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A B S T R A C T

The processes of growth, proliferation and differentiation of stem cells encapsulated in 3D hydrogel microenvi-
ronments are strongly affected by the viscoelastic properties of the platforms. As the viscoelastic response of a
hydrogel is determined by the rates of thermally induced dissociation of reversible cross-links, its modulation
by introduction of several types of supramolecular and/or dynamic covalent bonds with different characteristic
lifetimes has recently become a hot topic.

To reduce the number of experiments needed for design of hydrogel microenvironments with required
mechanical properties, a model is developed for the viscoelastic and viscoplastic responses of hydrogels with
multiple networks bridged by covalent and physical bonds. An advantage of the model is that it (i) involves
a small number of material parameters, (ii) describes observations in rheological and mechanical tests in a
unified manner, and (iii) predicts conventional measures of viscoelasticity used in the analysis of viability of
cells.

1. Introduction

Growth and differentiation of stem cells in 3D microenvironments
are regulated by a number of stimuli, which include (i) soluble factors
(growth factors and cytokines), (ii) matrix-mediated signals (governed
by the applied stresses, as well as the topography and stiffness of the
platforms for cell culture), and (iii) cell–cell communication (Guilak
et al., 2009; Kshitiz Park et al., 2012). The influence of elastic prop-
erties of the microenvironments on the regulation of cell behavior has
attracted substantial attention in the past two decades (Lv et al., 2015;
Vining and Mooney, 2017; Janmey et al., 2020). It has recently been
recognized that the fate and activity of stem cells are strongly affected
by the viscoelastic (Cameron et al., 2014; Chaudhuri et al., 2015, 2016,
2020; Charrier et al., 2018) and viscoplastic (Yang et al., 2014; Nam
et al., 2016; Grolma et al., 2020; Jia et al., 2021) responses of their
microenvironments. This discovery has led to a shift of the research
focus on (i) regulation of the cellular functions by the dissipative
properties of 3D platforms for cell culture (Dey et al., 2019; Cantini
et al., 2020; Elosegui-Artola, 2021) and (ii) design of hydrogels (used
as artificial extracellular matrices) with tunable viscoelastic properties
(Rosales and Anseth, 2016; Matellan and del Rio Hernandez, 2019; Ma
et al., 2021; Tong et al., 2021).

Chemically cross-linked hydrogels (where polymer chains are
merged in a network by covalent bonds) do not reveal a noticeable
dissipation. To prepare gels with strong viscoelastic and viscoplastic
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responses, chains are to be connected by supramolecular and/or dy-
namic covalent bonds that rearrange (dissociate and re-associate) under
deformation (Chaudhuri, 2017; Teng et al., 2019; Tang et al., 2021;
Rizwan et al., 2021).

The viscoelastic properties of these gels are studied in relaxation and
creep tests with strains in the range of linear viscoelasticity (below 0.2),
small amplitude oscillatory tests, as well as tensile and compressive
cyclic tests with moderate strains (in the range of 0.2 to 0.4) and
various strain rates (Chaudhuri, 2017; Tang et al., 2021). Conven-
tionally, several hydrogels with similar elastic moduli, but different
rates of rearrangement of bonds are prepared. Afterwards, viability
and spreading of cells in the cell-laden gels are investigated under
static conditions. Finally, correlations are established between some
measure of viscoelasticity of the hydrogel matrices and the degree of
proliferation of cells.

The viscoelastic properties of gels are characterized by the following
parameters: (i) the time 𝜏 1

2
necessary for the stress to reach a half of its

maximum value in relaxation tests (Chaudhuri et al., 2016; Bauer et al.,
2017; Lou et al., 2018), (ii) the loss tangent tan 𝛿 or the loss modulus 𝐺′′

measured at a fixed angular frequency 𝜔 in oscillatory tests (Richardson
et al., 2019, 2020, 2021; Mundhara et al., 2021; Nguyen et al., 2021),
and (iii) the dissipative energy 𝐷 (the area under the stress–strain curve
in uniaxial tensile test with a fixed strain rate) (Sacco et al., 2020).
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Observations show higher degrees of viability and larger spreading
areas of cells cultured in hydrogel matrices with stronger viscoelastic
properties (characterized by lower values of 𝜏 1

2
, 𝐷 and higher values of

tan 𝛿 and 𝐺′′).
To ensure high degrees of viability and proliferation of cells, the

characteristic relaxation times of hydrogels matrices for cell culture
should be close to the characteristic cellular times (Wang and Heil-
shorn, 2015; Gong et al., 2018). To satisfy this condition, the viscoelas-
tic response of these matrices (determined by the characteristic times
for dissociation and re-association of reversible bond between chains)
should be modulated.

Several methods for tuning the viscoelastic properties of hydrogels
with reversible bonds were recently discussed (Rosales and Anseth,
2016; Dey et al., 2019; Jing et al., 2021; Ma et al., 2021; Rizwan et al.,
2021). They involve (Nam et al., 2019; Vining et al., 2019): (i) changes
in concentration and molecular weight of polymer chain, (ii) regulation
of concentration of physical bonds and addition of covalent cross-
links, and (iii) alteration of the chain architecture (by grafting of short
chains) and micro-structure of gels (due to hierarchical self-assembly
of proteins).

A facile approach to tuning the viscoelastic response of hydrogels
consists in replacement of some reversible bonds with the same amount
of bonds with higher or lower rates of dissociation and re-association
(Yesilyurt et al., 2017; Arkenberg et al., 2020; Xia et al., 2020). An
advantage of this method is that does not induce changes in the elastic
moduli of hydrogels (Teng et al., 2019; Rizwan et al., 2021). Richardson
et al. (2019, 2020, 2021) applied this technique to poly(ethylene gly-
col) (PEG) gels cross-linked by dynamic covalent (alkyl-hydrazone and
benzyl-hydrazone) bonds. Holten-Andersen et al. (2014) and Cazzell
et al. (2021) used this method to modulate viscoelastic properties of
end-functionalized PEG gels by changes in concentrations of divalent
metal ions that form metal-ligand coordination bonds with catechol
and histidine groups, respectively. Liu et al. (2017) demonstrated that
replacement of a small amount of covalent bonds in the polyacrylamide
gel with dynamic host-guest complexes based on cucurbit[8]uril re-
sulted in a remarkable increase in energy dissipation and self-healing
ability of these gels.

Design of hydrogels with supramolecular and dynamic covalent
bonds to be used as 3D platforms for cell culture have recently be-
come a hot topic (Jiang et al., 2019; Levalley and Kloxin, 2019; Ren
et al., 2020; De Alwis Watuthanthrige et al., 2021). Despite substantial
progress in this area, no simple approaches have been developed to
predict parameters 𝜏 1

2
, tan 𝛿 and 𝐷 (conventionally used as measures of

viscoelasticity for the microenvironments) for gels with several types
of dynamic cross-links when these quantities are known for each type
of reversible bonds separately.

The objective of this study is threefold:

1. To derive a simple model with a small number of material
constants able to describe observations in shear relaxation tests,
creep tests and small-amplitude oscillatory tests, as well as uni-
axial tensile, compressive and cyclic tests with moderate strains
on hydrogels with permanent and temporary bonds.

2. To extend the model for prediction of the viscoelastoplastic
response of hydrogels whose chains are cross-linked by two
families of reversible bonds with different rates of dissociation
and re-association.

3. To analyze numerically the viscoelastic behavior of a gel whose
polymer network consists of two sub-networks with similar elas-
tic moduli, but different kinetics of rearrangement of bonds, and
to evaluate how the measures of viscoelasticity 𝜏 1

2
, tan 𝛿 and 𝐷

of the double-network gel are affected by concentration 𝑅 of the
second network.

Development of constitutive models for the elastic, viscoelastic and
viscoplastic responses of double-network gels with supramolecular and

dynamic covalent cross-links has attracted noticeable attention in the
past decade (Liu et al., 2016; Mao et al., 2017; Drozdov and deClavill
Christiansen, 2018a,b; Lu et al., 2018; Yu et al., 2018; Khiem et al.,
2019; Lin et al., 2020; Javadi et al., 2021; Xiao et al., 2021), see also re-
views (Guo and Long, 2020; Xiang et al., 2020; Lei et al., 2021). Unlike
previous studies, we focus on derivation of constitutive equations with
the minimum number of material parameters. This allows correlations
to be established between the experimental measures of viscoelasticity
𝜏 1
2
, tan 𝛿 and 𝐷 in the physiological interval of frequencies and strain

rates (Mao et al., 2021).
The exposition is organized as follows. A model for the viscoelasto-

plastic response of a hydrogel with covalent and physical cross-links
is presented in Section 2. A detailed derivation of the governing equa-
tions is provided in Supplementary Material. In Section 3, the model
is applied to describe observations in rheological (shear relaxation,
creep and oscillatory tests with small strains) and mechanical (tensile,
compressive and cyclic tests with large deformations) tests on gels with
various types of dynamic bonds, and correlations are discussed between
the measures of viscoelasticity 𝜏 1

2
, tan 𝛿 and 𝐷. In Section 4, constitutive

equations for the mechanical behavior of a double-network gel with
different kinetics of rearrangement of sub-networks are reported, and
the effect of concentration of the secondary network on the viscoelastic
response of the gel is studied numerically. Concluding remarks are
formulated in Section 5.

2. Constitutive model

A gel is modeled as a two-phase medium consisting of a network of
polymer chains and water molecules. The network is composed of two
sub-networks: permanent and transient. Chains in the transient network
are connected by dynamic bonds whose rearrangement (dissociation
and re-association) is driven by thermal fluctuations. Chains in the
permanent network are bridged by covalent cross-links and physical
bonds whose characteristic time for rearrangement exceeds strongly
the characteristic time for deformation. Focusing on the analysis of
‘‘rapid" loadings (whose rate is substantially higher than the rate of
water diffusion), we disregard transport of water molecules through the
gel.

To simplify the analysis, the neo-Hookean expression is accepted for
the mechanical energy of a polymer chain. This relation was derived
within the concept of entropic elasticity in Drozdov (2014). More
sophisticated formulas for the strain energy density of the polymer
network were developed and verified by comparison with observations
under multi-axial deformation in Drozdov and Christiansen (2013,
2018).

With reference to Filippidi et al. (2017), the viscoplastic response
of a gel is modeled as sliding of junctions between chains with respect
to their reference positions. A junction starts to slide when one of the
chains connected by this junction is transformed from the active state
into the dangling state (and stresses in this chain vanish suddenly).
Sliding proceeds until the junction reaches a new equilibrium state.
The viscoplastic flow of junctions between chains is described by the
associative law

𝐃p = 𝜮′, (1)

where 𝐃p is the rate-of-strain tensor for plastic deformation, 𝜮′ is the
deviatoric component of the Cauchy stress tensor 𝜮, and  is a scalar
function. A more sophisticated model for viscoplastic flow with two
mechanisms of sliding of junctions was developed in Drozdov et al.
(2013).

According to the concept of transient networks (Green and Tobol-
sky, 1946; Tanaka and Edwards, 1992), the viscoelastic response of a
gel reflects breakage and reformation (dissociation and re-association)
of temporary bonds between chains. The gel is thought of as an inhomo-
geneous medium consisting of meso-domains with various activation
energies 𝑢 for rearrangement (Drozdov, 1997). For a reversible bond
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belonging to a meso-domain with a dimensionless activation energy
𝑣 = 𝑢∕(𝑘B𝑇 ), where 𝑇 stands for the absolute temperature, and 𝑘B
denotes the Boltzmann constant, the rate of thermally induced breakage
is determined by the Eyring formula

𝛤 (𝑣) = 𝛤0 exp(−𝑣), (2)

where the pre-factor 𝛤0 may, in general, be affected by external factors
(degree of swelling, intensity of applied stresses, etc.).

The non-homogeneity of the network is characterized by the prob-
ability density 𝑓 (𝑣) to find a meso-region with activation energy 𝑣 ≥
0. With reference to the random energy model (Derrida, 1980), this
function is described by the quasi-Gaussian formula,

𝑓 (𝑣) = 𝑓0 exp
(

− 𝑣2

2𝛴2

)

, (3)

where the coefficient 𝑓0 is found from the normalization condition

∫

∞

0
𝑓 (𝑣)d𝑣 = 1. (4)

Constitutive equations for the viscoelastoplastic response of a gel
with covalent and physical cross-links under an arbitrary three-
dimensional deformation with finite strains are developed in Supple-
mentary Material.

Under uniaxial tension of a gel with a constant strain rate �̇�, the
engineering tensile stress 𝜎 is determined by the equations

𝜎 = 𝐺
𝜆

[

(1 − 𝜅)
(

𝜆2e −
1
𝜆e

)

+ 𝜅 ∫

∞

0
𝑓 (𝑣)

(

𝑆1𝜆
2
e −

𝑆2
𝜆e

)

d𝑣
]

, (5)

where

𝜆 = 1 + �̇�𝑡 (6)

stands for the elongation ratio for macro-deformation. The elongation
ratio for elastic deformation 𝜆e obeys the differential equation

�̇�e
𝜆e

= �̇�
𝜆
− 2

3
𝜆𝜎, 𝜆e(0) = 1, (7)

where the superscript dot stands for the derivative with respect to time
𝑡. The functions 𝑆1(𝑡, 𝑣) and 𝑆2(𝑡, 𝑣) in Eq. (5) are governed by the
equations

�̇�1 = 𝛤 (𝑣)(𝜆−2e − 𝑆1), �̇�2 = 𝛤 (𝑣)(𝜆e − 𝑆2), 𝑆1(0, 𝑣) = 𝑆2(0, 𝑣) = 1.

(8)

Eqs. (5)–(8) with the function  in the form

 = 𝑃1 exp(−𝑎𝜎) (loading),  = 𝑃2 exp(−𝑎𝜎) (unloading) (9)

describe tension (�̇� > 0), compression (�̇� < 0) and cyclic deformation
(loading–retraction) of hydrogels in the unified manner. These relations
differ from the governing equations in viscoelastoplasticity of hydro-
gels (Drozdov and deClavill Christiansen, 2018a,b) based on another
approach to modeling the viscoplastic flow of junctions.

In a shear relaxation test with a small strain 𝜖0 and the loading
program

𝜖(𝑡) = 0 (𝑡 < 0), 𝜖(𝑡) = 𝜖0 (𝑡 ≥ 0), (10)

the decay in stress with time is determined by the formula

𝜎(𝑡) = 𝐺𝜖0
[

(1 − 𝜅) + 𝜅 ∫

∞

0
𝑓 (𝑣) exp

(

−𝛤 (𝑣)𝑡
)

d𝑣
]

. (11)

In a shear creep test with a stress 𝜎0 and the loading program

𝜎(𝑡) = 0 (𝑡 < 0), 𝜎(𝑡) = 𝜎0 (𝑡 ≥ 0), (12)

an increase in shear strain 𝜖 with time 𝑡 is governed by the equation

𝜖(𝑡) =
𝜎0
𝐺

+ 𝜅 ∫

∞

0
𝑓 (𝑣)𝑟(𝑡, 𝑣)d𝑣, (13)

where the function 𝑟(𝑡, 𝑣) obeys the differential equation

�̇� = 𝛤 (𝑣)(𝜖 − 𝑟), 𝑟(0, 𝑣) = 0. (14)

For tensile and compressive relaxation tests, the shear modulus 𝐺 in
Eqs. (11) and (13) is replaced with the Young’s modulus. Keeping
in mind the incompressibility condition (Eq. (S-1) in Supplementary
Material), we write

𝐸 = 3𝐺. (15)

In a shear oscillatory test with a small amplitude 𝜖0 and angular
frequency 𝜔,

𝜖(𝑡) = 𝜖0 exp(𝚤𝜔𝑡), (16)

where 𝚤 =
√

−1, the storage, 𝐺′(𝜔), and loss, 𝐺′′(𝜔), moduli read

𝐺′(𝜔) = 𝐺 ∫

∞

0
𝑓 (𝑣)

(1 − 𝜅)𝛤 2(𝑣) + 𝜔2

𝛤 2(𝑣) + 𝜔2
d𝑣,

𝐺′′(𝜔) = 𝐺 ∫

∞

0
𝑓 (𝑣)

𝜅𝛤 (𝑣)𝜔
𝛤 2(𝑣) + 𝜔2

d𝑣.
(17)

where 𝛤 (𝑣) is given by Eq. (2) with the pre-factor (Drozdov and
deClavill Christiansen, 2021)

𝛤0 = 𝛾(1 +𝐾𝜔). (18)

Two advantages of Eqs. (2)–(18) are to be mentioned.
The model describes observations in cyclic tests under tension and

compression, relaxation tests, creep tests and shear oscillatory tests
in the unified manner. This allows the measures of the viscoelastic
response of hydrogel platforms 𝜏 1

2
, tan 𝛿 and 𝐷 (determined in different

tests) to be expressed in terms of each other.
The governing relations involve only eight material constants with

transparent physical meaning: (i) 𝐺 stands for the shear modulus of a
gel, (ii) 𝜅 is the ratio of the number of temporary bonds to the total
number of cross-links between chains, (iii) 𝛴 is a measure of inhomo-
geneity of the polymer network, (iv) 𝛾 denotes the rate of thermally
induced dissociation of dynamic bonds, (v) 𝐾 accounts for the influence
of disentanglement and re-entanglement of chains on rearrangement of
physical cross-links, (vi) 𝑃1, 𝑃2 and 𝑎 describe the viscoplastic flow of
junctions between chains under loading and retraction.

3. Fitting of experimental data

Our aim now is to validate the ability of the model to describe (and
to predict in some cases) experimental data on hydrogels with covalent
and dynamic bonds subjected to various deformation programs.

3.1. Gels with physical bonds

To demonstrate that the model with the same material constants
describes adequately observations in relaxation tests, creep tests and
oscillatory tests simultaneously, we analyze two sets of experimental
data on multi-arm PEG gels whose chains are bridged by dynamic
covalent cross-links and supramolecular bonds.

3.1.1. PEG gels with alkyl-hydrazone and benzyl-hydrazone bonds
We begin with matching experimental data on PEG gels cross-

linked by alkyl-hydrazone (AH) and benzyl-hydrazone (BH) dynamic
covalent bonds (Richardson et al., 2019, 2020, 2021). The chemical
structure of the gels and their preparation conditions are described in
Supplementary Material.

Observations in shear relaxation tests at temperature 𝑇 = 37 ◦C
(Richardson et al., 2019) on PEG gels with various concentrations of
AH bonds 𝜙 are depicted in Fig. 1A, where the normalized shear stress
�̄�(𝑡) = 𝜎(𝑡)∕𝜎(0) is plotted versus relaxation time 𝑡. Each set of data is
fitted separately by means of Eqs. (2), (3) and (11) with three adjustable
parameters (𝜅, 𝛾 and 𝛴). Keeping in mind that all bonds between chains
are temporary, we set 𝜅 = 1. The remaining two coefficients, 𝛾 and 𝛴,
are determined by the nonlinear regression method to minimize the
expression
∑

(

�̄�exp − �̄�sim
)2

,
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Fig. 1. A — Normalized shear stress �̄� versus relaxation time 𝑡. Symbols: experimental data (Richardson et al., 2019) on multi-arm PEG gels cross-linked with AH and BH bonds
at temperature 𝑇 = 37 ◦C. (Concentration of AH bonds: ▴ – 𝜙 = 0.0, ⊳ – 𝜙 = 0.3, ⊲ – 𝜙 = 0.5, ⋄ – 𝜙 = 0.6, ⋆ – 𝜙 = 0.7, ∗ – 𝜙 = 0.8, ∙ – 𝜙 = 0.9, ◦ – 𝜙 = 1.0). Solid lines: results of
simulation. B — Parameters 𝛴 and 𝛾 versus 𝜙. Circles: treatment of observations. Solid lines: results of simulation.

where �̄�exp is the normalized stress measured in the test, �̄�sim stands for
the prediction of Eq. (11), and summation is performed over all times
𝑡 at which observations are presented.

The effect of concentration of AH bonds on the material parameters
is illustrated in Fig. 1B, where 𝛴 and 𝛾 are plotted versus 𝜙. The data
are approximated by the phenomenological relations

log𝛴 = 𝛴0 − 𝛴1𝜙, 𝛾 = 𝛾0, (19)

where log = log10, and the coefficients in Eq. (19) are calculated
by the least-squares technique. Fig. 1B shows that the measure of
inhomogeneity of the polymer network 𝛴 decreases exponentially with
concentration of AH bonds, whereas the rate of dissociation of bonds 𝛾
remains independent of 𝜙.

Experimental data in shear relaxation tests at temperature 𝑇 = 25
◦C (Richardson et al., 2020) on PEG gels with concentrations of AH
bonds 𝜙 = 0.78 and 1.0 are reported in Figs. 2A and 2B. Observations
(Richardson et al., 2020) in shear creep tests with stress 𝜎0 = 100 Pa at
the same temperature are presented in Fig. 2C and 2D, where tensile
strain 𝜖 is depicted versus creep time 𝑡. Each set of data in Figs. 2A and
2B is fitted separately by means of two adjustable parameters (𝛾 and
𝛴). Afterwards, the coefficient 𝛴 is fixed, and the data in Figs. 2C and
2D are approximated with the help of the model (2), (3), (13) and (14).
The shear modulus 𝐺 is found from Eq. (13) at 𝑡 = 0. The coefficient
𝛾 is determined by the nonlinear regression method to minimize the
expression
∑

(

𝜖exp − 𝜖sim
)2

,

where summation is conducted over all experimental points.
Fig. 2 demonstrates good agreement between the observations in re-

laxation and creep tests and the results of simulation with the material
parameters collected in Tab. S-1 (Supplementary Material). This table
shows some discrepancies (by 33% at 𝜙 = 0.78 and by 6% at 𝜙 = 1.0)
between the rates of dissociation of dynamic bonds 𝛾 calculated by
matching observations in relaxation and creep tests. These deviations
may be explained by inaccuracies in measurements.

Experimental data (Richardson et al., 2021) in shear relaxation test
with strain 𝜖0 = 0.1, creep test with stress 𝜎0 = 100 Pa, and oscillatory
test with strain amplitude 𝜖0 = 0.01 on PEG gel with concentration of
AH bonds 𝜙 = 0.39 at temperature 𝑇 = 25 ◦C are reported in Fig. 3
together with results of simulation with the material constants listed in
Tab. S-2. We begin with fitting observations in relaxation test. Material
parameters 𝛾 and 𝛴 are found from the best-fit condition for the data
depicted in Fig. 3A. After fixing these quantities, the elastic modulus
𝐺 is determined by matching the experimental creep curve in Fig. 3B.
The coefficients 𝐺 and 𝐾 are determined separately by fitting the data
in oscillatory tests (Fig. 3C) with the help of Eqs. (2), (3), (17) and

(18). These quantities are found by the nonlinear regression method to
minimize the expression
∑

𝜔

[(

𝐺′
exp(𝜔) − 𝐺′

sim(𝜔)
)2

+
(

𝐺′′
exp(𝜔) − 𝐺′′

sim(𝜔)
)2]

,

where 𝐺′
exp(𝜔) and 𝐺′′

exp(𝜔) are the storage and loss moduli measured in
a test, 𝐺′

sim(𝜔) and 𝐺′′
sim(𝜔) are results of simulation, and summation is

performed over all frequencies 𝜔 for which observations are provided.
Fig. 3 shows an acceptable agreement between the experimental

data and results of simulation. Tab. S-2 demonstrates that the shear
moduli calculated by fitting observations in the creep test and the
oscillatory test adopt similar values (their difference does not exceed
18%). It follows from Tabs. S-1 and S-2 that the rate of dissociation
of bonds 𝛾 at temperature 𝑇 = 25 ◦C is practically independent of 𝜙
(this quantity equals 1.4, 1.35 and 1.5 h−1 at 𝜙 = 0.39, 0.78 and 1.0,
respectively). This conclusion is in accord with the results obtained at
temperature 𝑇 = 37 ◦C and plotted in Fig. 1B. Although the theoret-
ical concentration of dynamic bonds in the polymer network remains
constant, observations show that their real concentration (proportional
to the shear modulus 𝐺) decreases noticeably with the growth of
concentration 𝜙 of AH bonds. According to Tabs. S-1 and S-2, the shear
modulus 𝐺 decays from 7.87 (𝜙 = 0.39) to 0.66 (𝜙 = 0.66) to 0.31
(𝜙 = 1.0) kPa.

3.1.2. PEG gels cross-linked with Fe3+ ions and Fe3O4 nanoparticles
To examine the ability of the model to predict observations, we

study experimental data in shear oscillatory tests and shear relax-
ation tests on catechol-functionalized tetra-arm PEG gel cross-linked
by metal-ligand coordination bonds with Fe3+ ions (Li et al., 2016).
The chemical composition of the gel, the preparation procedure and
the experimental conditions are described in Supplementary Material.

Experimental data in shear oscillatory test are presented in Fig. 4
A together with results of simulation with the material constants re-
ported in Tab. S-3. Using these parameters, the response of the gel in
shear relaxation test is predicted by means of Eqs. (2), (3) and (11).
Results of simulation are compared with observations in Fig. 4B. This
figure demonstrates an acceptable agreement between predictions of
the model and experimental data. Small deviations along the initial
stage of relaxation (when relaxation time 𝑡 remains below 1 s) are
driven by the time-dependent response along the loading path which
is not accounted for in Eq. (10).

To compare the viscoelastic behavior of catechol-functionalized PEG
gel cross-linked with Fe3+ ions with that of the PEG gel cross-linked by
metal-ligand coordination bonds at the surfaces of Fe3O4 nanoparticles,
we fit the experimental data in Fig. 5 (Li et al., 2016). The preparation
conditions for the nanocomposite gel and the experimental procedure
are described in Supplementary Material.
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Fig. 2. A, B — Normalized shear stress �̄� versus relaxation time 𝑡. C, D — Shear strain 𝜖 versus creep time 𝑡. Circles: experimental data (Richardson et al., 2020) on PEG gels
cross-linked with AH and BH bonds at temperature 𝑇 = 25 ◦C. The concentrations of AH bonds equal 𝜙 = 0.78 (A, C) and 𝜙 = 1.0 (B,D). Solid lines: results of simulation.

Fig. 3. A — Normalized shear stress �̄� versus relaxation time 𝑡. B — Shear strain 𝜖 versus creep time 𝑡. C — Storage modulus 𝐺′ and loss modulus 𝐺′′ versus frequency 𝜔.
Symbols: experimental data (Richardson et al., 2021) at temperature 𝑇 = 25 ◦C on PEG gel cross-linked with AH and BH bonds with concentration of AH bonds 𝜙 = 0.39. Solid
lines: results of simulation.
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Fig. 4. A — Storage modulus 𝐺′ and loss modulus 𝐺′′ versus frequency 𝜔. B — Normalized shear stress �̄� versus relaxation time 𝑡. Symbols: experimental data (Li et al., 2016)
on catechol-functionalized PEG gel cross-linked with Fe3+ ions in a buffer solution with pH = 12 at temperature 𝑇 = 20 ◦C. Solid lines: results of simulation (A) and predictions of
the model (B).

Fig. 5. A — Normalized shear stress �̄� versus relaxation time 𝑡. B — Storage modulus 𝐺′ and loss modulus 𝐺′′ versus frequency 𝜔. Symbols: experimental data (Li et al., 2016)
on catechol-functionalized PEG gel cross-linked with Fe3O4 nanoparticles. Solid lines: results of simulation.

The coefficients 𝛾, 𝛴 and 𝜅 are found by matching observations in
shear relaxation test (Fig. 5A). Then, these quantities are fixed, and
observations in shear oscillatory test (Fig. 5B) are fitted by means of
two coefficients, 𝐺 and 𝐾. Fig. 5 demonstrates that both sets of data
are described adequately by the model with the material parameters
reported in Tab. S-3.

According to Tab. S-3, replacement of Fe3+ ions with iron oxide
nanoparticles as a cross-linker induces (i) a decay (approximately by
twice) in the shear modulus 𝐺 of the gel and the rate of dissociation
of dynamic bonds 𝛾 and (ii) a pronounced (by an order of magnitude)
increase in the measure of inhomogeneity of the network 𝛴 and the
coefficient 𝐾 that accounts for the effect of disentanglement of chains
on rearrangement of physical bonds. These changes may be explained
by a strong increase in disorder of the polymer network when chains
are cross-linked by large (compared with Fe3+ cations) nanoparticles.

3.2. Gels with permanent and physical cross-links

To examine how the presence of permanent cross-links in the poly-
mer network affects the viscoelastic response of gels with physical
bonds, two sets of experimental data are analyzed.

3.2.1. Recombinant protein gels
We begin with fitting observations on two recombinant protein gels

(Yang et al., 2018). The gels (designated as AXA+BXB and AXA+BBB)
were prepared by mixing solutions of two proteins with elastin-like
polypeptides (AXA and BXB, AXA and BBB, respectively). It is presumed
(Yang et al., 2018) that chains in the gels are bridged by perma-
nent isopeptide SpyTag–SpyCatcher cross-links and temporary bonds

between entangled dimers of the proteins. The chemical structure of the
proteins, the preparation procedure for the gels, and the experimental
conditions are described in Supplementary Material.

Experimental data in shear relaxation tests and shear oscillatory
tests at room temperature are presented in Figs. 6A, 6B (AXA+BXB) and
6C, 6D (AXA+BBB), respectively. For each gel, we begin with fitting
observations in relaxation tests by means of three adjustable parameters
(𝛾, 𝛴 and 𝜅). Afterwards, these quantities are fixed, and observations
in oscillatory tests are matched with the help of two coefficients (𝐺 and
𝐾).

Fig. 6 shows good agreement between the experimental data and
results of simulation with the material constants collected in Tab. S-4.
This table shows that the gel AXA+BXB contains physical cross-links
only (𝜅 = 1), whereas some chains in the gel AXA+BBB are bridged
by covalent cross-links (𝜅 = 0.84). The presence of permanent bonds in
the protein gel results in a weak increase in the shear modulus 𝐺 (by
10%) and the measure of inhomogeneity of the network 𝛴 (by 23%),
and it does not affect the rate of dissociation of dynamic bonds 𝛾 and
the coefficient 𝐾.

3.2.2. HA gels with single and double networks
We analyze experimental data in shear oscillatory tests at room tem-

perature (Loebel et al., 2019) on two hyaluronic acid (HA) gels func-
tionalized with 1-adamantane acetic acid (Ad) and 6-(6-aminohexyl)
amino-6-deoxy-𝛽-cyclodextrin (CD) and cross-linked by supramolecular
adamantane-cyclodextrin host-guest (HG) complexes. Preparation of
the gels and experimental conditions are described in Supplementary
Material.

Observations on the gels with mass fractions of HA 𝜙 = 0.03 and
0.05 are reported in Figs. 7A and 7B, respectively, together with results
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Fig. 6. A, C — Normalized shear stress �̄� versus relaxation time 𝑡. B, D — Storage modulus 𝐺′ and loss modulus 𝐺′′ versus frequency 𝜔. Symbols: experimental data (Yang
et al., 2018) at room temperature on recombinant protein gels cross-linked by SpyTag–SpyCatcher and isopeptide bonds (A,B – AXA+BXB, C,D – AXA+BBB). Solid lines: results of
simulation.

of simulation with the material constants listed in Tab. S-5. This table
shows that the growth of mass fraction of HA 𝜙 induces a strong (by a
factor of 4) increase in the shear modulus 𝐺, a weak (by 11%) reduction
in the measure of inhomogeneity 𝛴, and does not affect the parameters
𝛾, 𝜅 and 𝐾.

For comparison, observations (Loebel et al., 2019) are fitted on two
double-network gels, in which the first network is formed by HA chains
bridged by host-guest complexes (mass fractions of polymer 𝜙 = 0.03
and 0.05), and the other network is formed by linear PEG chains end-
functionalized with bovine fibrinogen and diacrylate and covalently
cross-linked by fibrinogen–diacrylate bonds (mass fractions of PEG-
fibrinogen and PEG-diacrylate chains equal 0.0085 and 0.02). Details
of the preparation procedure are provided in Supplementary Material.

Experimental data in shear oscillatory tests on these gels are de-
picted in Fig. 7C and 7D (for 𝜙 = 0.03 and 0.05, respectively), together
with results of numerical analysis with the material constants collected
in Tab. S-5.

Figs. 7A to 7D reveal that the presence of the network with covalent
bonds results in substantial (by several orders of magnitude) growth
in the storage and loss moduli at low angular frequencies 𝜔 (below 1
rad/s). Although this effect is reduced with frequency 𝜔, 𝐺′ and 𝐺′′ of
the double-network gels exceed their counterparts of the single-network
gels by several times even at 𝜔 = 103 rad/s. According to Tab. S-5,
these changes are driven by an increase in the shear modulus of the
network 𝐺, a noticeable growth of the measure of its inhomogeneity
𝛴, and a pronounced slowing down of the rearrangement process for
supramolecular bonds (characterized by the coefficient 𝛾).

3.3. Observations in rheological and mechanical tests

To evaluate the ability of the model (with the same material pa-
rameters) to describe experimental data in rheological (small-amplitude
shear oscillations) and mechanical (tensile, compressive and cyclic)
tests simultaneously, three sets of observations are analyzed.

3.3.1. HA gels with single and double networks
Single-network HA gel (with concentration of HA 𝜙 = 0.05) cross-

linked by host-guest interactions between Ad and CD units was syn-
thesized (Rodell et al., 2016) by using the same procedure as the gel
(Loebel et al., 2019) whose response is illustrated in Fig. 7B.

Observations in shear oscillatory test at temperature 𝑇 = 37 ◦C
(Rodell et al., 2016) are reported in Fig. 8A together with results of
simulation with the material parameters listed in Tab. S-6. Comparison
of Tabs. S-5 and S-6 shows that the coefficients 𝜅, 𝛾 and 𝐾 adopt similar
values, whereas the shear modulus 𝐺 and the parameter 𝛴 in Tab. S-6
are lower (by 46% and 23%, respectively) than the same coefficients
in Tab. S-5. The latter may be explained by different temperatures at
which the tests were conducted.

Methacrylated HA (MeHA) was synthesized by esterification of HA
with methacrylic anhydride (MA). Double-network HA gel (with phys-
ical cross-links formed by Ad-CD complexes and covalent cross-links
between methacrylates and thiols) was prepared by mixing solutions
of functionalized HA chains (HA-Ad and HA-CD, concentration 0.05)
and MeHA chains (concentration 0.03) in the presence of dithiothri-
etol (DTT). The chemical composition of the gel and its preparation
procedure are described in Supplementary Material.

Experimental data in uniaxial tensile and compressive tests on
the double-network gel are presented in Figs. 8B and 8C, where the
engineering stress 𝜎 is plotted versus tensile and compressive strain 𝜖,
respectively. As observations in rheological tests on this gel were not
provided, the data in Figs. 8B and 8C are approximated by means of
the model (2), (3), (5), (7)–(9) with the coefficients 𝐺 and 𝛾 found by
matching the experimental dependencies in Fig. 8A. We disregard the
viscoplastic flow of junctions between chains by setting 𝑃1 = 0 in Eq. (9)
and fit each set of data separately with the help of two parameters
(𝛴 and 𝜅). Their best-fit values are determined from the condition of
minimum for the expression
∑

(

𝜎exp − 𝜎sim
)2

,
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Fig. 7. Storage modulus 𝐺′ and loss modulus 𝐺′′ versus frequency 𝜔. Symbols: experimental data (Loebel et al., 2019) on HA gels at room temperature. Solid lines: results of
simulation. A, B — single-network HA gels (mass fractions of HA equal 0.03 (A) and 0.05 (B)) cross-linked by Ad-CD host-guest interactions. C, D — double-network gels with
HA supramolecular network and PEG covalently cross-linked network (mass fraction of PEG equals 0.0285, mass fractions of HA equal 0.03 (C) and 0.05 (D)).

Fig. 8. A — Storage modulus 𝐺′ and loss modulus 𝐺′′ versus frequency 𝜔. Symbols: experimental data (Rodell et al., 2016) on single-network HA gel cross-linked by Ad-CD
host-guest interactions at temperature 𝑇 = 37 ◦C. Solid lines: results of simulation. B, C — Tensile stress 𝜎 versus tensile strain 𝜖 (B) and compressive stress 𝜎 versus compressive
strain 𝜖 (C). Circles: experimental data (Rodell et al., 2016) on double-network HA gel with covalent cross-links and dynamic Ad-CD bonds at room temperature. Solid lines: results
of simulation.
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Fig. 9. A — Storage modulus 𝐺′ and loss modulus 𝐺′′ versus frequency 𝜔. B — Tensile stress 𝜎 versus tensile strain 𝜖. Symbols: experimental data (Zhao et al., 2020) on BSA
gel cross-linked by BSA-glutaraldehyde bonds at room temperature. Solid lines: results of simulation.

where 𝜎exp is the stress measured in a test, 𝜎sim stands for the prediction
of Eq. (5), and summation is performed over all strains 𝜖 at which
observations are reported. Figs. 8B and 8C demonstrate good agreement
between the experimental data in tensile and compressive tests and
results of simulation with the material constants collected in Tab. S-
6. According to this table, formation of the secondary network with
chains cross-linked by covalent bonds induces a (rather weak) decay
in the coefficient 𝜅 (that characterizes concentration of dynamic bonds
between chains) and a strong (by 42%) reduction in the measure of
inhomogeneity of the network 𝛴. Although observations in tensile and
compressive tests are matched separately, the best-fit values of 𝜅 and
𝛴 found in their approximation coincide practically.

3.3.2. BSA gel cross-linked by BSA-glutaraldehyde bonds
Bovine serum albumin (BSA) gel with the Michael-type BSA-

glutaraldehyde bonds was synthesized (Zhao et al., 2020) by mixing
aqueous solutions of BSA and glutaraldehyde. The preparation proce-
dure for the protein gel and the experimental conditions are given in
Supplementary Material.

Observations on this gel in shear oscillatory test and uniaxial tensile
test at room temperature are reported in Fig. 9 together with results of
simulation with the material constants listed in Tab. S-7. We set 𝜅 = 1
and find the coefficients 𝐺, 𝛾, 𝛴 and 𝐾 by matching the experimental
data in Fig. 9A. After fixing these parameters, the data in tensile test
(Fig. 9B) are fitted by means of two coefficients (𝑃1 and 𝑎).

3.3.3. Triple cross-linked P(AAm-AAc-UPy) copolymer gel
Poly(acrylamide–acrylic acid–2-ureido-4-pyrimidone) P(AAm-AAc-

UPy) copolymer gel was prepared (Liu et al., 2020) by free radical poly-
merization of a solution AAm, AAc and UPyMA monomers in dimethyl
sulfoxide. The organogel was immersed in an aqueous solution of
Fe3+ ions, and, finally, soaked in deionized water. The gel was cross-
linked by hydrogen bonds between AAm and AAc segments, quadruple
hydrogen bonds between UPyMA segments, and metal-coordination
bonds between Fe3+ ions and ionized carboxyl groups. Details of the
preparation procedure and the experimental setup are reported in
Supplementary Material.

Experimental data in small-amplitude shear oscillatory tests and
uniaxial tensile loading–unloading tests at room temperature are de-
picted in Fig. 10 together with results of numerical analysis with the
material constants collected in Tab. S-8. As repeatability of measure-
ments in cyclic tests is rather low, two sets of data in cyclic tests (Figs.
5a and 5c in Liu et al. (2020) are approximated separately in Figs. 10B
and 10C.

First, observations in the rheological test (Fig. 10A) are matched
by the model with five adjustable parameters (𝐺, 𝛾, 𝛴, 𝜅 and 𝐾).
Afterwards, the quantities 𝛾, 𝛴, 𝜅 are fixed. To fit the stress–strain

diagrams in cyclic tests, we set 𝑃1 = 0 (no plastic flow under loading),
and approximate each set of data with the help of three parameters
(𝐺, 𝑃2 and 𝑎). Tab. S-8 demonstrates that the best-fit values of the
shear modulus 𝐺 differ slightly (the maximal difference between their
values does not exceed 25%), whereas the quantities 𝑃2 and 𝑎 coincide
practically for the observations depicted in Fig. 10B and 10C.

3.3.4. Double cross-linked catechol-functionalized PEG gels
Catechol-functionalized eight-arm PEG gels were synthesized by

mixing catechol-terminated PEG chains and Fe3+ ions (molar ratio of
Fe3+ and catechol 2:3) in aqueous solutions with pH = 3 at room
temperature (Barrett et al., 2013). After preparation, the gels were
equilibrated in buffer solutions with pH = 3, 5, 7, and 9. PEG gels
were double cross-linked by covalent bonds between o-quinone groups
(formed at pH = 3) and Fe3+-catechol coordination complexes (de-
veloped under equilibration in solutions with pH = 5, 7 and 9). The
preparation procedure and the experimental conditions are described
in Supplementary Material.

Experimental data in compressive relaxation tests with strain 𝜖0 =
0.2 are depicted in Fig. 11 together with results of simulation with
the material constants collected in Tab. S-9. Each set of observations
is matched separately with the help of four adjustable parameters (𝐸,
𝛾, 𝛴 and 𝜅). Tab. S-9 shows that 𝛾 and 𝛴 are weakly affected by
pH, while 𝜅 increases substantially with pH. The Young’s modulus 𝐸
grows with pH under acidic conditions and reduces under alkaline
conditions due to a decay in concentration of supramolecular bonds
caused by formation of coordination complexes between Fe3+ cations
and mobile OH− anions, see (Holten-Andersen et al., 2011; Fullenkamp
et al., 2014) for a discussion.

Observations in cyclic (loading–retraction) tests are reported in
Fig. 12, where the engineering compressive stress 𝜎 is plotted versus the
engineering compressive strain 𝜖. Each set of data is matched separately
by using the coefficients 𝐸, 𝛾, 𝛴 and 𝜅 reported in Tab. S-9. To reduce
the number of adjustable parameters, we set 𝑃1 = 0 and approximate
each curve in Fig. 12 by means of only two parameters (𝑃2 and 𝑎). Their
best-fit values are listed in Tab. S-9.

3.4. Discussion

Figs. 1 to 12 demonstrate good agreement between the experimental
data in relaxation tests, creep tests, small-amplitude oscillatory tests,
tensile tests and compressive tests and results of numerical analysis
with the material parameters reported in Tabs. S-1 to S-9. It is shown
that the model with eight material constants can describe (and to
predict in some cases) the mechanical response of hydrogels whose
chains are bridged by covalent cross-links and physical (supramolecular
and dynamic covalent) bonds. Fig. 1 and Tabs. S-1 to S-9 reveal that
material parameters evolve consistently with chemical composition and
experimental conditions for the gels.
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Fig. 10. A — Storage modulus 𝐺′ and loss modulus 𝐺′′ versus frequency 𝜔. B, C — Tensile stress 𝜎 versus tensile strain 𝜖. Symbols: experimental data (Liu et al., 2020) on triple
cross-linked P(AAm-AAc-UPyMA) copolymer gel at temperature 𝑇 = 25 ◦C. Solid lines: results of simulation.

Fig. 11. Compressive stress 𝜎 versus relaxation time 𝑡. Circles: experimental data (Barrett et al., 2013) in relaxation tests with strain 𝜖0 = 0.2 on double cross-linked catechol-
functionalized multi-arm PEG gels prepared in an aqueous solution of Fe3+ ions with pH = 3 and equilibrated in buffers with various pH (A — pH = 5, B — pH = 7, C — pH = 9).
Solid lines: results of simulation.
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Fig. 12. Compressive stress 𝜎 versus compressive strain 𝜖. Circles: experimental data (Barrett et al., 2013) in compressive cyclic tests on double cross-linked catechol-functionalized
multi-arm PEG gels prepared in an aqueous solution of Fe3+ ions with pH = 3 and equilibrated in buffers with various pH (A — pH = 3, B — pH = 5, C — pH = 7, D — pH = 9).
Solid lines: results of simulation.

Three types of physical cross-links with various characteristic rates
of dissociation are distinguished: (i) ‘‘slow" bonds with the rates of
breakage of order of 10−4 to 10−3 s−1 (alkyl-hydrazone and benzyl-
hydrazone cross-links in Figs. 1 to 3), (ii) bonds with medium rates of
rearrangement of order of 10−1 to 10 s−1 (Fe3+-catechol complexes in
Figs. 4 and 11, Fe3+-carboxyl complexes in Fig. 10, and protein gels
in Figs. 6 and 9), and (iii) ‘‘rapid" bonds with the characteristic rates
of breakage of order of 103 to 104 s−1 (adamantane-cyclodextrin host-
guest complexes in Figs. 7 and 8). Although the rate of dissociation of
bonds 𝛾 is not the only parameter that determines the relaxation rate
(the measure of inhomogeneity of the network 𝛴 serves as the other
parameter, see Figs. 4 and 5), this classification provides a clue which
types of bonds are to be used in hydrogels with reversible bonds to
modulate their viscoelastic properties.

Our aim now is to demonstrate that all three measures (𝜏 1
2
, tan 𝛿 and

𝐷) used in the analysis of viability of cells encapsulated in hydrogel
matrices can be tuned simultaneously by changing the type of bonds
between chains without alteration of the elastic modulus. For this
purpose, we analyze observations on collagen gels reported in Lui
et al. (2020). The polymer network of the first hydrogel is formed
(Liu et al., 2020) by covalently cross-linked collagen methacrylamide
(C-MA) chains. The polymer network in the other gel is formed by
collagen chains bridged by dynamic imine bonds (C-Ad) with lin-
ear PEG chains end-functionalized with dialdehyde. The composition
of collagen gels, their preparation procedure and the experimental
conditions are described in Supplementary Material.

Observations on C-MA and C-Ad gels in shear relaxation tests and
small-amplitude oscillatory tests at room temperature are presented in
Figs. S-1 and S-2, respectively, together with results of simulation with
the material parameters collected in Tab. S-10. This table shows that
the shear moduli 𝐺 and the rates of rearrangement of bonds 𝛾 in the
gels coincide practically. The viscoelastic response of the gels differ
pronouncedly (see Figs. S-1A and S-2 A) due to the very low measure

of inhomogeneity 𝛴 and a noticeably higher concentration of physical
bonds 𝜅 in C-Ad gel.

Presuming the coefficient 𝑃1 to vanish (in accord with the results
reported in Tabs. S-8 and S-9) and using the material parameters listed
in Tab. S-10, we calculate the response of the collagen gels in relaxation
tests with small strains, small-amplitude shear oscillatory tests, and
tensile tests with strain rate �̇� = 10 min−1 and maximum engineering
strain 𝜖max = 0.6.

Results of numerical analysis are presented in Fig. 13. This figure
shows that replacement of covalent cross-links (C-MA) between chains
with dynamic imine bonds (C-Ad) results in a pronounced (by a factor
of 8) decrease in the relaxation time 𝜏 1

2
, a strong increase in the loss

tangent tan 𝛿 (by a factor of 5 at 𝜔 = 1 rad/s), and a substantial (by
70%) reduction in the coefficient 𝐷.

4. Tuning the viscoelastic response of hydrogels

A facile method of modulation of the viscoelastic response of a
hydrogel with reversible cross-links (where chains in the network are
bridged by a specific type of dynamic bonds characterized by the coeffi-
cients 𝛾 (1), 𝛴(1), 𝜅(1) and 𝐾 (1)) consists in replacement of some transient
bonds with orthogonal dynamic bonds (whose kinetics of dissociation
is characterized by the coefficients 𝛾 (2), 𝛴(2), 𝜅(2) and 𝐾 (2)). As a result,
a double-network gel is formed whose polymer network involves two
sub-networks with concentrations 𝜙(1) = 1 − 𝑅 and 𝜙(2) = 𝑅, where 𝑅
stands for the fraction of the second network (Picchioni and Muljana,
2018; Jiang et al., 2019; Hammer et al., 2021; De Alwis Watuthanthrige
et al., 2021).

To determine concentrations 𝑅 that ensure the required viscoelastic
properties of the double-network gel as a platform for cell encapsula-
tion, correlations are to be established between the quantities 𝜏 1

2
, tan 𝛿

and 𝐷, on the one hand, and the coefficients 𝛾 (𝑚), 𝛴(𝑚), 𝜅(𝑚) and 𝐾 (𝑚)
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Fig. 13. A — Normalized stress �̄� versus relaxation time 𝑡. B — Tangent 𝛿 versus frequency 𝜔. C — Tensile stress 𝜎 versus tensile strain 𝜖. Solid lines: results of simulation for
covalently cross-linked (C-MA) and cross-linked by dynamic imine bonds (C-Ad) collagen gels.

(𝑚 = 1, 2), on the other. For this purpose, interactions between the sub-
networks are disregarded (as a first approximation) and the stress 𝜎 in
the network with two types of temporary bonds is calculated as the sum
of stresses 𝜎(1) and 𝜎(2) in the corresponding sub-networks,

𝜎 = 𝜎(1) + 𝜎(2). (20)

This approach implies that in a relaxation test with small strain 𝜖0, the
decay in the total stress 𝜎 with relaxation time 𝑡 is determined by the
analog of Eq. (11),

𝜎(𝑡) = 𝜖0
2
∑

𝑚=1
𝐺(𝑚)𝜙(𝑚)

[

(1−𝜅(𝑚))+𝜅(𝑚)
∫

∞

0
𝑓 (𝑚)(𝑣) exp

(

−𝛾 (𝑚) exp(−𝑣)𝑡
)

d𝑣
]

,

(21)

where 𝐺(𝑚) denotes the shear modulus of the 𝑚th network, and

𝑓 (𝑚)(𝑣) = 𝑓 (𝑚)
0 exp

(

− 𝑣2

2(𝛴(𝑚))2
)

. (22)

The loss tangent tan 𝛿 in a small-amplitude oscillatory test is given by

tan 𝛿 = 𝐺′′

𝐺′ , (23)

where the storage, 𝐺′, and loss, 𝐺′′, moduli are found from the relations
similar to Eq. (17),

𝐺′(𝜔) =
2
∑

𝑚=1
𝐺(𝑚)𝜙(𝑚)

∫

∞

0
𝑓 (𝑚)(𝑣)

(1 − 𝜅(𝑚))(𝛤 (𝑚)(𝑣))2 + 𝜔2

(𝛤 (𝑚)(𝑣))2 + 𝜔2
d𝑣,

𝐺′′(𝜔) =
2
∑

𝑚=1
𝐺(𝑚)𝜙(𝑚)

∫

∞

0
𝑓 (𝑚)(𝑣)

𝜅(𝑚)𝛤 (𝑚)(𝑣)𝜔
(𝛤 (𝑚)(𝑣))2 + 𝜔2

d𝑣 (24)

with

𝛤 (𝑚)(𝑣) = 𝛾 (𝑚)(1 +𝐾 (𝑚)𝜔) exp(−𝑣). (25)

The energy dissipated in uniaxial tensile test (6) with a constant strain
rate �̇� and a maximum strain 𝜖max reads

𝐷 = ∫

𝜖max

0
𝜎(𝑡)�̇� d𝑡, (26)

where 𝜎 is given Eq. (20), and 𝜎(𝑚) is determined by the analog of
Eq. (5),

𝜎(𝑚) =
𝐺(𝑚)𝜙(𝑚)

𝜆

[

1 − 𝜅(𝑚)
(

(𝜆(𝑚)e )2 − 1
𝜆(𝑚)e

)

+ 𝜅(𝑚)
∫

∞

0
𝑓 (𝑚)(𝑣)

(

𝑆(𝑚)
1 (𝜆(𝑚)e )2 −

𝑆(𝑚)
2

𝜆(𝑚)e

)

d𝑣
]

. (27)

It follows from Eqs. (7)–(9) that the elongation ratio for elastic de-
formation 𝜆(𝑚)e and the functions 𝑆(𝑚)

1 and 𝑆(𝑚)
2 are governed by the

equations

�̇�(𝑚)e

𝜆(𝑚)e

= �̇�
𝜆
− 2

3
𝑃 (𝑚)
1 𝜎(𝑚) exp

(

−𝑎(𝑚)𝜎(𝑚)
)

𝜆, 𝜆(𝑚)e (0) = 1,

�̇�(𝑚)
1 = 𝛤 (𝑚)((𝜆(𝑚)e )−2 − 𝑆(𝑚)

1 ), 𝑆(𝑚)
1 (0, 𝑣) = 1,

�̇�(𝑚)
2 = 𝛤 (𝑚)(𝜆(𝑚)e − 𝑆(𝑚)

2 ), 𝑆(𝑚)
2 (0, 𝑣) = 1, (28)

where the coefficients 𝑃 (𝑚)
1 and 𝑎(𝑚) characterize sliding of junctions

between chains in the 𝑚th network.
To simplify the analysis, we disregard the influence of one family of

bonds on the kinetics of rearrangement of the other family. A similar
assumption was recently introduced and verified by Chen et al. (2021).
This approach is approximate because (i) the rates of rearrangement
can be affected by interactions between chains bridged by different
types of bonds (Han et al., 2017; Tang et al., 2020), and (ii) these rates
are mutually dependent when the bonds are formed due to multivalent
interactions (Badjic et al., 2005; von Krbek et al., 2017; Weng and
Wang, 2020).
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Fig. 14. The characteristic relaxation time 𝜏 1
2

(A), the loss tangent tan 𝛿 (B) and the dissipated energy 𝐷 (C) versus concentration of the second network 𝑅. Solid lines: results
of simulation for the double-network gel.

To examine the accuracy of our assumption, we apply Eq. (21) to
predict the viscoelastic response in shear relaxation tests on PEG gels
cross-linked by benzyl-hydrazone (BH, 𝑚 = 1) and alkyl-hydrazone (AH,
𝑚 = 2) bonds with various concentrations 𝑅 of AH bonds (Richardson
et al., 2019). Simulation is conducted with 𝐺(1) = 𝐺(2) and the material
parameters 𝛾 (𝑚) and 𝛴(𝑚) reported in Fig. 1B. The experimental data
and results of numerical analysis are depicted in Fig. S-3. This figure
shows reasonable agreement between observations and predictions of
the model at relatively small relaxation times (below 2 h). At higher
durations of relaxation tests, the model underestimates slightly the
amount of relaxed stress. For all relaxation times under consideration
and all concentrations 𝑅 of AH bonds, the difference between the data
and their predictions does not exceed 15%.

To evaluate changes in the quantities 𝜏 1
2
, tan 𝛿 and 𝐷 driven by an

increase in concentration 𝑅 of the second network, numerical analysis
is performed for a hypothetical double-network gel with the material
constants collected in Tab. S-11. Both networks in the gel involve only
dynamic bonds (𝜅(1) = 𝜅(2) = 1), have similar shear moduli 𝐺(𝑚), and
do not reveal viscoplastic flow under tension (𝑃 (1)

1 = 𝑃 (2)
1 = 0). The

first network is homogeneous, but its rearrangement rate is low (small
𝛾 (1) and 𝛴(1)), the other network is strongly inhomogeneous, but the
rate of dissociation of bonds is relatively high (large 𝛾 (2) and 𝛴(2)).
Replacement of ‘‘slow" bonds in the first network with ‘‘rapid" bonds in
the other network results in enhancement of the viscoelastic response.

This improvement is characterized in Fig. 14, where 𝜏 1
2
, tan 𝛿 and

𝐷 are plotted versus concentration 𝑅 of the second network (tan 𝛿 is
evaluated at frequency 𝑓 = 1 Hz, dissipated energy 𝐷 is determined in
tensile tests with strain rate �̇� = 2 min−1 and maximum strain 𝜖max =
0.6). This figure provides quantitative predictions how the conventional
measures of viscoelasticity of a hydrogel microenvironment for cell
encapsulation can be tuned by changing concentrations of two families
of reversible bonds.

5. Conclusions

A simple model is developed for the viscoelastic and viscoplastic
responses of hydrogels with covalent and reversible cross-links. An
advantage of the model is that describes adequately experimental data
in rheological (shear relaxation, creep and small-amplitude oscillatory
tests) and mechanical (tension, compression and cyclic loading with
finite strains) experiments, on the one hand, and contains only eight
material constants with transparent physical meaning (the minimum
number needed to describe the elastic, viscoelastic and viscoplastic
phenomena), on the other.

The list of material parameters involves: (i) the shear modulus 𝐺,
(ii) the ratio of the number of reversible bonds to the total number of
cross-links between chains 𝜅, (iii) a measure of inhomogeneity of the
polymer network 𝛴, (iv) the rate of dissociation of dynamic bonds 𝛾, (v)
a coefficient 𝐾 that accounts for the influence of disentanglement and
re-entanglement of chains on rearrangement of physical bonds, (vi) the
rates 𝑃1, 𝑃2 of sliding of junctions between chains under loading and
retraction, and (vii) the coefficient 𝑎 characterizing the effect of stress
on the viscoplastic flow.

The ability of the model to describe (and to predict in some
cases) observations is confirmed by the analysis of experimental data
on (i) poly(ethylene glycol) gels cross-linked by alkyl-hydrazone and
benzyl-hydrazone dynamic covalent bonds, (ii) poly(ethylene glycol)
gels cross-linked by supramolecular metal-ligand bonds with Fe3+ ions
and iron oxide nanoparticles, (iii) hyaluronic acid gels cross-linked
by covalent cross-links and host-guest complexes between adamantane
and cyclodextrin, (iv) triple cross-linked poly(acrylamide–acrylic acid–
2-ureido-4-pyrimidone) copolymer gel, (v) recombinant protein gels
cross-linked by permanent isopeptide bonds and reversible bonds be-
tween entangled proteins, and (vi) bovine serum albumin (BSA) gel
cross-linked by the Michael-type BSA-glutaraldehyde bonds.

Three measures of viscoelasticity of hydrogel microenvironments
are conventionally employed in the experimental analysis of viability of
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cells: (i) the time 𝜏 1
2

necessary to reduce stress by twice in relaxation
tests with small strains, (ii) the loss tangent tan 𝛿 measured in small-
amplitude oscillatory tests with a fixed frequency belonging to the
physiological interval, and (iii) the energy 𝐷 dissipated under tension
with fixed strain rate and maximum strain. The model established
correlations between these quantities, which allows observations to
be compared on different types of cells under different experimental
conditions.

The governing equations are applied to predict these measures of
viscoelasticity for single- and double-network gels with permanent and
reversible cross-links. In particular, it is shown that replacement of
covalent cross-links with dynamic imine bonds in a collagen gel results
in a strong reduction in 𝜏 1

2
and 𝐷 and a noticeable increase in tan 𝛿

simultaneously (Fig. 13). Evolution of the measures of viscoelasticity
𝜏 1
2
, tan 𝛿 and 𝐷 driven by replacement of ‘‘slow" bonds between chains

with ‘‘rapid" bonds is studied numerically (Fig. 14). Although our
approach to the analysis of the mechanical behavior of hydrogels with
several types of reversible bonds is approximate (it disregards mutual
interactions between the sub-networks), this methods can be used for
‘‘quick-and-dirty" predictions of the chemical structure of hydrogels
with required viscoelastic properties.
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