t0
ð21Þ

Based on the volume constancy condition, the strain com-
ponent eu in the longitudinal direction can be written as

eu ¼ �ðeh þ etÞ ð22Þ
In the bulge test, the internal fluid pressure increases con-

tinuously, and no intermediate unloading occurs. Tubular

metal meets von Mises yield criterion, and the associated iso-
tropic hardening model is considered to represent the subse-
quent yield surface; thus, the effective strain can be derived as

eeff ¼
ffiffiffi
2

p

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðeh � etÞ2 þ ðet � euÞ2 þ ðeu � ehÞ2

q
ð23Þ

3. Inverse strategy

The inverse modelling technique can be used to explore the
optimum process design and identify material constitutive

parameters. In general, an establishment process of inverse
schemes involves the following steps: (A) Problem statement
and FEM modelling; (B) Definition of design variables, objec-

tive functions, and constraints; (C) Data collection and solu-
tion for the optimization problem; (D) Evaluation of
potential optimum parameters. Fig. 4 illustrates the flow chart
of the inverse framework applied to determine constitutive

parameters of tubular materials. The key steps mentioned
above will be elaborated separately.

Fig. 4 Flow chart of inverse framework used for parameters

identification of tubular materials.

Fig. 3 Stress state of a small element at tube pole.
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3.1. FEM modelling of tube bulging process

The FEM model for the tube bulge process is created by
general-purpose programme LS-DYNA, which is shown in
Fig. 5. In this model, the tube is meshed by three-

dimensional solid elements with eight-node hexahedrons, and
three elements are produced through the tube wall thickness
for an accurate response. Tubes used in the experiment are
annealed, and the holding time lasts for 3 h, which means that

the material has a strong isotropy. The von Mises yield crite-
rion and Hollomon isotropic hardening law are used to
describe the tubular materials’ mechanical behaviors.

The internal fluid pressure is referred to as the compression
stress and applied on the inner wall of the tube along the radial
direction, and the pressure curve follows the one collected

from the experiment. In order to reduce the calculation time,
the mass scaling strategy is used, and a half of the tube is
selected as the FEM model. Tube ends are fixed at all transla-

tional and rotational directions, because there is no sliding
between tubes and the locking system by observation and mea-
surement during the test.

3.2. Objective function and design variables

The nature of an inverse analysis is an optimization problem
where design variables, i.e. material mechanical coefficients,

are identified by minimizing the objective function under spec-
ified constraints. The material response under plastic deforma-
tion can be described by variety of constitutive equations with

mathematical coefficients which will also be imported into
FEM models easily. Therefore, the objective of the inverse
analysis is to find the material parameters in the constitutive
models, and the design variables can be defined as

x ¼ ½x1; x2; :::; xn�T ð24Þ
where n is the number of coefficients in the material model,

and xj is the j th element in this vector. To characterize tubular
material mechanical properties with unknown design variables,
a common elastic–plastic model with power law isotropic

hardening is used to describe its behavior where the flow stress
equation can be expressed as

reff ¼ Keeeff ð25Þ
where K is the strength coefficient; e is the hardening exponent,
and these two material parameters can be selected as design
variables.

The objective function is a pointer to evaluate the error
between experimental and simulated data, which should have
the following properties:23

(1) All collected experimental data using different methods

and equipment should be involved in the iteration
process.

(2) The final optimization results should not be sensitive to

the unit of the data.
(3) Weighting factors need to be allocated to different

experimental points according to their physical
characteristics.

In the tube hydraulic bulge test, the filling height and pole
thickness under different internal pressures are collected, so

the cost function should consist of the above two terms. Mean-
while, an error definition with a least square structure is intro-
duced to increase the sensitivity of the cost function to the

design variables and reduce the influences of the two measure
indicators’ magnitudes.24 Therefore, the objective function can
be defined as

f ¼ af1 þ ð1� aÞf2 ð26Þ

f1 ¼
Xn1
i1¼1

½xi1ðhexpi1
� hsimi1 Þ�2 ð27Þ

f2 ¼
Xn2
i2¼1

½xi2ðtexpi2
� tsimi2 Þ�2 ð28Þ

where f1 is the first part in the cost function for representing
the residual of the bulge height h under different pressures;
f2 is the second residual of the pole thickness t obtained by sim-

ulations and experiments; a is a weighted factor ranging from 0
to 1 to represent the importance of the two sub-objectives of
the cost function; the subscript i1 and i2 represent the i1 th data

point of the bulge height and the i2 th data point of the pole
thickness, respectively; the superscript exp and sim represent
the data point of experiment and simulation; n1 and n2 are

the total experimental point numbers for the pole thickness
and bulge height, respectively; x is an automatic scaling factor
to increase the sensitivity of experimental points especially in
the area of large plastic deformation for the two sub-

objective functions, and can be expressed as24

xi1 ¼
2ðn1 þ n2Þhexpi1Pn1

i1¼1

Pn2
i2¼1ðhexpi1

þ texpi2
Þ ð29Þ

The scaling factor xi1 calculated by Eq. (29) can be dis-

tributed to the corresponding residuals in the first sub-
objective function. xi2 can be obtained by a similar formula

to Eq. (29) and is used for the second sub-objective function.

3.3. Optimization algorithm

The inverse parameter identification can be seen as an opti-
mization problem, so an efficient and robust optimization
method is necessary to minimize the defined cost function in
Eq. (26). A classical and robust gradient-based optimization

method, i.e. an improved Levenberg-Marquardt algorithm is
used to identify the tubular mechanical parameters.

As can be seen from Eqs. (26)–(29), the objective function

consists of the sum of the squares of the true errors between
experimental and simulated responses and can be regarded
as a nonlinear least square problem. The Gauss-Newton

method with line search performs very poorly and leads toFig. 5 FEM model for hydraulic bulging process.
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numerical convergence difficulties, because the true error, i.e.
the residual function r(x) including the FEM model, exhibits
severe nonlinearity. In order to overcome these difficulties,

an improved Levenberg-Marquardt algorithm with the trust
region strategy is considered where the objective function
can be approximated as a quadratic model in the neighbor-

hood of a given starting point xk as

fðxk þ skÞ ’ fðskÞ ¼ fðxkÞ þ gTðxkÞsk þ 1

2
sTkGðxkÞsk ð30Þ

where xk is design variable at k th iteration; sk is step size; g(xk)

and G(xk) are the gradient and Hessian matrix of the cost func-
tion, respectively, which can then be expressed as

gðxkÞ ¼ JTðxkÞrðxkÞ ð31Þ

GðxkÞ ¼ JTðxkÞJðxkÞ þ SðxkÞ ð32Þ
where S(xk) is second term in the Hessian matrix; J(xk) is Jaco-
bian matrix of the cost function.

The Jacobian matrix J(xk) is the first partial derivatives of
the residual function r(x). It is impossible to give an analytical
formula for Jacobian J(xk), because f(x) is a nonlinear implicit
function and given in a black box. Therefore, the finite differ-

ence strategy is introduced to calculate the (i, j) th element in
Jacobian matrix J(xk) by

@ri
@xj

¼ riðxk þ dejÞ � riðxkÞ
d

ð33Þ

where ri is the i th component of objective function; d is chosen
appropriately small; ej is the unit vector. Then the step size sk
can be defined by the solution of Eqs. (30)–(33) using the trust

region technique as

xkþ1 ¼ xk � ðJTðxkÞJðxkÞ þ SðxkÞÞgðxkÞ ð34Þ

SðxkÞ ¼ lkD
T
kDk ð35Þ

where lk is damping factor; Dk is the diagonal and positive

definite matrix.
The damping factor lk can be used to control the searching

direction and step size in the current iteration. A new update

strategy for the value of lk is recommended and numerical
experiments demonstrate its good robustness and smooth-
ness.25 The change of lk depends on the gain ratio q which

indicates the agreement of the approximated function to the
actual objective function and can be written as

q ¼ krðxkÞk2 � krðxk þ skÞk2
jjrðxkÞjj2 � krðxkÞ þ JðxkÞskk2

ð36Þ

A wide variation of values between the strength coefficient

and the hardening exponent could be of order 104. The ellip-
soidal trust region26 is used to reduce the effects of poor scal-
ing in inverse problems, where a diagonal and positive definite

matrix Dk is introduced into this formula, of which diagonal
entries can be updated from iteration to iteration by

Dk ¼ diag
�
d k
1 ; d

k
2 ; � � � ; d k

n1þn2

�
ð37Þ

d 0
i ¼ @riðx0Þ

@x0

����
����

����
���� ð38Þ

d k
i ¼ max d k�1

i ;
@ri xkð Þ
@xk

����
����

����
����

� �
k � 1 ð39Þ

The new point xk+1 can be updated iteration by iteration
using the solution of Eq. (34). Then, the optimum point will

be obtained when the optimization process meets the conver-
gence conditions. Therefore, two stopping criteria are used in
this algorithm:

kgðxkÞk � d1 ð40Þ

kxkþ1 � xkk � d2ðkxkk þ d2Þ ð41Þ
where d1 and d2 are two small and positive real numbers given
by a user. When these two criteria are satisfied, the iteration
process will be terminated.

4. Experimental tooling and method

4.1. Tensile test

A standard uni-axial tensile test has been conducted to charac-

terize the flow stress curve of used tubular aluminium tubes.
Tensile specimens are cut directly from the tubes along the lon-
gitudinal direction as shown in Fig. 6, and their geometric

dimensions follow the ASTM E8/E8M-21 standard.5 How-
ever, the subsize specimen type is used for the tensile test,
because the diameter of the tubes is so small that standard ten-
sile specimens are difficult to be machined. The tensile test is

performed at room temperature and under a strain rate of
1.4 mm/min using a CMT electrical universal testing machine.

4.2. Hydraulic bulge test

A flexible tube hydraulic bulging device has been designed and
manufactured to determine the tubular material flow strain–

stress behavior under the bi-axial stress state, as shown in
Fig. 7. It can be seen that this setup is mainly comprised of
a hydraulic power system, a control system, and basic die sets.

The two outermost hydraulic cylinders can not only move on
the basement horizontally and achieve more flexibility for test-
ing tubes with different lengths, but also apply an axial force or
even a stretch force on tube ends and produce different stress

states for specimens during a test.
Tube ends could be locked by two hydraulic clamping

devices in the middle to guarantee no sliding along the axial

Fig. 6 Specimens for tensile test cut from tube along longitu-

dinal direction.
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direction of specimens and fluid leakage. By changing the man-
drels and gaskets in the locking system, tubes with different

diameters and wall thicknesses can be tested. Fig. 8 illustrates
the schematic diagram of this flexible locking setup.

Bulging tests of annealed aluminium alloy tubes are per-

formed on this hydraulic machine. The maximum bulging
pressure is determined firstly by a general tube bulge until its
bursting, and this procedure is repeated at least three times

to get an accurate average bursting value. Then several tubular
specimens are formed under different pressure levels lower
than the maximum bursting pressure. After the bulging pres-

sure reaches to a specified value, the tube is taken off from
the machine. The bulge height and pole thickness can be mea-
sured by a micrometer, and the corresponding internal pres-
sure is recorded by a transducer on the machine.

5. Results and discussion

Fully-annealed 5049 aluminium seamless tubes are used and

investigated, of which chemical compositions are displayed in
Table 1. The initial diameter and wall thickness of tested sam-
ples are 50.00 mm and 1.086 mm, respectively. The total length

of every tubular specimen in the hydraulic bulge test is
300.00 mm, and the bulge zone is about 243.00 mm long.

The maximum bulging pressure is 7.8 MPa determined by

the observation of the first tubular specimen bursting. Below
this pressure value, more tube hydraulic bulging tests are per-
formed under different pressure levels. To obtain more equiv-

alent strain–stress points, 16 pressure levels with distinct
intervals are inserted into the reasonable range. After the bul-

ging, the corresponding bulge height and wall thickness at the
tube pole are measured every 90� along the tube circumferen-

tial direction in the middle cross-section of the bulged tube,
and several recorded typical values are displayed in Table 2.
It is obvious that with an increase of the internal pressure,

the diameter of the tube is increased, and the pole thickness
becomes thinner.

Fig. 9 shows the profile shape of all tubular specimens at

the end of the bulging test. It can be seen that the total length
of tubes before and after bulging tests has almost no change by
observation. This phenomenon is verified by actual measure-
ments for all tubular specimens after deformation, which

means that the tube ends are fixed by the locking system on
the machine, so there is no slippage between specimens and
die sets during the deformation. Therefore, clear boundary

Fig. 7 Schematic diagram for hydraulic bulging setup.

Fig. 8 Locking system for ends of tubular specimens on

machine.

Table 1 Chemical compositions of tested 5049-O aluminum

alloy tubes.

Element Content (wt%)

Fe 0.154

Si 0.071

Cu 0.004

Mg 1.87

Mn 0.72

Zn 0.015

Ti 0.007

Cr 0.009

Table 2 Selected experimental results from tube hydraulic

bulge test.

Specimen

No.

Pressure

(MPa)

Diameter

(mm)

Pole thickness

(mm)

1 2.0 50.09 1.085

2 4.0 50.28 1.078

3 6.0 51.05 1.063

4 6.6 51.78 1.055

5 7.0 52.35 1.041

6 7.4 52.87 1.024
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conditions that tubes are bulged under a bi-axial stress state

can be achieved, and the interface friction between tools and
parts can be neglected in analytical or numerical models.

Based on this bulge test data, the inverse identification of

tubular material parameters is performed using the optimiza-
tion technique developed in Section 3.3. Several different sets
of starting points in a feasible region are tested in this inverse

analysis. The determined optimum parameters, the corre-
sponding gradient of the cost function to design variables,
and the error between experimental and computed data at
optimum points are presented in Table 3. As can be seen from

Table 3, although the guessed initial values cover a large range
sometimes even far from the optimum point where the strength
coefficient ranges from 300.00 to 500.00, e-value from 0.20 to

0.40, the final identified material coefficients converge to the
same solution. Besides, values of the objective function and
their gradients in all cases are reduced to the same level

approximately and satisfy the optimality conditions, which
illustrates the stability and robustness of the inverse
framework.

An iteration process of the objective function and its corre-
sponding gradient for the 5th initial value is plotted and pre-
sented in Fig. 10. From Fig. 10, it is possible to conclude
that the least square error is reduced to a small value close

to zero after 5 iterations, which leads to a satisfied fitting qual-
ity between experimental and computed data. At the same
time, the gradient of the cost function reaches a lower value

than the one defined in the stopping criteria and terminates
the optimization process. Fig. 11 illustrates the evolution pro-
cess of material constitutive parameters during the optimiza-

tion. For design variables, the hardening exponent sharply
increases from the initial 0.200 to 0.302 after 1 iteration while
remaining the same value at the 2nd iteration and then increas-

ing and reaching the optimum value in next iterations. The

strength coefficient has a gradual rise from the initial 300.00
to 379.01 as the number of iterations increases. Only 5 itera-
tions are needed to perform in this framework, and the small
number of iterations shows the efficiency of the developed

optimization technique to solve the inverse problem.
The experimental data obtained from the tube bulge test is

imported into the total strain model and Hwang model, and

several pairs of points in the strain–stress curve are deter-
mined. Fitting these points to the material hardening model
defined in Eq. (25) using a least square method, the material

strength coefficient and hardening exponent are obtained. As
a comparison, material parameters identified by the inverse
strategy and two different analytical models are shown in
Table 4, and the corresponding flow stress curves can be

obtained as shown in Fig. 12.
The strain–stress relationship determined by the universal

tensile test is plotted and displayed in Fig. 12. It can be seen

from the comparison that there are some differences between
the flow stress curve determined by tensile tests and that by
hydro bulge tests. The effective stress obtained by bulge tests

is lower than that determined by tensile tests, especially at large
plastic effective strains. Moreover, a tensile test under a uni-
axial stress state overestimates the material deformation limit

under a bi-axial tensile stress state when compared with a
bulge test. For fitted strain–stress curves based on bulging

Fig. 9 Tubular specimens before and after hydraulic test.

Table 3 Identified optimal values for several sets of different initial points.

Set Initial point x0 Optimum solution x*

K e f(x0) f0(x0) K e f(x*) f0(x*)

1 500.00 0.40 6.43 � 10�2 1.89 380.88 0.312 9.99 � 10�3 6.00 � 10�2

2 450.00 0.35 1.91 � 10�1 1.66 � 101 378.88 0.310 9.95 � 10�3 5.22 � 10�2

3 400.00 0.30 5.08 � 10�1 3.01 � 101 379.07 0.310 9.96 � 10�3 9.64 � 10�2

4 350.00 0.25 9.16 � 10�1 4.30 � 101 379.15 0.310 9.96 � 10�3 8.83 � 10�2

5 300.00 0.20 1.27 5.76 � 101 379.01 0.310 9.96 � 10�3 6.61 � 10�2

6 300.00 0.40 5.23 � 103 1.30 � 105 379.04 0.310 9.95 � 10�3 7.32 � 10�2

7 350.00 0.35 1.55 � 101 7.58 � 102 378.73 0.310 9.96 � 10�3 1.04 � 10�1

8 450.00 0.30 1.63 3.50 � 101 379.89 0.311 9.97 � 10�3 5.77 � 10�2

9 500.00 0.25 3.38 2.62 � 101 379.30 0.310 9.96 � 10�3 8.21 � 10�2

Mean value 379.33 0.310

Fig. 10 Iteration process of objective function and its gradient

during optimization.
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tests, three models give identical results of tensile tests in the
small strain region, and the stress difference raises with an

increase of the strain. The effective stress predicted by Hwang
model is always lower than those by the other two models.
Then the flow stress curve determined by the inverse model
is very close to that by the total strain model in a large strain

range, while the difference between the results of the inverse
model and the tensile test is smaller compared with those of
the other two analytical models.

In order to evaluate the performance of different tests and
models, FEM simulations for the tube hydraulic bulging pro-
cess are performed by LS-DYNA program with identified flow

stress curves. Other input data like the pressure loading curve
and simulation speed are identical in numerical models. The
calculated pole thickness, bulge height, and profile shape in

the deformation zone are analyzed and compared with those
from the physical experiment.

Fig. 13 shows the comparison of the internal pressure ver-

sus the bulge height curves between experimental data and
numerical outputs of FEM models using material parameters
given in Table 4. It can be seen that the calculated bulge height

with a flow curve identified by the inverse model has a good
agreement with the experimental data when compared with
the other three methods. Furthermore, a detailed quantitative

deviation is displayed in Table 5 and Fig. 14. It is demon-
strated that the relative deviations between simulation results
of all methods and experimental measurements are higher at
lower bulging pressures, while these deviations are reduced

as the pressure increases. Furthermore, the smallest mean
value of the relative deviation also validates that material
parameters obtained by the inverse model are more accurate

than those by Hwang and total strain models.
Fig. 15 shows the comparison of the internal pressure ver-

sus the pole thickness curve between experimental data and

the corresponding FEM results using various flow stress
curves. Fig. 16 and Table 5 illustrate a quantitative error com-
parison and analysis. As can be seen from these results, mate-

rial parameters determined by inverse model lead to
satisfactory fitting agreement and the smallest mean deviation
between experimental and numerical data. A higher relative
deviation is observed at high bulging pressure levels for Hwang

model and tensile tests. For the total strain and inverse models,
the small deviation is still kept throughout the deformation
process, especially for the inverse model which performs better

than other models at a large-deformation state.
The calculated bulge profile using constitutive parameters

determined by different models can be observed in Fig. 17,

in which the measured tube radii along longitudinal positions
in experiments are presented. It is obvious that the predicted
bulge profile based on the tube bulge test matches better to

experimental measures compared with that of the tensile test.
The quantitative gap between experimental data and FEM
outputs by three models can be observed in Fig. 18 and Table 5,
and it can be seen that the bulge profile calculated by the

inverse model leads to the smallest deviation and is very close
to experimental results compared with those of Hwang and
total strain models.

From these comparisons, it can be concluded that the three
models, i.e. the inverse model, the total strain model, and

Fig. 11 Iteration process of design variables during

optimization.

Table 4 Identified flow stress models using different methods.

Testing method Model Strain–stress relation

Tensile test r = 396.75e0.297

Bulge test Inverse r = 379.33e0.310

Hwang r = 418.08e0.366

Total strain r = 433.16e0.362

Fig. 12 Comparison of effective strain–stress curves obtained by

tensile test and bulge test.

Fig. 13 Comparison of internal pressure versus bulge height

curves obtained by different methods.
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Hwang model, can be used to translate the collected experi-
mental data into a flow stress curve, while the inverse model
presents more satisfying results to experimental measures com-
pared with those of the other two models. One reason for that

is the inverse model removes the geometrical and mechanical

assumptions in analytical models, and the isolated analysis
of the stress and strain in Hwang model and assumptions in
the total strain model lead to a big difference between simu-
lated and experimental data.

Table 5 Relative deviations between simulation data and experimental measured results.

Data type Test method and model Relative deviation (%)

Min Mean Max

Bulge height Inverse model 5.74 � 10�4 1.44 � 10�1 7.18 � 10�1

Hwang model 9.66 � 10�2 4.21 � 10�1 7.89 � 10�1

Total strain model 8.63 � 10�3 2.39 � 10�1 7.17 � 10�1

Tensile test 2.09 � 10�1 3.60 � 10�1 7.20 � 10�1

Pole thickness Inverse model 1.73 � 10�4 1.48 � 10�3 4.41 � 10�3

Hwang model 1.66 � 10�4 8.48 � 10�3 1.58 � 10�2

Total strain model 8.30 � 10�5 3.15 � 10�3 8.35 � 10�3

Tensile test 2.30 � 10�4 7.81 � 10�3 2.18 � 10�2

Bulge profile Inverse model 3.79 � 10�4 1.58 � 10�3 3.04 � 10�3

Hwang model 7.33 � 10�3 1.26 � 10�2 1.80 � 10�2

Total strain model 3.18 � 10�3 3.52 � 10�3 5.01 � 10�3

Tensile test 6.12 � 10�3 1.20 � 10�2 1.76 � 10�2

Fig. 14 Deviation analysis of internal pressure versus bulge

height curves obtained by different methods.

Fig. 15 Comparison of internal pressure versus pole thickness

curves obtained by different methods.

Fig. 16 Deviation analysis of internal pressure versus pole

thickness curves obtained by different methods.

Fig. 17 Comparison of axial position versus bulge profile

obtained by different methods.
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6. Conclusions

(1) Tube bulging tests with fixed-end conditions for 5049-O

aluminium alloy are performed on a flexible hydraulic
forming press. The bulge height, pole thickness, and
bulge profile under different fluid pressure levels are

measured during experiments.
(2) An inverse framework combining the incremental strain

theory with an improved Levenberg-Marquardt algorithm
is developed to identify tubular metal properties by a min-

imization of the least square error between calculated and
experimental data. Several sets of initial guesses are tested
for this inverse strategy, and the convergence to an identi-

cal optimum solution shows that this framework is robust
and efficient for characterization of tubular materials.

(3) Two analytical models based on membrane mechanics

and the total strain theory are proposed to model the
hydro bulging process and determine the strain–stress
relationship of 5049-0 aluminium alloy. Obtained flow

stress curves are compared with that from a tensile test,
which demonstrates that a bulge test is more suited to
characterize the tubular material behavior because its
stress state is closer to the actual hydroforming process.

(4) FEM simulations for a free bulge test are conducted
using identified flow stress curves from different tests
and models. Predicted bulge height, bulge profile shape,

and pole thickness from FEM models are compared
with measured values, and results from the inverse
model show a good agreement with experimental data.

It can be concluded that the inverse model is more accu-
rate than Hwang and total strain models for characteri-
zation of tubular material properties.
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