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COMPACTLY SUPPORTED FRAMES FOR DECOMPOSITION SPACES
KENNETH N. RASMUSSEN AND MORTEN NIELSEN

ABSTRACT. In this article we study a construction of compactly supported
frame expansions for decomposition spaces of Triebel-Lizorkin type and for
the associated modulation spaces. This is done by showing that a finite linear
combination of shifts and dilates of a single function with sufficient decay in
both direct and frequency space can constitute a frame for Triebel-Lizorkin
type spaces and the associated modulation spaces. First, we extend the ma-
chinery of almost diagonal matrices to Triebel-Lizorkin type spaces and the as-
sociated modulation spaces. Next, we prove that two function systems which
are sufficiently close have an almost diagonal “change of frame coefficient”
matrix. Finally, we approximate to an arbitrary degree an already known
frame for Triebel-Lizorkin type spaces and the associated modulation spaces
with a single function with sufficient decay in both direct and frequency space.

1. INTRODUCTION

Smoothness spaces such as the Triebel-Lizorkin (T-L) and Besov spaces play an
important role in approximation theory and harmonic analysis. Often they are
characterized by (or at least imply) some decay or sparseness of an associated
discrete expansion. For example, a certain sparseness of a wavelet expansion
is equivalent to smoothness measured in a Besov space [16]. A consequence
of this is that a sufficiently smooth function can be compressed by threshold-
ing the expansion coefficients of a sparse representation of the function [5, 6].
More generally in non-linear approximation, the coefficient norm characteri-
zation leads to better understanding of the approximation spaces (see e.g. [12]
and [13]).

The T-L and Besov spaces are special cases of T-L type spaces and the
associated modulation spaces which again form a broad subclass of the de-
composition spaces defined on RY. Decomposition spaces were introduced by
Feichtinger and Grobner [8] and Feichtinger [7], and are based on structured
coverings of the frequency space R?. Here the classical T-L and Besov spaces
correspond to dyadic coverings (see [23]). Many authors have used modula-
tion spaces to study pseudodifferential operators, see e.g. [19] and references
therein.

2000 Mathematics Subject Classification. 42B35, 42C15.
Key words and phrases. Decomposition spaces, anisotropic Triebel-Lizorkin spaces,
anisotropic Besov spaces, frames.
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In this article we study a flexible method of generating frames for T-L
type spaces and for the associated modulation spaces. Frames are redundant
decomposition systems with extra structure between the expansion coefficients
and the function being represented which make them useful for non-linear ap-
proximation. The advantage of redundant decomposition systems is that they
provide extra flexibility compared to bases as we have more than one way of
representing the function. Recently, this has lead to sparser representations of
certain natural images than with wavelets; two examples of this are curvelet
frames [20] and bandlets [15].

Frames for T-L type spaces and the associated modulation spaces have
been considered earlier: Banach frames for a-modulation spaces in [4,9], and
Banach frames for T-L type spaces and the associated modulation spaces where
constructed in [1,2]. However, these frames were constructed using band-
limited functions which rules out compact support in direct space.

The goal of this article is to construct frames with compact support for
inhomogeneous T-L type spaces and the associated modulation spaces. An
obvious modification produces frames for homogeneous spaces as well. The
idea we employ is a perturbation principle which was first introduced in [18],
turther generalized in [13] and refined for frames in [14]. With this pertur-
bation principle, finite linear combinations of shifts and dilates of a single
functions with sufficient decay in direct and frequency space can be used to
construct frame expansions with a prescribed nature such as compact sup-
port. These frame expansions are constructed from the already known Banach
frames in [1,2]; thereby, generating frame expansions which share the same
sparseness properties as the already known representations.

Next, we discuss frames in more detail. Suppose that X is a quasi-Banach
space and Y the associated sequence space. We say that a countable family
of functions ¥ in the dual X* of X is a frame for X if there exists constants
C1,Cy > O such that for all f € X,

Cullfllx < [H{f, #) yerlly < Callfllx,
where (f, ) := ¥(f). In the L,(IRY) case, frames have the expansion

(1.1) f=Y (f.S'p)y,

pey

where S is the frame operator Sf = Y ycy(f,¢)¥, f € X. In the general case,
(1.1) is not a byproduct of the theory, but we show that the frame condition is
the key to proving that (1.1) holds and that {S~'¢}ycy is a frame. This also
proves that {¢}ycy is a Banach frame.

As the general setup requires a great deal of notation, we give an example
of what is proven for a-modulation spaces, M35 (R).
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Theorem 1.1.

Choose s e R,0< p<o0,0<g<oo,0<a<1andé > 0. LetM?,’ﬁ;(Rd)
be the a-modulation spaces, r := min(1,p,q), and 1/ := a/(1 —«a). If g €
CHRY) N Ly(R?), §(0) # 0, satisfies

=R

g < C+|x) 21 |k < 1,

. —2(446)—2(|s]+24+3) -1
£(@)] < C(1L+|a) 2R,
then there exists K € N and ¢y ,(x) := Y&, agig(ckx + brni), axi € R,
Ck, b i € RY, such that {S~1yy .} knezd constitutes a frame for M%(I[{d ) and

f=Y (S  n)Pin

knezd

for all f € My (IR?) with convergence in Mg (IR?). .

The outline of the article is as follows. In Section 2 we introduce homoge-
neous type spaces on RY which are used to generate admissible coverings of
the frequency space. These coverings are then used to define T-L type spaces
and to construct associated frames. In Section 3 almost diagonal matrices are
introduced, and we derive conditions under which the “change of frame co-
efficient” matrix is almost diagonal. Next, we use the machinery of almost
diagonal matrices to construct new frames from old frames in Section 4 by
using function systems which are sufficiently close to the frame from Section
2. Finally, in Section 5 we show that a system which consists of finite linear
combinations of shifts and dilates of a single function with sufficient decay in
both direct and frequency space can approximate another system with similar
decay to an arbitrary degree. Thereby, creating systems which are sufficiently
close to the frame from Section 2 and by using Section 4 constituting frames
themselves which is our main result. We end the paper with a small discus-
sion in Section 6 of the possible functions which can be used to construct the
frames.

Throughout the article we will make use of some standard notation. We
let £(&) := F(f)(¢) := (2m)~ /2 Jga f(x)e~™¢dx, f € L1(R?), and by duality
extend it uniquely from Schwartz functions, S := S(IRY), to tempered distri-
butions, S’ := S’(R¥). Similarly, we use (f,#) for the standard inner product
of two functions [ f7j, and the same notation is employed for the action of a
distribution f € 8’ on 7j € S. By F < G we mean that there exists two con-
stants 0 < C; < Cy < oo, depending only on “allowable” parameters, such that
CiF < G < GF. In general the constants C,C; and C; will change through-
out the article. For the sake of convenience, we write || f¢|| instead of ||{ fi }xexl|
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when the index set is well-known. Finally, for x € ]Ng welet k| := k1 + -+ Ky,

and for suitably differentiable functions we define f(*) :=

2. TRIEBEL-LIZORKIN TYPE SPACES

In this section we give a brief description of T-L type spaces and the associated
modulation spaces. To define T-L type spaces and the associated modulation
spaces, we need a suitable resolution of the identity on R? in the sense that we
need a countable collection of functions { ¢} with Y ; ¢x = 1. To construct the
resolution of the identity, we use a suitable covering of the frequency space.
For a much more detailed discussion of the T-L type spaces see [2], and for the
associated modulation spaces see [1].

2.1. Homogeneous type spaces on RY. Here we define homogeneous type
spaces on R? which will be used later to construct a suitable covering of the
frequency space. These spaces are created with a quasi-norm induced by a
one-parameter group of dilations.
Let | - | denote the Euclidean norm on R induced by the inner product (-, ).
We assume that A is a real d x d matrix with eigenvalues having positive real
parts. For t > 0 define the group of dilations 6; : R? — R? by J; := exp(Alnt)
and let v := trace(A). The matrix A will be kept fixed throughout the paper.
Some well-known properties of é; are (see [22]),

L] (Sts = 5t§s-

e §; = Id (identity on RY).

e 4 is jointly continuous in t and &, and 6:¢ — Oast — 0.

[ |(5,§| = det(&t) =Y.
According to [22, Proposition 1.7] there exists a strictly positive symmetric
matrix P such that for all ¢ € RY,

1
[0:]p = (P&€, 6:C) 2
is a strictly increasing function of t. This helps use introduce a quasi-norm | - |4

associated with A.

Definition 2.1.
We define the function |- |4 : R* — R, by |04 := 0 and for C c R\ {0} by
letting |¢| 4 be the unique solution ¢ to the equation [d1/:{]p =

It can be shown that:
o |- € C®(RN{0}).
e There exists a constant C4 > 0 such that

(2.1) 1E+C]a < Ca(JEla+1]a), & € RL
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o [0:G]a = tC]a-
e There exists constants C;, Cy, a1, & > 0 such that

(2.2) Cymin(|¢]%, [2]%2) < 1¢] < Comax(|€]%, [2]%7), & € R™.

Example 2.2.
For A = diag(B1,B2,---,Ba4), Bi > 0, we have é; = diag(tﬁl,tﬁ2,...,tﬁd), and
one can verify that
d 1
814 = 21 &1, € RY.
j=

*

Finally, we define the balls B4 (&,7) := {{ € R? : |¢ —|a < r}. Tt can be
verified that [B4(¢,r)| = r'w?, where w4 := [B4(0,1)|, so (R, |- |4, dg) is a
space of homogeneous type with homogeneous dimension v.

The transpose of A with respect to (-,-), B := A", will be useful for
generating coverings of the direct space R?. Since the eigenvalues of B have
positive real parts we can repeat the above construction for the group 4, :=
exp(BInt),t > 0. We let | - |3 denote the quasi-norm induced by &, , Bg(x,r)
the balls associated with | - |g, and Cp the equivalent of C4 in (2.1). Fur-
thermore, we have that the constants a1 and ap in (2.2) also hold with B
and trace(B) = v. Notice that if g, (x) := m'g(6,x), ¢ € La(R%), then
Sm(&) = §(61&). We use the convention that J; acts on the frequency space

while 4, acts on the direct space.

The following adaption of the Fefferman-Stein maximal inequality to the
quasi-norm | - |g will be essential for showing the boundedness of almost di-
agonal matrices. For 0 < r < oo, the parabolic maximal function of Hardy-
Littlewood type is defined by

1 r
(2.3) MBu(x) := sup ( / ]u(y)|rdy) 4 € Lyjoe(RY),
BB(x,t)

£>0 wf -t

where w¥ := |Bg(0,1)|. There exists C > 0 so that the following vector-valued
Fefferman-Stein maximal inequality holds for r < g < ccand r < p < o0
(see [21, Chapters 1&II]),

24 Iz maar) ™) <c|( 1™

kezd kezd

Ly

If g = oo, then the inner /;-norm is replaced by the [-norm.
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2.2. Construction of frames. Here we first introduce admissible coverings and
how to generate them (see e.g. [7]). These coverings are then used to construct
a suitable resolution of the identity and next define the T-L type spaces and the
associated modulation spaces. Finally, we construct a frame which will be used
in the following sections to generate compactly supported frame expansions.

Definition 2.3.

A set Q := {Qy}ycza Of measurable subsets Q; C R? is called an admissible
covering if R? = U, ,:Qx and there exists np < oo such that #{j € Z9 :
QkﬂQj#Q}gnoforallkEZd. o

To generate an admissible covering we will use a suitable collection of | - |4-
balls, where the radius of a given ball is a so-called moderate function of its
center.

Definition 2.4.
A function & : R — [gg,00) for gy > 0 is called moderate if there exists
constants po, Ry > 0 such that |& — {|a < poh(¢) implies Ry' < h(Z)/h(¢) <

Ro. <
Example 2.5.

Let 0 < a < 1. Then

(2.5) h(¢) == (1+1¢]a)"

is moderate. *

With a moderate function £, it is then possible to construct an admissible cov-
ering by using balls (see [7, Lemma 4.7] and [2, Lemma 5]):

Lemma 2.6.
Given a moderate function h with constants pg, Ry > 0, there exists a countable
admissible covering C := {Ba(Ck, ph(Ck)) }reza for p < po/2, and there exists a
constant 0 < p’ < p such that the sets in C are pairwise disjoint.

O

By using that B4 (Cx, p'h(&x)) are disjoint it can be shown that B4 (¢, 2ph(Ex))
also give an admissible covering. Notice that the covering C from Lemma 2.6 is
generated by a family of invertible affine transformations applied to 5,4(0,p)
in the sense that

Ba(Ck ph(Sk)) = TeBa(0,p), Tic := 0pgy) * +Ck-

We can now generate our resolution of the identity, and for technical reasons
we shall require it to satisfy the following.

Definition 2.7.
Let C := {TB4(0,0) }cz¢ be an admissible covering of R? from Lemma 2.6.
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A corresponding bounded admissible partition of unity (BAPU) is a family of
functions { ¢y} cze C S satisfying:
o supp(gx) C TeBa(0,2p), k € Z°.
® Yiezi 9x($) =1, € RY.
o supiczi | @x(Ti-) |y < 00,5 >0,
_ 1/2
where ||l := ([ [F7Lf(x) (1 + [x]p)> dx) /2. .

A standard trick for generating a BAPU for C is to pick ® € C*(IR%) non-
negative with supp(®) C B4(0,2p) and (&) = 1 for § € B4(0,p). One can
then show that

(T, '¢)
Z]'ezd q)(Tjilg)

defines a BAPU for C. For later use, we also introduce

(T, ¢
(2.:6) Pi($) = < )1 :
V/Ljcze ®(T;'¢)?
which in a sense defines a square root of the BAPU.

With a BAPU in hand we can now define the T-L type spaces and the
associated modulation spaces.

Pr(§) =

Definition 2.8.
Let  be a moderate function satisfying

(2.7) Cl1+[2la)™ < h(E) < G +2a)™ T eRY,
for some 0 < 1 < 92 < 0. Let C be a admissible covering of R? from Lemma
2.6, { @k }reza a corresponding BAPU and ¢ (D)f := F 1 (px F f).

e Fors € R, 0 < p < o0, and 0 < g < oo, we define F; ;(h) as the set of
distributions f € S’ satisfying

||f||F;/q(h) = H( Y. |h(.)S(Pk(D)f|q>1/qHLp < oo.

keza
e Fors e R,0< p < oo, and 0 < g < oo, we define Mf,’q(h) as the set of
distributions f € S’ satisfying
1/q

g == (X [BCroeDIfIL ) < oo

kezd

If g = oo, then the [;-norm is replaced by the l-norm. o
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It can be shown that F; (i) depends only on h up to equivalence of the norms
(see [2, Proposition 5.3]), so the T-L type spaces are well-defined and similar
for the modulation spaces. Furthermore, they both constitute quasi-Banach
spaces, and for p,q < oo, § is dense in both (see [2, Proposition 5.2]).

Next, we construct a frame for the T-L type spaces and the associated
modulation spaces. Consider the system {¢ }; .5« from (2.6) which in a sense

is a square root of a BAPU. Let K, be a cube in R? which is aligned with the
coordinate axes and has side-length 2a satisfying B4(0,2p) C K,. For the sake
of convenience, put

(2.8) te 2= h(Gx)-
We then define
een(@) = 20) 3 P (T 9)e T T8, m ke 2,
and
(2.9) kn = Prexn, 1k € Z-.
One can verify that {7, }; ez is a tight frame for Ly(RY). By defining
k(&) := ¢ (TC), we get an explicit representation of 7 ,, in direct space
(2.10) N (x) = (Za)*%tgyk(élx — %n)eix":k,
and for x € N4, N € NN there exists C > 0 such that
(2.11) ()] < €1+ xe[) N

independent of k € Z“. To show that {1}, ,cz« constitutes a frame for Fj (1)
and M;, ;(h), we need associated sequence spaces. The following point sets will
be useful for that,

(2.12) Q(k,n) = {y eR?: 5y - %n e 83(0,1)}.

It can easily be verified that there exists 1y < co such that uniformly in x and k,
Ynezd XQ(kn) (x) < no. With this property in hand, we can define the associated
sequence spaces.

Definition 2.9.
Lets € R,0 < p < oo, and 0 < g < oco. We then define the sequence space
h) as the set of sequences {sy  }; ,cz« C C satisfying

sl = | ( 2 (ti+g|5k,n|)qXQ(k,n)>l/q L

knezd P

pal

< o0,
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Lets € R,0 < p < o0,and 0 < g < co. We then define the sequence space
b“;',,q(h) as the set of sequences {sy ,, }; ,cz« C C satisfying

SHL_v 1/p
Iskanlligyon =[5 7 ( X Jseanl?)
neza q

< 0.

If p = o0 or q = oo, then the [,-norm or [;-norm, respectively, is replaced by the
leo-norm. o

Finally, we have that {7, } cz¢ (2.9) constitutes a frame for F;,(h) and
M;,,q(h) (see [1, Remark 6.5 & Lemma 6.3] and [2, Lemma 4 & Theorem 2]):

Proposition 2.10.
Assume that s € R, 0 < p,q < o0, p < oo for F (h), and q < oo for Mj, ,(h).
For any finite sequence {sy , }; ,cz¢ C C, we have

H Z Sk,nMk,n <

knezd p.a ()

< Cllsinll 5, (n)-

Furthermore, {7y}t ycz¢ is a frame for F; ,(h),

F sy = I gy € Fig(h).
Similar results hold for By, (1) and by, . (h).

3. ALMOST DIAGONAL MATRICES

To later generate new frame expansions for F; (1) and B}, ;(h) from the already
known frames, we introduce an associated notion of almost diagonal matrices
in this section. The machinery of almost diagonal matrices was used in [11]
and [10] for the Triebel-Lizorkin and Besov spaces respectively. The goal is to
find a new definition for almost diagonal matrices for F; ,(h) and Bj, (1), and
then show that they are bounded on the associated sequence spaces f ,(h) and
by,,(h), and closed under compositions.

From here on we shall add some further restrictions to the moderate func-
tion /1 used to generate admissible coverings:

There exists B, Ry, p1 > 0 such that h!*f is moderate and
|& — C|a < ah(§) for a > py implies h({) < Ryah(E).

An abundance of functions / satisfying these conditions can be generated by
using functions s : Ry — R which satisfy s(2b) < Cs(b), b € R4, and

(3.1)

(1+b)7 <s(b) < (1 +b)ﬁ

for some v > 0. We assign h = s(| - | 4) and use that s is weakly sub-additive to
get the results (see [7]). Notice that s(b) = (1+b)%,0 < a < 1, gives Example
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2.5 and fulfills the mentioned conditions.

To motivate the definition of almost diagonal matrices, we let {1, }1 ez
be the frame defined in (2.10). By using (2.11) it can be verified that for fixed
N, M, L > 0, ;. , has the following decay in direct and frequency space,

(3.2) [ (x)] < Ct f(l + e, — xlp) 2V,

o3 aE) < Ci2 0+ 1 el 2
where

(3.4) _5-|- 7'Cn knEZd

and t; was defined in (2.8). Let {x, bt yeza C L>(R?) be a system with similar
decay,

(3.5) [ (2)] < CE (1 + b5 — x]5) 72V,
(3.6) (@) < CE A+ 112 — ) M2

By examining (7 ., ,m) we then get the following lemma.

Lemma 3.1.
Choose N, M, L > 0 such that 2N > v and 2M + 2% > v. I {#gn by peza satisfies

(3.2) and (3.3), and {¢;, } imezd satisfies (3.5) and (3.6), we have
te b s 1 M
|k s $jm) | <Cmin s (1+ max(t, ;)" Gk — Gjla)
X (1 + mm(tk, t]) |xk,n — x]-,m|B)*N

Proof:
From lemma A.1 we have

Ak . .
67) i) < Conin (5,0) (14 min( ) 3 = 3yl) 2
]
Using Lemma A.1 for (., {jm) gives

. (k5?2
68 [0k Fi)| < Comin (£, 1) (1 max(t, ) e — gila) 2%
)

Next we raise the power of the first term in (3.8) at the expense of the second
term. Without loss of generality assume that #; < t;. We first consider the case
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8k — &jla < pot]1.+ﬁ, and use that 1! *# is moderate (3.1) to get

P
711 1§R5+ﬁ<tk> .
1+t [0k — Gjla £j

In the other case, |Gy — ila > pot}+ﬁ

IN

, and it follows by using t; > ¢( that
P

1 < 1 (tk) .

ek —Gila T poeh \

£\ S+2L
69) (i) < Comin (£,1)7 (1 max(t, ) e~ gila) 2
]

Hence we have

The lemma follows by combining (3.7) and (3.9), and using

O
| Qi) | = [ O 121 s B |2
[ |

We are now ready to define almost diagonal matrices for the T-L type spaces
and show that they act boundedly on the T-L type spaces. A similar result also
follows for the associated modulation spaces.

Definition 3.2.

Assume thats € R, 0 < p,q < o0, p < o0 for f, ,(h), and q < oo for b3, ,(h). Let
r:=min(1,p,q). A matrix A := {a; )(xn) }jmincze i called almost diagonal
on f; ,(h) and by,  (h) if there exists C,6 > 0 such that

v (5
) (1) (5))e
ag ol <Cl —= min c
12Gjm) ()| (t]. P it

X (T+min(t, t)[Xen — XjmlB) ™ -,

t: %—HS tk ¢ v
c‘-sk :=min [ [ 2 | = (1 + max(t, t ) | C]|A) 0
] tr t

with t; defined in (2.8) and x; ,, in (3.4). We denote the set of almost diagonal
matrices on f; . (h) and b}, , (1) by ad), o (h). o

<

where

The connection between almost diagonal and boundedness for matrices is an
important result which will be essential for generating compactly supported
frame expansions.



COMPACTLY SUPPORTED FRAMES FOR DECOMPOSITION SPACES 12

Proposition 3.3.
Suppose that A € ad;, ;(h). Then A is bounded on f; ,(h) and b3 . (h).

Proof:
We only prove the result for f; (h) when g < o0 as g = oo follows in a similar

way with [; replaced by le, and the proof for by, (1) is similar to the one for
frq(h). Let's := {sgn}y eze € fp4(h) and assume for now that p,q > 1. We
write A := Ay + Aj such that

(AOS (jm) = Z Z A(j,m) (k,n)Skn and ( A1$ (jm) = Z Z A(j,m) (k,n)Skn-

kity>t; nezd k:te<tjnezd

By using Lemma A.2 we have

st3—v—3
ty |5k,
|(Aos) | < C ) <t—> G L - s
] r

nezs (1+t | X — xj,m\B>

s+5-3
<C Z <]> C;'SkM§< ) |Sk,n|XQ(k,n))(x)/

nezd

for x € Q(j, m). It then follows by Holder’s inequality and Lemma A.3 that

s+5 q
t
Y [(A08)(mXaGm SC( ). (t_k) C}Ska( ). |Sk,n|XQ(k,n)>)

mezZ4 kitp>t; \ "] nezd

s [t " B ! s
S C Z Cjk< t_ MY ( Z |Sk,n|XQ(k,n)>> (Z Cﬁ)
j

] TlGZd ZZtiZl’j

stz q
t
<C Z C;-Sk( (t_k> M?( Z |Sk,n|XQ(k,n))> :

nez4
We obtain

v qa\ 1/4q
805l 0 <€ (£ E ch(675ME( L Istabrann) ) )

jezd kit >t nez-

s+% . B N1
<C ( ) (fk 2Mr< Y |Sk,n\XQ(k,n)>) )

kez? nez4
Using the vector-valued Fefferman-Stein maximal inequality (2.4), we arrive at

sl 0 < € T 65 s maen) ], = ol m
cZ

Ly

Ly
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The corresponding estimate for A; follows from the same type of arguments
resulting in both Ag and A; being bounded on f; (i) and thereby A. For the
cases ¢ = land p < 1,4 > 1 choose 0 < 7 < rand 0 < 5 < ¢ such that
v/r+6/2 > v/7+6/2 and repeat the argument with r := 7, and 6 := 4. The
case q < 1 follows from first observing that

<

9

o N
A= {dGmyn)} = {|ﬂ(j,m)(k,n)\q (7?) }

v _y
is almost diagonal on f;ql(h). Furthermore, if v := {vy, } := {[sk.|Tt] *} we
q/

have

1 v 1/q
+ q
ol o = (& 6 Isen) xam) || = lsll g0
h k i) AQ(kn) fpa(h)
f%l( ) knezd Ly P
Before we can put these two observations into use we need that

v_Yq
[(AS) ()T < 3 D G mymTIsenlT =8 30 D GG () Dk
k nezd k nezd

We then have

1 1
[As| g5 () < ||Av||;s£,1(h) < C||U||;zq1(h) = Cllsllgs, -

q’ ]

The fact that almost diagonal matrices are closed under compositions is an-
other result which will be essential for generating compactly supported frame
expansions. First, we simplify the notation by defining

s+% £ +4 5
s,0 . t_k ; J t—k 9
w(].’m)(k’n) .-(tj) min ((tk) p (f]') )Cjk

X (1 + min(t, )| xg, — xj,m‘B)iz ,

==

where we have used the notation from Definition 3.2.

Proposition 3.4.
Lets € R,0<r<1andéd > 0. We then have

s,0 5,0 5,0/2
HGZZ GmEn N Em S P m)

Proof:
Notice that the factors £ 2 in the first terms of w®™” ... . and w®’ can-
i (jm)(i,1) (i1)(kn)

cel leaving (f;/ t]-)SJr% which can be moved outside the sums. Therefore we
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only need to deal with the last three terms in w(]‘s Y and w(Z (k)" First we
consider the case t; < t; and split the sum over i into three parts,

v
2

DTS € I B oRa s ol s

i lez4 ] it >t l.:tjgi’l‘gtk i:tl‘<i’j lez4

0\
:(t—"> (T4 11 4-1I0) .

]

For I, by using lemma A.4 and lemma A.5, we have

tENTT2 [t
- x r () (R)
it ez i ti
1 1
% T46 v
(L +tilxjm — xi0[B) 770 (1 + el Xk — xi0[B) 7
A
k )
() ek

i Ak 5/2 1
<C (—) Cik e
tx (1—i—t]-|x]m xkn|3)

Similarly for II we get

Y4 £ vt+s 5 s
1
=2 2(d) (5) e

istj<t;<t [eZ4

N\&

NI,

s
< C <t1)’
(14 t[xjm — XkulB) ‘Si:ti>tk £

1 1
(14t |x]m —xi1lB)” BN (1 + tilxgn — xi,l|B)%+5

l/

)
] 1 + tj’xj,m - xk,n|)7—HS

For III we get

(5 v,
N\ rt2 5 s
o= ) Z( ) ( ) C5iCk
iiti<tjlezd £j i

1 1
X v
(1 ti]xjm — x50]B) 70 (14t —

)%+5
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ACNTAN S 1
S C - (—l> C"C'k v
z‘:tiz<:tj tj tk ! (1+ ti’xj,m - xk,n|B)7+(5

[

C A AN
i [ )
St i, () e
] x]rm xk/n B Zlfi<t]' ) k

i s 1
<C (—) loy -
te ik (1—|—t]-|x]~,m —xk1n|3)?+‘5

In the case t; > t;, we observe that w?fm)(k/n) = w%;;{l ;zjsn;;/ ?, so applying the

2v/r—s—v,0
(k) (jm)

N>,

tirst case to w proves the proposition for ¢; > ;.

|
It follows from Proposition 3.4 that for J;,J, > 0 we have

5,51 S,(Sz s,min(él,éz) /2
(3.10) L W < Cm i)
1,

which proves that ad® . (h) is closed under composition.
P P.q p

4. NEW FRAMES FROM OLD FRAMES

In this section we study a system {¢y , } ,cz¢ Which is a small perturbation of
the frame {1 , }; ,ez¢ constructed in (2.10). The goal is first to show that a sys-
tem {¢x by ,cz¢ Which is close enough to {1 } 7+ is also a frame for F; ,(h)
and Bj ,(h). Next to get a frame expansion, we show that {S™',}y ez is
also a frame, where S is the frame operator
Sf="Y (frvemin
knezd
The results are inspired by [14] where perturbations of frames were studied in
classical Triebel-Lizorkin and Besov spaces.

Let {$rn g peze C L2(R?) be a system that is close to {5}y ez in the sense
that there exists €, > 0 such that

@1) in (X) = Pion (%) < et (1 4 bl — x|p) 2(+9),
-4

(4.2) n (&) — Pron(E)]| < ety

where we have used the notation from Definition 3.2. Motivated by the fact
that {7y, }1 yeze is a tight frame for Ly (IR?), we formally define (f, 9;,,) as

(4.3) <f/ wj,m> = 2 <77k,nr 1P]',m><f' 77k,n>f f S F;,q(h)-

knezd

(1+ £ — &.a) 2B 7 43)

4
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It follows from Lemma 3.1 and Proposition 3.3 that (-, §; ,,) is a bounded linear
functional on F; ;(h); in fact we have

S 1 i) 1l < {0 K 10 i) 1CF )}

knezd knezd
(4.4) < ClIfrmemdl g5, < CUF N, ()-
Furthermore, {4y} cz¢ is @ norming family for F; (h) as it satisfies
II{f, lpk,n>]|f§q(h) < CHf||F;q(h). This can be used to show that S is a bounded

operator on Fj (h), and for small enough ¢, this will be the key to showing
that {xn }y yeze is a frame for F;  (h).

jmezZ4

frq(h)

Theorem 4.1.
There exists ¢y, C1,C, > 0 such that if {lpk,n}k,nezd satisfies (4.1) and (4.2) for
some 0 < ¢ <e¢pand f € F; (), then we have

(4.5) Cull ey < CF )l g5, < Call fllEg -
Similarly for Bj () and b;, ;(h).
Proof:

The proof will only be given for F; (k) as it follows the same way for
B (h). That {¢y,}y,cz¢ is a norming family gives the upper bound,
thus we only need to establish the lower bound. For this we notice that
{e " (Mkn — Yin) i neze is also a norming family so we have

1o o = ) 55, ) < Cell fll 5, (n)-
It then follows that
1115,y < CICEs L 55, ()
< CUIS Yen g5y ) + 1CFo o = W) 5, ()
< CUIKS rnd | 55y () + €ll fll g (1))-

By choosing ¢ < 1/C we get the lower bound.
u

As one might guess from Theorem 4.1, the boundedness of the matrix

{(k s S_llpj,m>}k’n’j,mezd on f;q(h) is the key to showing that {5_1¢k,n}k,nezd
is also a frame.

Proposition 4.2.

There exists g9 > 0 such that if {{, }; ez« is a frame for FY,(h) = Ly(R%) and
satisfies (4.1) and (4.2) for some 0 < ¢ < g, then {<17k,n,Sillpj,m>}k,n,]‘,mezd is
bounded on f; /() and b}, ,(h).
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Proof:
The proof will only be given for f; ,(h) as it follows similarly for b; ,(h). The

fact that {¢y  }; ,cza is a frame for L>(R?) ensures that S~! is a bounded oper-

ator on Ly(IR?). We first show that S~! is bounded on F; 5(h). This will follow
from showing that

(4.6) 11— $)Flles, ) < Cell flles, . f € Epalh),

choosing ¢ small enough and using the Neumann series. Assume for the mo-
ment that D := {dj ) (xn) } = {{(I = S)7kn, Mjm)} satisfies

(4.7) IDsllgs, ) < Cellsll g, )

By using that {4y, }; ,cza is a frame for Lo(R?), we have that S is self-adjoint
which leads to

(I =5) fllgg, ) < CIKT = S) £ 1im) | 55,0y = CUDLS e Yimeze g5, (1)
< Cel[{f, mjm) |l 53,y < Cell fllg, 1)-
So to show (4.6) it suffices to prove (4.7). Note that

(=S i) = Y, s i) Wi W) — Y, ionr i) (Wit W)

ilez4 ilezd
= Y w0 ig — Wip im) + Y (ions Tig — $in) (Wit M m)-
ilezd ilezd
By setting
Dy = {d1myint = {0 = Yip 1jm)
Dy :=A{daiipyim } = {n i) 3
Dy = {d3jm)ip t = {{&ir 1jm)
Dy = {dainyim} = {en i) — ¥ip) b

we have the decomposition
D = D1Dy + D3D;.

Since {Wnty ez satisfies (4.1) and (4.2), we have from Lemma 3.1 that
e 1Dy, Dy, D3, 1Dy € adj, ,(1). Next, we use that ad} ,(h) is closed under
composition (3.10), and by Proposition 3.3,

||DS||f§,q(h) < CEHSHf;,q(h)-

Consequently, (4.6) holds, and for sufficiently small ¢, the operator S~!
is bounded on Fj (h). Finally, let s := {sgu}i,cz¢ € fpq(h) and g =
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Yk nezd Skullkn- By using Proposition 2.10 we have that ¢ € F;,(h), and as
{¥rn i neza is a frame for L>(R%), we have that S~ is self-adjoint which gives
Y (s ST Wjm)sin = 3 (ST e Yim)Skn = (ST Yim)-
knezd knezd

If we combine this with {i}y ,cz¢ being a norming family for F; ,(h), see
(4.4), we get

Y s ST ) Sk ;

knezd pa ()

= 148728 9im) g5, < ClIS T8l

< ClIgllEs, 1 < Clisli g5, n)

which proves that { (17, S~ 1)) } knjmezd is bounded on f3 ().
|

That {S~ 1y .} k,nezplg is a frame for F;,q. (h) and B, ,(h) now follows as a conse-
quence of {(#n, S~ Yjm) by jmeze being bounded on f;,(h) and b;, ,(1). We
state the following results without proofs as they follow directly in the same

way as in the classical Triebel-Lizorkin and Besov spaces. The proofs can be
found in [14]. First, we have the frame expansion.

Lemma 4.3.
Assume that {(,}; ez is a frame for L,(IR?) and satisfies

|'~Pk,n(x)| < Ct;(l + tk|xk,n — x|B)’2(%+5),

[Bia@)] < O HA 4+ 17 — gl 20 BsI),

where we have used the notation from Definition 3.2. If
{ (e, 5_11Pj,m>}k,n,j,m <74 is bounded on f;/q(h), then for f € leq(h) we have

f=Y (S  n)Pin

knezd
in the sense of §'. Similarly for Bj ,(h) and b3, . (h).

Moreover, we have that {S™ ¢, }1 ,cz4 is a frame.

Theorem 4.4.
Assume that {(,}; ez is a frame for L,(IR?) and satisfies

i ()] < CE2(1+ telxi, — x|5) 2049),
Gen(@)] < Ct 2+ 715 — g 4) 200 B E)
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where we have used the notation from Definition 3.2. Then {S™ ¢y, } knezd 1S a
frame for F; ,(h) if and only if { (1, S_lll)j,m>}k,n,j,mezd is bounded on f} . (h).
Similarly for Bj ,(h) and bj, . (h). -

It is worth noting that Proposition 4.2, Lemma 4.3 and Theorem 4.4 imply that
{$kn}rneze is a Banach frame if it satisfies (4.1) and (4.2) with sufficiently
small ¢, and p,q > 1. Furthermore, we also have a frame expansion with

{Sillpk,n}k,nezd'

Lemma 4.5.
Assume that {{y , }1 ,cza is a frame for L,(R%) and satisfies

<

i ()] < CE2(1+ telxi, — x|5) 2049),
Gin(@)] < Ct 2+ Y5 — g 4) 200 (s E)

where we have used the notation from Definition 3.2. If the transpose of
{Mns S_1¢j,m>}k,n,j,mezd is bounded on f;,q(h), then for f € F;’q(h) we have

f = Z <fr l/}k,n>sill/)k,n
knezd
in the sense of &'. Similarly for By, (h) and b;, ,(h). .

Remark 4.6.
If we have that {7y, }; ,cz¢ is normalized in Ly(R?), then {#i}y neze is an
orthonormal basis for L,(IR?) as a consequence of {1, }y ez« being a tight
frame for L,(IR?) with constant 1. With arguments similar to the ones used in
the proof of Proposition 4.2, it can be shown that there exists ¢y such that if
{Winti neze satisfies (4.1) and (4.2) for some e < g, then {<77k,nf¢j,m>}k,n,j,mezd
has a bounded inverse on f; () and by, (1), and consequently {¢y, b ez i
an unconditional basis for F; () and B; ,(h).

For example, by using the uncondition basis for a-modulation spaces
constructed in [17], one can generate a compactly supported basis for the a-
modulation spaces. o

5. CONSTRUCTION OF NEW FRAMES

In this section we generate compactly supported frame expansions for
F;,(h) and By (h). More precisely, we show that finite linear combina-
tions {4k }x neze Of shifts and dilates of a function g with sufficient decay in
both direct and frequency space can fulfill (4.1) and (4.2). As a consequence
of the previous section, {, } ,cz¢ Will then constitute frames for F; /() and
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B} ;(h). In particular, by using a generating function ¢ with compact support
one can construct a compactly supported frame expansion. This is, as far as
the authors are aware, a new approach. Earlier work, as in [13], used finite
linear combinations of a function with sufficient smoothness and decay in
direct space and vanishing moments.

It suffices to prove that there exists a system of functions {Tj}icpe C

LZ(Rd) which is close enough to {piy }icz4 (2.10):
() — (x| < 1+ |x]) 20549,

(@) = %(@)] < o1+ fgl) 20O RIID),
The system

{I/Jk,n}k,neZd = {tz/ZTk <5f—zzx o %Tl) eix.gk}k’nezd
will then satisfy (4.1) and (4.2). First, we take ¢ € C'(RY) N Ly(R%), §(0) # 0,
which for fixed N, M > 0 satisfies
(5.1) 8% (x)| < C(1+[x[p) N4, [x] <1,
(52) 8(O)] < CA+[gla) M

Next for m > 1, we define gy (x) := Cgm"g(6,,x), where Cy := ¢(0) L. It then
follows that

g (x)] < Cmv el (1 mx|p) N7, |x| <1,

(5.3) [ gn(x)dr=1,
18m(E)| < CmMT92(1 4 || 4) "M,
To construct 1 we also need a set of finite linear combinations,
®K,m = {1/«7 : l/«’() = iﬂlgm( + bi)/ai R, bi € Rd}
im
We are now ready to show that any function with sufficient decay in both

direct and frequency space can be approximated to an arbitrary degree by a
tinite linear combination of another function with similar decay.

Proposition 5.1.
Let N > N >vand M > M > v. If ¢ € C'(RY) N Ly(R?), §(0) # 0, fulfills
(5.1) and (5.2) and ;. € CH(RY) N Ly(RY) fulfills

()| < C(1+|x[p) 7,
)< C |k <1,
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(@) < C+15la)~™,
then for any € > 0 there exists K,m > 1 and 1, € Ok, such that

(5.4) e (x) — Te(x)| < e(1+ |x[p) 7N,
(5.5) k(8) — (@) < e(1+1g]a)~™M.
Proof:

We construct the approximation of iy in direct space in three steps. First, by
a convolution operator wy, = py * gm, then, by 8, ,, which is the integral in wy,
taken over a region Q, and finally, by a discretization over dyadic cubes 14 .
From (5.3) we have

56 () = wn () = [ () = p(x = 1) (y) d.

Define U := m"/?N, where A := min(a;, N’ — N). For |x|p < U, we use the
mean value theorem to get
(%) — pr(x = )| < Cmin(1, [y]).
Inserting this in (5.6) we have
min(1, |y[5')m"”
_ <

() = wom(x)| < C [ 7t B A

Cm—2 Cm—/2
UN = (1+|x|p)N

For |x|p > U, we split the integral over Q) := {y : |y|p < |x|p/2Cp} and Q°. If
y € O, then |x — y|p > |x|5/2Cp, and we have

/Q (%) — p(x — )| lgm (y)| dy < C(1 + |x[5) N

—A2/2N
< C < Cm .
1+ WAL+ |x|p)N = (14 |x|p)N
Integrating over Q)¢ with |x|p > U gives

(5.7) <Cm™* <

(5.8)

1) = =) g dy

< C +/ CmV d
A+ )N o A+ [x—ylp)N A + mlyls)Nta Y
C Cm— C(m /2N 4 m=2)

(5.9) §(1+ PR + A+ x[s)¥ < (1+ |x|p)N

So by choosing m sufficiently large in (5.7)-(5.9), we get
€ —
(5.10) (%) = wm ()] < S (1 + [x[5) ™.
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For the next step we fix m and choose 4 € IN. Let H,, denote the smallest set

of dyadic cubes aligned with the coordinate axes and sidelength 27/, I € N,
that covers Bg(0,27). We then approximate w;, with 6, ,, defined as

()= | 1y)gn(- —y) dy,
where Q = Uj¢ Hl,qI . In which case we have
won(x) = Ogm(x) = [ pe(y)gn(x—y)dy,
and it follows that

CmVY
Wi (x) = Og.m(x §/ 7
() =g S [ ATyl N A+ mlx —glp) Ve

dy := L.

We first estimate the integral for |x|p < 2971/Cp which gives |y|p > |x|p and
|x —y|p > 2771 /Cp. Hence we obtain

(5.11) L<L/ m’ gy < Cmh2M
' = (U x[p)N Sz 2t (1 mfulg)N e T T (14 [xp)N

For |x|g > 2771/Cp, we split the integral over Q) := {y : |y|p > 29} N {y :
ly|p < |x|p/2Cg} and O :={y : |ly|p > 27} n{y : |ly|g > |x|p/2Cp}. lfy € Q,
then |x — y|g > |x|p/2Cp, and we get

/ mY dy < CmV / 1 d

0 AL N A+ mr—glaa Y= Trmhls) Sy @1 N Y
Cm"*2—M

5.12 -_— .

(612) S Tt xls)N

Similar for )/ we have

/ m dy < C / mY d

o (L DN (1 mlx — ylp)Na Y = [T falp)V Jre (T + mx — y[p)Nee Y
(T4 [x[p)N" — (1+ |x|)

By choosing g sufficiently large in (5.11)-(5.13), we obtain

(5.13)

(5.14) | (x) = Ogm(x)] < = (1+ |x|p) V.

W m

For the final step, we fix ¢ and approximat

¢

04,m by a discretization 1,4,

Tom(-) = Y pu(xr)gm(- — x1),
IEHl,q
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where x; is the center of the dyadic cube I. Now choose 4 > g such that
Q C B(0,27), and note that Tgm € Oxm, K < 24l+v0" ' We introduce F(-) :=
i (-)gm(x — -) which gives

10gm(x) = Tgm(X)] < ) /1 k() gm(x —y) — px(x1) gm(x — x1) | dy
I€H,,

Y [ IF) = E(x)ldy.
IEHZ

By using the mean value theorem, we then get

00 () = g < 5 [ ly—xi|_max [F¥(z)|dy
IeH; ;!

zel(xpy)
[x|<1
(5.15) < 27! max / |g,gf) (x —z)|,
ZEBB(O,Zq )
[k|<1

where [(x7,y) is the line-segment between x; and y. If |x|p < 2771Cy and
|x| <1, then we have

CmV+ei'N
5.16 () x—z)| <Cm' 2 < — —— .
( ) |gm ( )| = — (1+|x|B)N
For |x|g > 2771Cp and z € By(0,27), we have |x — z|p > |x|/2Cp, and hence
for |k| <1, it follows that

le/-‘rlxz Cm*2—%1

(x) o <
(5.17) |gm” (x —2)| < 1+ mlx[p)Nta = (1 + |x|g) VT

By choosing [ sufficiently large, and combining (5.15)-(5.17), we have

(5-18) |9q,m(x) - Tl,q,m( )‘ < (1 + ‘xlB)
Finally by combining (5.10), (5.14) and (5.18), we get

(5.19) e (x) = T m(x)| < e(1+ |x|p) ™

To approximate y in frequency space we use three steps similar to the approx-
imation in direct space. Note that 7, ,, still fulfills (5.19) if we choose [,q,m
even larger. First, we use @, to approximate fi; in which case we have

() = @m(@)] = (&) (1 — C8(5:0)))
< C(L+18]a) ™M1+ (&)™ M1 - Ce8(618)].
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By choosing a > 0 such that C(1 + a)M~M'|1 — Ce8(01¢)| < €/3 and m such
that C|1 — C¢8(018)| < e/3 for |{|4 < a, we get

(5.20) k(&) — (8] < 3(1+ 61a)™M

Next, we fix m, choose g and limit the Fourier integral of py to Q from the
approximation in direct space,

0 (8) = $m(?) /Q 1 ()¢ dx.
This gives

620 1on(@) 4@ < ln(@)] [ sl ax < 2
| e S = S gz = T e
In the last step, we fix g and approximate 9(’1,,,1 by %, - We introduce G(x) :=

1r(x)e*¢ and reuse g’ from the approximation in direct space to get

’%,m(@) — Tqm(8)] < |§m(§)|‘ /ka(x)eix-g dx — Z |1 (xp)e™>1°¢

IEqu
/ IG(x) — G(x)| dx
IEHI
CmM+azpvg' —I CmM+azpvg' —I
5.22 max |G <
2 —<1+|§|A)M+«z|e|5' < T
K

By combining (5.20)-(5.22) with sufficiently large [, g, m, we get

() — trgm()| < e(L+[g[a)~"

It follows that by choosing [,q,m large enough, 7, ,, fulfills both (5.4) and

(5.5). Furthermore, we have 7, ,, € O, K < odl+vq"
[

6. DISCUSSION AND FURTHER EXAMPLES

In this paper we studied a flexible method of generating frames for T-L type
spaces and the associated modulation spaces. With Proposition 4.2, Lemma
4.3 and Theorem 4.4, we proved that a system, which is sufficiently close to
a frame for certain types of T-L type spaces and the associated modulation
spaces, also constitutes a frame for these spaces. Furthermore, with Proposi-
tion 5.1 we construct such a system from finite linear combinations of shifts
and dilates of a single function with sufficient decay in direct and frequency
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space.

Examples of functions with sufficient decay in direct and frequency space
are e~I'l8 and (1+ | -|g)~N with N sufficiently large. By using (2.2), we can
simplify this even further and use the exponential function eI or the ra-
tional functions (14 |- |[2)"N/2%, An example with compact support can be
constructed by using a spline with compact support. Furthermore, as the sys-
tem is constructed using finite linear combinations of splines, we get a system
consisting of compactly supported splines.

As a last remark, we draw attention to the fact that the methods used in
Section 4 and 5 do not depend on the assumptions made on the function h
in the beginning of Section 3. These assumptions are only needed to prove
that the “change of frame coefficient” matrices are bounded and closed under
compositions. For the anisotropic a-modulation spaces, spaces with 0 < a <1
satisfy the assumptions in Section 3, but the case &« = 1 does not. To deal with
the case &« = 1, we mention that one can use a definition of almost diagonal
matrices closer to the one for the classical Triebel-Lizorkin and Besov spaces
which does not require these assumptions. These almost diagonal matrices
were introduced in [3] and proven to be bounded. Furthermore, they can be
used to show that the “change of frame coefficient” matrices are also bounded
and closed under compositions in the case # = 1. It follows that the methods in
Section 4 and 5 can be used to construct frames in a variety of decomposition
spaces given the right definition of almost diagonal matrices.

APPENDIX

In this appendix we prove five technical lemmas which we used in Section 3.
We use the same notation as in Sections 2 and 3. First, we used the following
lemma to prove Lemma 3.1.

Lemma A.1.
Let N > v and suppose {1k, }1 ,cz¢ satisfies (3.2), and { i, | ,za satisfies (3.5).
We then have

. fe £\ 2 . _
(A1) {0 )] < Covin () (1 minee ) 5 = 5jle) ™,
]
with t; defined in (2.8) and x ,, in (3.4).
Proof:

Without loss of generality assume that t; < . First we consider the case
te| Xk m — Xjm|p < 1. It then follows that

NI=

k <t k

A2 < ’
(A2) (T el — 2N = & = [+ fxgn — Xy g) Y
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and we have

th t]-%
|<77k,n/ 1/J],m>| < ( /IRd (

dx
14 ti|xn — xjmlB)N 1+ ti]xjm — x|p)N

T2

Ctz% / £
— dx
(1 + tlxgn — xjmlB)N JrE (14 |x[p)N

B 2 B
(A.3) gc(t—’f) (1 + t|xkn — XjmlB) N
j

since the space associated with | - | has homogeneous dimension v. For the
other case, t|xy,, — xjm|p > 1, we consider two additional cases. In the first

case, we assume that |x;, — x|p > ﬁ|xk/n — Xju|p. Similar to above we then
get (A.2) which leads to (A.3). In the last case, we have |x,, — x|p < ﬁm@n -
Xju|p which gives |x;, — x|p > ﬁ|xk,n — Xjm|p- It then follows that

1 _ C Co(te/t))N
(1 + t]-]lem — x|B)N - (1 + t]-\xk,n — x]-,m]B)N o (1 + tk]xk,n — x]'/m‘B)N’

and we have

C(ke/t))? / ty
s Wi S dx
[k Pjm)| (T + telxgn — xjmlB)N JRE (1 + |y, — x[B)N

o 2 _
§C<;) (1 + tlxn — XjmlB) N,
j

The following estimate in direct space was used to prove Proposition 3.3.

Lemma A.2.
Suppose that 0 <7 < 1and N > v/r. Then for any sequence {sj }; ,cz¢ C C,
and for x € Q(j, m), we have

Z ‘Sk,n‘ N Scmax <t_k,1>
B) tj

ez (LA min(te, £) [ Xign — Xjm j

(A.4) X Mf( Y |Sk,n|7(Q(k,n))(x)/

nezd

with #; defined in (2.8), x¢, in (3.4), Q(j, m) in (2.12) and M? in (2.3).

Proof:
Without loss of generality we may assume x;,, = 0 and begin by considering
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the case t; < ti. We define the sets,
Ayg = {1’1 € Zd : tk|xk,n|3 < 1},
Ai={n¢ z%: 21 < tk|xk,n|B < Zi}, i >1.
Choose x € Q(j,m). There exists C; > 0 such that U,ecs,Q(k,n) C
Bg(x,Ci2't; 1), and by using I Xoun = = wht Y, we get

1

|Sk,1’l| —iN _iN H
2 Tty <N L Jseal < 27 (X Iseal)
I’IE i 7

neA; neA;
1
t T
<C21N(k/ |k|er>'
wh JBy(x,ci2it; 1),1;1 Ml AQUkn)

Hence by the definition of the maximal operator (2.3) we have

1
’Sk”’ i(Y_N ( tv H
). : < C2/G-N) / o I
neh, (L4 telxen )N~ 2B Jpy(n it Y Isknl Xq(kn)

nEAi

< C2i(%_N)Mr< Y. |Sk,n|XQ(k,n))(x)

nezd

by using },czd Xo(kn) < Mo- Summing over i > 0 and using N > v/r gives
(A.4). For the second case, f; > t;, we redefine the sets,

Ay={nc¢€ z% . t]-|xk,n\3 <1}
A= {7’1 € Zd : 21;1 < t]"xk’n’B < zi},i > 1.

As before we have

1

|k, N(t )
’ C2 1 / S r
Z. (14 tjlxp, )M (x,Ci2t ) L, Isenl X

neA; neA;

v
_k
B
Wy
(v
<C2'tr ( ) |Sk,n|XQ(k,n)> (x).
nezd

Summing over i > 0 again gives (A.4).

To prove Proposition 3.3 we also used the following estimate in frequency
space.
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Lemma A.3.
Let 6 > 0. There exists C > 0 independent of k such that

, ENY [ t\° _ e
¥ omin () (%) )0+ maxte t) e —ada) 0 <€,
; k

jezd J

with t; defined in (2.8) and ¢ in Lemma 2.6.

Proof:
We begin by dividing the indices into sets,

Av={j€Z:1g— &la < prti}
Ai={GeZ : 27 oty < |&— &la < 2pati}, i1,
with p; defined in (3.1). For j € A;, we have B4 (¢j,tj) C Ba(&x, C12'ty) which
follows from using (3.1):
18— Cla < Callee—Ejla+ 18— Ela) SCaAQ@'prte+ 1))
<Ca(2'p1tp + Ri2'ty)
=C12'ty,

for ¢ € B A(‘fj, t]-). Next, we divide the sum even further by first looking at
ty > t;, and by using that the covering {Ba(j, ;) }; is admissible, we get

£V B o
y (é) (L £1E — &)
i€A;
j:]tjgtk

. tN\Y 1
— ]
<Cc2i+) Y (_tk> /B A(C}t.)xm@j,t,.)(é)dé
1771

A
jEA; wy t}/
]-thgtk
j 1
< XBa(e,) (§) d€
wz?t;{/ BA((:k,C12itk) ]GZAl A((—f]/t])
j:tjstk

<C2710,

Summing over i gives the lemma for the f; > t; part of the sum. In a similar
way, the result for t; < t; follows by using

0 v
tk _ o £ _ _y—
) (?) (L4718 = 8la) "0 < ) (t—]> (T4t — ala)
jeA; N jeA; Nk

]Zl’j>fk ]Zl’j>tk
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The following estimate in direct space was used to prove Proposition 3.4.

Lemma A.4.
Assume that ti <ty N > v and

gi=Y 1 1
= B)N (1 +min(ty, ;)| xgn — iy
with t; defined in (2.8) and x ,, in (3.4). We then have

g§ = c max <E 1>V
(T4 min(t, ;) [xjm — Xeulp)N ')

(1 + min(tj, ti) |x]',m — Xl B)N’

Proof:
Note that from lemma A.2 with r = 1 and s, = 1, it follows that
1 tio 0\
(A.5) _ < Cmax (—1,1> .
lezzd (1 4 min(ty, ;) [xgn — xi11B)N b
We first consider the case min(t;, ;) |x;, — Xx,|p < 1 which gives
1
< .
8= lezzd (1 + min(ty, t;) |60 — xi1|B)Y
tio\'
<Cmax | —,1
tx

< C max< i 1)V
= (14 min(tj, t;)[xjm — xpnl)N t’ '

For the case min(t;, t;)|x;, — Xk|p > 1 we split the sum into

A={lez": |Xjm — xi1|p < ﬁ]xj/m — XnlB}
and its complement. For A° we have
1 (2Cp)N
(14 min(tj, t;)|xjm — xip[8)Y 7 (14 min(tj, t;)|xjm — Xiul )N
and by using (A.5), the desired estimate follows. For | € A, we notice that
Xk — Xit|B > 21T1|x]‘,m — Xk | and get

(14 min(tg, t:)|xe, — xi1]8) N

N
min(t, t;) )

< <1 + ﬁ min(tj, ti)|x]',m — xk,n|3

min(tj, ti)
(A.6) < ¢ (mi“(ffr t) )U
' = (T 4+min(tj, t;)[xjm — xknl)N \min(t, t;) )
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Next, by using (A.5) with j instead of k we get

1

v
t.
(A7) - <Cmax|2+,1] .
lezzd (1 + min(t), ;) |xjm — x;1[B)N tj

The lemma follows by combining (A.6) and (A.7).

Finally, we also used the following estimate in frequency space to prove Propo-
sition 3.4.

Lemma A.5.
Let 6 > 0and 0 < r < 1. We then have

._ 5.6 5/2
hi= ) cjcy < Ceyf”,
iez?

INATA )
ch :==min ( (- A\ (1+max(tkrtj)_1|€k_§j|A)_?_§,
J te t:

J
with t; defined in (2.8) and & in Lemma 2.6.

where

Proof:
Without loss of generality assume that r = 1. We will begin with assuming

that t; < t;. Furthermore, if t;1|§j —Cxla < po we have tr/tj < Ro by using
that /1 is moderate (see Definition 2.4). Combining this with Lemma A.3 gives

6 6
h< ) cg < Cr < Coche
i€z

In the other case, t; '|¢j — &|4 > po, we split the sum into

A={i: g —&ila < 218 — &la}

and its complement. For i € A and t; > t; > t; we have

t: v+
h<C Y. (—’) (4 6708 — Ela) 0

icac \li
i:tiztk
tj v -1 —v—6 5
<C|( -+ (1 -+t (¢ — Ckla) Y.
b i€ A
i:tiztk
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and similarly for t; > t; > t;. For t; > t; > t; we get

5
t; _ V5.5
h<C ) (t—’> (1+tj1|5j—§k|A) "0ck
€A \7]
Lt <t;

t' V+($
Sc(i) A+ Mg —ala) 0 Y &

icA°
i:ti<t]'
$
§Cc]-k.
Finally, when i € A we have |§; — k|4 > ﬁ@j — Cx|a which for t; >t > t;
gives

)

te ’ tj v -1 —v—3 -1 V-5
h<C Y (=) (¢ (L+¢t77]& = Gila) " 2(1 4478 — Gkla) ™" 2

dea \li b

l:tiZi’k

iy v—i—% 5 t: % k)
SC(_]> T+t te —Gla) ™72 ) (l) (144718 = Gila) "2

ty ica \li

Z.Zfiztk

5/2

§Cc].k .

For tp > t; > t and t; > ti >t the argument can be repeated in a similar
way which proves the lemma when t; > t;. For #; < t;, it suffices to use that

c;.sk = (t]-/tk)vc,‘i]., and we get

t' v t v t v
h=Y (—]) cf](—l) CiiSC(—]> ci./zzci/z.
jczt \ti b te) !
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