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Brief Paper

Robust Performance of Systems with Structured
Uncertainties in State Space*

KEMIN ZHOU,; PRAMOD P. KHARGONEKAR,i JAKOB STOUSTRUP$
and HANS HENRIK NIEMANN$

Key Words—Robust control; state feedback; convex programming.

Abstract—This paper considers robust performance analysis
and state feedback design for systems with time-varying
parameter uncertainties. The notion of a strongly robust ..
performance criterion is introduced, and its applications in
robust performance analysis and synthesis for nominally
linear systems with time-varying uncertainties are discussed
and compared with the constant scaled small gain criterion. It
is shown that most robust performance analysis and synthesis
problems under this strongly robust &, performance
criterion can be transformed into linear matrix inequality
problems, and can be solved through finite-dimensional
convex programming. The results are in general less
conservative than those using small gain type criteria.

1. Introduction

During the last decade, much progress has been made in the
robust control analysis and synthesis of linear time-invariant
systems with time-invariant uncertainties. In particular, the
development of .. theory and structured singular value
computation algorithms has greatly simplified the robust
stability, performance analysis and controller design (see
Doyle, 1982; Packard and Doyle, 1988; Doyle et al., 1989,
1991; Krause et al, 1989; and references therein). For
systems with time-varying uncertainties, some new results
regarding the system robust stability have also been
developed using the notion of quadratic stability (see Boyd
and Yang, 1989; Khargonekar et al, 1990; Packard and
Doyle, 1990; Packard et al., 1991; Becker and Packard, 1991).
However, the robust performance problem for systems with
time-varying uncertainties has not been sufficiently explored.
The most commonly used criterion in this case is the
so-called constant scaled small gain condition (Krause et al.,
1989). This paper is motivated by the need to improve the
results that can be obtained by the constant scaled small gain
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criterion. Our approach is closely related to the notion of
quadratic stability and is a further extension of the results
presented in Boyd and Yang (1989), Khargonekar et al
(1990), Packard et al. (1991), Packard and Doyle (1990), Xie
and Souza (1990a,b), Becker and Packard (1991), Geromel
et al. (1991) and Peres et al. (1991).

In this paper we consider the notion of strongly robust .,
performance. This is a natural generalization of the concept
of quadratic stability and is related to an analogous concept
introduced in Xie and Souza (1990a,b). While some of the
results presented in this paper are similar to those in
Geromel et al. (1991) and Peres et al. (1991), we consider a
more general class of uncertain systems and a more natural
description of the uncertainty. More importantly, it should
also be noted that our results are non-conservative, i.e. the
conditions stated in the paper are necessary and sufficient
under the defined stability and performance notions. We
consider linear time-invariant systems with real time-varying
parameter uncertainties which lie in compact intervals. The
main results of this paper show that both analysis and
state-feedback synthesis problems can be reduced to
finite-dimensional convex programming problems.

The paper is organized as follows: the strongly robust .
performance criterion is formally introduced in Section 2 and
its implications in disturbance rejection and robust stability
are discussed. It is also shown in this section that under this
robust performance criterion the dynamic state feedback
problem is equivalent to a static state feedback problem.
Section 3 considers the analysis problem while Section 4
considers the state feedback controller synthesis problem.
The results obtained in this paper are compared with the
so-called scaled small gain condition in Section 5 and an
example is shown in Section 6 to illustrate our results. The
corresponding discrete-time results are also obtained in
Section 7. Finally, Section 8 offers some conclusions.

2. Preliminaries
Consider a linear time-varying dynamical system with a
state space representation
X =Apxx + Byw, x(0)=0
7= Cax + Daw,

N
)

where A,, B, Ca, and D, are continuous matrix functions
of A(r), and A(f) € A is (possibly) a time-varying uncertain
matrix. The symbol A denotes a compact set of appropriately
dimensioned matrices with a particular structure which wiil
be specified later on. The function A(¢) is assumed to be a
measurable function of ¢ e [0, ).

Definition 1. The system described by equations (1) and (2)
with w =0 is said to be quadratically stable if there exists a
symmetric matrix X >0 such that V(x) = x'Xx is a Lyapunov
function for the system, i.e. V(x(¢))<0 for all x+#0 and
AeA.

The key point here is that the Lyapunov function is fixed
and is independent of uncertainty. It should be noted that
this stability notion is quite reasonable since the uncertainty



250 Brief Papers

A(t) could be time-varying. Moreover this stability notion is
useful even in the case of time-invariant real uncertainty due
to the lack of better analysis methods. This point will be
further demonstrated in Section 5.

Definition 2. The time-varying uncertain dynamical system
described by equations (1) and (2) is said to satisfy strongly
robust ¥, performance criterion if |D,)l <1 VAe A and
there exists a constant symmetric matrix X > ) such that
AVX + XAy + (XBy+ CADL)RLBAX + DACy)

+ CLCL <0 (3)
forallt=0and A € A, where Ry =1 - DD, > 0.
It is easy to sce that if a system satisfies strongly robust ¥,
performance criterion, then it is necessarily quadratically
stable. This concept is also equivalent to a robust disturbance
attenuation concept introduced in Xie and Souza (1990a.b).
The strongly robust ¥, performance criterion implies a

standard %, disturbance attenuation bound as shown in the
following lemma:

Lemma 3. Suppose that A is a compact set and the uncertain
system in equations (1) and (2) satisfies the strongly robust
9, performance criterion. Then the system is quadratically
stable and there exists an € >0 such that

Nzlla= (1~ €) fIwl>.
Proof. Let V{x):=x'Xx and define
~Qa=ALX + XAy + (XBy+ CuDy)RY
X (BAX + DLCy) + CLCy.
Then there exists a (sufficiently small) €, >0 such that for all
AeA
Ry:=R,—¢€,1>0
and
Q1= Qs(XBs+ CiDy)(Rs' = Ry")
X(BAX + DAC,) > 0.

It follows from the definition that the uncertain system is
quadratically stable. Furthermore, we have

d 2 ,
a(x’Xx)z ~lzlIF+ (1 =€) wl=
- ”R_\I/Z[R_\W —(BAX + DLCyx]|I” - —X’QAX'
If we %, then x € 4. and integrating from r=0 10 t =x
gives

1203 = (1 =€) lwiid = = 1Rs "[Raw — (BAX + DAC)x]113
j x(1Y Qax(1) dr =0.
8]

Thus
izl = VI—€ wil=(1-€) lIw|,
for some € > 0. [

Our objective in this paper is to derive some easily
computable conditions for checking the satisfaction of the
strongly robust 3. performance criterion for certain classes
of uncertain systems. We shall also consider finding state
feedback controllers to achieve the strongly robust J,
performance criterion. The following result is a generaliza-
tion of Khargonekar er al. (1988):

Theorem 4. Consider the uncertain system

X=A x+ Byw+ Bu (4)
7= Cyx + Dyw + Doau (5)
v=ux (6)

and suppose that there exists a dynamic state feedback

controller u = K(s)y such that the closed-loop system satisfies
the strongly robust ¥. performance criterion. Then there
exists a real matrix F such that with the static controlier
u = Fy, the closed-loop system satisfies the strongly robust
. performance criterion,

Proof. Suppose that there exists a dynamic state feedback
controller

£=A%+ Bx
u=Cxg+ Dr,
such that the closed-loop system satisfies the strongly robust

#. performance criterion. The closed-loop system has the
following state space representation:

=05 ol [ 0 DG )
:Amww

s o o5 <))

<

i

C‘[f] + Dyw.
£
By definition, there exists a X >0 such that
A'X +XA+(XB+C'DORV(B'X +DLCY+ C'C <0,
(7

with Ry =1 - D D, >0.
Define a matrix W and a matrix ¥ >0 as

w oW, (Db &1, [y YZ]Q~ \
[Wg WJ“[B A}X Cly vl

and, furthermore, define
X=Y '>0, F=WY "

Then it can be shown using inequality (7) that X and F satisfy
the following inequality

X(Ay+ BoyF) +(Ay+ BasFY' X
+[XBs+ (Ca+ DysF) Dy)R:!
X [BAX + DA(Cs+ Dy F)]
F(Ca + DaF) (Ca+ DyuF) <0

This implies that the following system:

X=(As+ BysF)x + Baw
2=(Cx+ DspF)x + Daw
satisfies the strongly robust . performance criterion. In

other words, u = Fx is a strongly robust #, performance
state feedback controller. [

3. Robust performance of uncertain systems

In this section, we shall consider strongly robust .
performance for a special class of uncertain systems. Suppose
that the uncertain system admits a state space realization in
the following form:

x=Asx + Baw (8)
z=Cyx +Dyw, 9)

where

Aj BA] [A Bl] I:BU:I
= + D
[CA Dyl ~Le, byl Ly, AC Dol

for some constant matrices A, By, B, Cy, C, Dy, D;y, and
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D,,. For simplicity, we shall also assume that the uncertainty
matrix A € A is real-time varying and

A = {block diag [8:(0)I,,, . . ., 8.,()L ]:8.2) €[5, &1
For future reference, we shall denote the vertex set of A as
A, = {block diag [8:1x,, . .., 8,lk,):8; = §; or ;= §)).

It is easy to see that there are 2™ vertices in A,.,.

Remark 5. It is interesting to note that the uncertainty
operator A can in fact be a nonlinear time-varying bounded
operator and not necessarily a linear time-varying gain
matrix. As an example, consider a nonlinear uncertainty of
the form

& gi(t, m)
£i= §:z —An:= gz(t,:’flz) )

3 2o(t, 1)

where the nonlinear time-varying functions g(z, n;), i=
1,..., g satisfy

8n? = mgilt, n:) < &

Then in this case, if we design a controller such that the
closed-loop system with the time-varying uncertainty gain
matrix A =diag(8,,...,8,) with § e[§; §] satisfies the
strongly robust ., performance criterion, then the same
statement holds for the nonlinear uncertainty as well. It is
also important to note that the operator A need not
necessarily be uncertain for the analysis and synthesis
approaches proposed here to be applicable. These ap-
proaches may also be useful for systems with known but
complicated operator A in order to simplify the analysis and
design. This is particularly true for the analysis and synthesis
of nonlinear time-varying systems.
The following theorem is our main result of this section:

Theorem 6. Consider the uncertain system described by
equations (8) and (9). Define

Ry:=1-DyD,.
Then the following statements are equivalent:

(i) The system satisfies the strongly robust #.. performance
criterion.

(i) Ry>0, VA € A,.x and there exists an X = X' >0 such
that

ALX + XA, + (XBa + CaDA)RE!
X (BAX + DACy) + CaCa<0

for all A € A,.,.
(ili) R,>0, VA € A, and there exists an X = X' >0 such
that

o L
o rJlo ol"lBy ollo 1«
CLCa C'ADA]
<
[D'ACA N
for all A € A,,.

Proof. First note that R, >0, VA € A if and only if

[1 -Dy

D, P ]>0 VYAecA

if and only if

1 *D,’,]
> .
[_DA I 0 VAeA,,

The proof for (i)=(ii) is trivial since A,.,<=A and the

implication of (ii) ¢ (iii) follows from the Schur complement
formula. To show (ii) > (i), let us first define

A\X + XA, XB, Ci
Oai= By X -I Dj |
CA DA -I

Since A appears affinely in Q, it is easy to see by convexity
that

Teai‘ ’\max(QA) = Argzvxex Amax(QA)~

This implies that O, <0 VAeA if and only if 0,<0
VA € A.x. On the other hand, it is easy to see from the
Schur complement formula that Q , <0 VA e A is equivalent
to

ALX + XA, + (XB, + CyDyR;!
X (B4LX + D4C,) + C4Ca <0

for all A € A, i.e. strongly robust ¥, performance criterion is
satisfied. a

Now the key point is that finding a positive definite
symmetric matrix X >0 such that condition (iii) holds can be
done through convex programming. In particular, the
numerical algorithm described in Boyd and Yang (1989) can
be modified easily for this problem.

Remark 7. In fact, the above results (and the results
presented in the rest of the paper) apply to a much more
general class of uncertain systems. For example, suppose the
uncertain system matrices satisfy the following conditions: for
each &, there exist appropriately dimensional matrix
functions E;, H;, and scalar functions a; B8; which are all
independent of §; such that

[AA BA] _E; +§H,
Cy Dol a;+8B°

Then it is easy to see that the following relation used in the
proof is still true:

Tsa": )‘max(QA) = A‘Ez'z(ex Ama:&(QA)'

Hence, the theorem holds for uncertain systems satisfying the
above conditions.

Remark 8. It is not hard to show that for the class of
uncertain systems considered above, the system matrices can
be written in a matrix linear fractional form:

& 2l-1E ol+lo)
Ca Da ¢, Dy Dy
X A(I —~ DopA) V[Co  Dyy]

for some matrices A, By, By, C;, Co, Dig, Dyo, Dgo and
A e A. Hence this problem can also be treated in the general
linear fractional framework and the constant scaled small
gain condition can be used as suggested in Krause et al.
(1989). The advantages of these approaches will be further
discussed in Section S.

4. Robust state feedback control

In this section, we shall consider state feedback controller
design such that the closed-loop system satisfies the strongly
robust ¥, performance criterion. For technical reason, we
shall only consider the following class of uncertain systems:

X=Apx+Baw+B,,u, AecA (10)
2=Cprx + Daw + Dopu (11)
y=x, (12)

where Aa, By, Baa, Ca, Dy, and D,, are any affine matrix
functions of A as assumed in the last section and A is the
same compact set defined in the last section. In fact, they can
be more complicated matrix -functions as pointed out in the
last section.

Theorem 9. There exists a state feedback controller such that



252 Brief Papers

the above closed-loop system satisfies the strongly robust &,
performance criterion if and only if Ry=1-—D3D,>0,
VAeA,, and there exists a matrix W and a matrix
Y =Y’ >0 such that

YAy + ALY + W Bjs + Bou W

By + DACAY + DAD W
CyY + D,y
By+YC\Dy+W'D5 Dy YCL+ W'D}
Ry 0 <{
0 -1

for all A € A,.,. Moreover, the scalar feedback controller can
be taken as a constant gain as

F=WY .

Proof. (=) By Theorem 4, it can be assumed without loss of
generality that there exists F such that the closed-loop system
with u = Fx satisfies the strongly robust #. performance
criterion. The closed-loop system can be written as
X=(As+ By F)x + Byw
2= (Cy + DoaF)x + Dyw.
By the definition of strongly robust 3., performance criterion
and Theorem 5, there exists an X = X' >0 such that
X(Ax+ ByaF) + (As + BaaF)' X
+(Ca+ DaaFY(Ca+ DoyF)
+[XBa + (Cs + D2aFY Dy)RS!
X [BAX + DA(Ca+ DanF)) <0

for all A € A,,.,. Now define

Yi=X ! W=Fx "

Then the above inequality can be written as
YAL + A Y + W Bh, + BoyW
F(YCL + W DANCAY + DayW)
+[Ba+ YC4Ds+ W D3R,
X [BA+ DACLY + DAD, W] <0

or equivalently

YAL+ ALY + W'BS, + B, W
Bi+ DyCyY + DDy W
C,Y + D,uW
B+ YCiDy+ W' D5 Dy YCi+W'Dsy
Ry 0 <0
0 -1

for all A € A,,.
(&) This follows easily by reversing the above steps and
using the state-feedback gain F = WY "' O

This theorem shows that the problem of state feedback
synthesis can be reduced to searching for the matrices W, Y
satisfying the linear matrix inequality above. The main point
is that this matrix inequality is convex in W, Y and thus
convex programming techniques can be used to solve for W,
Y. This result is similar to Becker and Packard (1991), and
Packard er al. (1991). The above theorem can be simplified
considerably if B,,, C,, and D,, are all independent of
uncertainty A and, furthermore, D;, =0.

Corollary 10. Suppose Dy, =0, B,y=B,, C(C,=C,, and
D, = D,;. Define R,:= D{,D;>0 and let D, be any matrix
such that

D, D :=1-DR:'Dis.

Then there exists a state feedback controller such that the
above closed-loop system satisfies the strongly robust .

performance criterion if and only if there existsa Y=Y’ >0
such that

[AA—BZRZ"D,’ZQ OJ[Y 0]

D.C, ollo 1
[Y OJ[(AA‘BzREID{zcl)' C],DL:,
0 [/ 0 0
+[BABA_ngEID{2 01]<0

for all A € A,,. Moreover, the state feedback controller can
be taken as a constant gain as

F=—=R;Y(D},C, +B)Y ).

Proof. (=) Similar to the proof of Theorem 9, there exists
an X = X' >0 such that

(Ay+ B2F)' X + X(Apy+ BoF) + XBaBLX
+(Cy + DFY(C, + D F) <0
for all A € A,.,. Now complete the square with respect to F
to get
(As— B2R; 'D{;C\)' X + X(Ax — B2R;'D{,Cy)
+ Ci(I = D12R;'D{)Cy + XBAB X
- XB,R7'B;X + (F + R7'(D1,C, + B; XY Ry
X (F + R;(D1,C, + B:X)) <0.
Then we have
(As— BaR3'D1:C\)' X + X(Aa— B2Ry'D{,Cy)
+ Ci(I = DyR; ' D7) C,
+ XBoB\X — XB,R;'X <0
for all A € A,.,. Now define Y:= X "!. We have
Y(Ay— BoR7'DCY) +(As — BoR7 DR CHY
+YC/D D, C,Y+BsB,y— B,R;'B;<0

or equivalently
{AA — B,R;'D{,C, 0][ Y 0]

D' C, ollo 1
+[Y OH<AA~BZR;‘D;ZC1>' c;DLJ
0 1 0 0
+[BABA~OBZR;’BZ' _01]<0

for all A € A,.,.
(&) This again follows easily by reversing the above steps.
]

S. Comparison with small gain type criterion

In this section, we will analyze the conservativeness of the
proposed analysis and synthesis framework. In particular, we
will compare the proposed method with constant scaled small
gain type analysis and synthesis methodology, i.e. time
varying p framework. We will focus on a simple class of
uncertain systems where the system can be shown as in Fig. 1
with

i M(s)

Fig. 1. Uncertainty description.
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and A = diag [8,(¢), 82(¢), ..., 8,.(¢)]. We shall also assume
that the uncertainty is normalized so that §;=—§,=1, ie.
1Al =1.

Now define the constant scaling matrix set as

T ={block diag (T1, Ty, . . . , T,):0< T; = T} & Rk,

It is clear that for any 7 e  and A € A, we have TAT ! = A,
By small gain type of criterion, the system is robustly stable
and |izllo<{w]l, for all A € A if there exists a T € J such

that
M

By ‘bounded real lemma’, the above is true if and only if
there is an X = X' >0 such that

XA+A'X +X[BoT' Bi)[BoT™' BiI'X

+ [720]1[26;0] <0. (13)

We now show that the inequality (13) implies the strongly
robust ¥, performance condition. To do that, we note that
for any T € J, we have

XBoAC, + CiA'BLX
< XBoT~NT")"'BLX + C4T'TC, (14)

for all A e A. Using inequalities (13) and (14), we have
immediately

X(A +BoAC,) + (A + BoACy)' X + XB, Bl X
+CiC, <0, VAeA,

<l

oo

i.e. the strongly robust ¥, performance criterion is satisfied.
However, it should be pointed out that the strongly robust
#,, performance criterion condition does not in general imply
the constant scaled small gain condition. This should be clear
from the fact that quadratic stability for systems with
structured real-time varying uncertainty does not in general
imply the scaled small gain condition, see Packard and Doyle
(1990). Hence, the proposed method is in general less
conservative than the constant scaled 4 method. They are
equivalent if A is an unstructured full real block. This fact is
a generalization of an analogous result on the equivalence
between quadratic stability and the small gain theorem for
unstructured real uncertainty (Khargonekar et al., 1990), and
follows essentially from Fu et al. (1991). For completeness,
we shall give a very short proof. We need a matrix fact which
is referred to as Finsler’s Lemma, see, e.g. Petersen (1987).

Lemma 11. Let P, Q, and R be n X n symmetric matrices
and P=0, Q0 <0, and R=0. Assume

(z'Q2 — 4(2'Pz)(z'Rz) >0

for all 0#z € ®". Then there exists a constant A >0 such
that

P+AQ+A’R<0.

Theorem 12. Suppose A= BR™*™, je. A={Ae R"*m,
I|All =1}. Then the system satisfies the strongly robust ¥..
performance criterion if and only if there exists a constant
d >0 such that

1
dl, 0 -1, 0
[0 I]M(s) d <1
0 I

Proof. The ‘if’ part is obvious from the previous discussion.
We only need to show the ‘only if’ part. Suppose that the
system satisfies the strongly robust #.. performance criterion,
i.e. there exists an X = X' >0 such that

X(A + BoACo) + (A + BlACo)'X + XB B, X
+CiC,<0, VAecA

or equivalently for all z € R, we have

(XA +A'X + XB,BiX + C{C\)z < ~2max z'XBoACoz.

The maximum on the right-hand side can be computed easily
and we have

Z(XA+A'X + XB,BIX +CiCy)z
< —2V2'XBoB{Xzz' CiCyz.

By Finsler’s Lemma, there exists a constant d > 0 such that
(XByB\X)+d*(XA+A'X + XB,B|X + C{C))
+d*C{Cy<0
or equivalently
d~2XByBLX) + (XA +A'X + XB,B,X + C,C\)
+d*CyCy <0,
i.e.
XA+A'X +X[Byd™' Bi|[Bed™! BJX
+ _dg“’] [dCClo] <.

The last inequality implies by ‘bounded real lemma’ that

[d(l)’" (I)]M(s) (li

0 Il

I 0 <1. 0

6. A numerical example

In this section, we shall use a simple example to illustrate
the results obtained in the previous sections. We shall adopt
the notation in Section 4 and assume

0 1 12 01
AA“[—m —10]”‘[—1 1]”2[0 1]

05 1 10
=[] Ba=[g) o[ o)

D=0, D= [(1)],
where |8,/ <6 and §; € R. The ellipsoid algorithm has been
implemented here to solve this problem.

It is found that the open-loop system (without applying
state feedback) is quadratically stable if and only if § <0.548
and V(x) = x'Xx with

X_[0.1214 0.0865]
0.0865 0.1035

is a Lyapunov function for & =0.54.
On the other hand, the open-loop system satisfies the
strongly robust %, performance if and only if § <0.225 and

X=[6.10309 5.04167]
5.04167 5.95436

in a solution to the inequality (3) for § = 0.224.

Finally there exists a strongly robust .. performance state
feedback if and only if § <2.618. In fact, we find a positive
definite matrix

_[0.0826 0.0156]
~ 100156 0.0707

which satisfies the inequality in Corollary 10 for & = 2.61 and
this gives a state feedback law

u=[-12.635 2.7946]x

which makes the closed-loop systems satisfy the strongly
robust ¥, performance.

7. Discrete-time systems

Having discussed the robust performance problem for
continuous-time systems, a natural question to pose is
whether similar results hold in the discrete-time case. In
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studying discrete-time systems, one can use the bilinear
transformation to convert the problem into a continuous-
time problem. In the present setting, this transformation
complicates the description of the uncertain matrices A, By,
etc. Consequently, we shall address the discrete-time
problem directly. It is shown below that the robust
performance problem for an uncertain discrete-time system
can also be solved using finite-dimensional convex
optimization.
Consider the discrete-time uncertain system

xk#l:AAxk +BAWA +Bnu,\, (15)
Z = Caxy + Dawy + Doy (16)
Ve = Xies (17)

where again Ay, B,, etc are assumed to be affine matrix
functions of A€ A and A is the compact set defined in
Section 3.

To derive the discrete-time results, we need a discrete-time
.. norm characterization (Doyle ef al., 1991).

A| B
Lemma 13. Let G(z)z[gb] be a stable discrete-time

system. Then ||G(z)ll.<1 if and only if there exists a
nonsinguiar matrix 7 such that

o 7 ol
<1
0 IiLC D 0 7
or equivalently there exists an X >0 such that
[A B]'[X ()][A B] B [X 0} <0
¢ DJLO IJLC D 0 1 '
Note that the matrix inequality characterization of a bounded
real function is equivalent to the following Riccati inequality

characterization: there exists an X >0 such that / —D'D ~
B'XB >0 and

A'XA-X+B'XA+D'C)(I-D'D-BXB) !
X(B'XA+D'Cy+C'C<0.

Now we can introduce the definition of strongly robust .
performance criterion for a discrete-time system.

Definition 14. The time-varying uncertain dynamical system
described by equations (15) and (16) with u =0 is said to
satisfy strongly robust . performance criterion if there
exists a constant symmetric matrix X >0 such that

P AR
Cy, DyJLO 11LCy Dy 0 1
for all A € A.

We also need a simple matrix fact, which follows from the
standard Schur complement result, to prove our results.

Lemma 15. Let A be any square matrix. Then P >() and
A'PA — P <0 if and only if

-P' -A
[ _a 'P} < 0.
Now the following result is obvious.

Theorem 16. Suppose A,, B,, Cy, and D, are affine matrix
functions of A € A. Then the uncertain system described by
equations (15) and (16) with u =0 satisfies the strongly
robust #, performance criterion if and only if there exists an
X >0 such that

R AR
¢, plo 1lley, bl Lo 1.
for all A € A, ..

The state feedback results can also be obtained
analogously.

Theorem 17. There exists a state feedback controller such
that the system described by equations (15) and (16) satisfies

the strongly robust ¥, performance criterion if and only if
there exist a matrix W and a matrix ¥ = Y’ >0 such that
-Y 0
0 -1
—(YAL + W'B4,) (YCyL+ W’'D3,)
~Bi -Dy
—(A Y +BuW) —-B,
—(CoY + DopW) —D,
-Y 0
0 -1

<0

for all A € A,,. Moreover, the state feedback controller can
be taken at a constant gain as

F=WYy .
Proof. (=) Note that the discrete version of Theorem 4
holds and can be proved along the same lines. Hence it can
be assumed without loss of generality that there exists a F
such that the closed-loop system with u, = Fx, satisfies the

strongly robust 9. performance criterion. The closed-loop
system can be written as

Xy = (Aa + BoaF)x, + Baw,
2% = (Ca + DoaF)x, + Dawy.

By definitions and Theorem 16, there exists an X = X' >0
such that

[AA+BZAF BA]’[X OJ[AA+BZAF BA]_[X o]<0
Ca+DyF Dyl L0 1)lcs+DowF Dyl L0 1

for all A € A,,,. Now using Lemma 15, we have

_[X" 0] _[AA+BZAF BA]

0 I Ca+DuF Dyl |_,
[As+BysF By [x o0 '
{CA+D2AF DJ [o 1]

Now the result follows by pre- and post-multiplying the
above inequality by

1 0 0 0O
o7 0 O
00 X' o0
00 0 [

and defining Y:=X "', W=FX"\.
(&) This follows easily by reversing the above steps and
using the state feedback gain F = WY ™!, a

8. Conclusions

In this paper we considered the robust performance
analysis and state feedback synthesis for a certain class of
uncertain systems with time-varying parameter uncertainties.
A notion of robust performance for systems with
time-varying uncertainties—strongly robust .. performance
criterion—was introduced.

it was shown that for the class of uncertain systems
considered in this paper the strongly robust .. performance
problem can be formulated as a convex programming
problem and gives, in general, less conservative results than
those obtained using the scaled small gain condition. Parallel
results were also obtained for discrete-time systems.
However, the strongly robust ¥, performance problem is
still unsolved for systems with general linear fractional
uncertainty although we could immediately generalize our
results to some classes of systems with linear fractional
uncertainty as we did at the end of Section 3.
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