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Abstract— The frequency coupling and low-frequency
oscillations are common challenges faced by PFC converters in
data centers. To reveal their mechanism, this paper proposes
the systematic harmonic state space (HSS) modeling of the
single-phase PFC converters and conducts the stability analysis
on that basis. The HSS model is based on the linear time-
periodic (LTP) theory, which can accurately reveal the
frequency-coupling interactions. Besides, the developed HSS
model is validated by the frequency scan. The stability analysis
is performed and is shown to be consistent with the simulation
results. In addition, a SISO equivalent impedance model of the
single-phase PFC converters is proposed considering the
frequency-coupling dynamics and the interaction with grid
impedance, based on the MIMO impedance model derived
from the HSS modeling.

Keywords—PFC converter, harmonic state space, stability
analysis, frequency coupling

I. INTRODUCTION

To conform with the standards on power factor and
harmonics, the boost power factor correction (PFC)
converters are extensively utilized in the AC-DC power
conversion, especially in data centers as the principal power
supplies [1, 2]. However, the low-frequency oscillations of
PFC converters has been a plague of data center affecting
the normal and efficient operation [3]. Hence, it is necessary
to propose the accurate modeling methods and the suitable
analysis tools to reveal the mechanism of frequency
coupling and the low-frequency oscillation phenomena.

The boost PFC converter is essentially a time-periodic
system. According to the different linearization methods, the
modeling of PFC converters can mainly be divided into
three categories:

1) Models based on double averaging
2) Models based on harmonic linearization
3) Models based on harmonic transfer function

The modeling of PFC converters based on double
averaging can be further classified as two categories. To
simplify this time-periodic system to a time-invariant model,
the conventional double averaging [4] was proposed to
derive the low-frequency averaged model of the output
voltage by averaging the state variable over both a switching
cycle and a rectifier line cycle. However, this method
ignores all the harmonic dynamics of the state variables.
Besides, the second type of double averaging was proposed
in [5]. Similar with the double averaging method of [4], the
averaging over a switching cycle was firstly applied. But in
the second averaging step, the generalized averaging over
the mains period was applied instead of using the moving

average. This method was utilized for the period-doubling
analysis, but it is not suitable for the frequency coupling
dynamics analysis of the boost PFC converters.

The second category of modeling method is based on the
describing function through harmonic linearization. The
derived model based on describing function is the single-
input and single-output (SISO) model, which fails to reveal
the frequency-coupling dynamics [6]. The harmonic
linearization was applied to the PFC converters in [7, 8] to
obtain the input impedance for the impedance-based
stability analysis. However, the describing function is based
on the perturbation and response components of the same
frequency. When the response is dominated by the sideband
components of the perturbation frequency, the modeling
based on the harmonic linearization will no longer be
effective.

Considering that the boost PFC converter is a time-
periodic system by nature, the LTP theory can be directly
applied to linearize the system on periodic trajectories and
the double averaging is no longer necessary. In addition,
comparing with the models based on harmonic linearization,
the harmonic state space (HSS) modeling [9, 10] based on
the LTP theory is still valid even when the response is
dominated by the sideband components of the perturbation
frequency. Besides, the harmonic interactions of the boost
PFC converters can be investigated through the derived
harmonic transfer function. Therefore, the HSS modeling
based on the LTP theory is applied in this paper and is
validated by the frequency scan and the stability analysis.

In addition, the stability analysis of the boost PFC
converters can mainly be classified as two categories:

1) The state-space based analysis (time domain)
2) The impedance-based analysis (frequency domain)

The modeling of boost PFC converter based on Floquet
theory was proposed in [11] for the stability analysis and the
identification of bifurcation types according to the
eigenvalues of the transition matrix. The transition matrix
[12] relates the values of the state variables from the
beginning to the end of a period, which is conducive to the
stability analysis of the LTP system. Besides, the LTP
model of the single-phase active front end is derived in [13].
Then the significant eigenvalues of the harmonic state space
model were utilized to determine the stability of the system.
The stability analysis of the aforenoted two cases are all
time-domain stability analysis methods based on the state-
space models. However, this method has low modularity.
The harmonic state space model needs to be rebuilt even
with a minor change of the system structure. Therefore, the
impedance-based stability analysis method is extended to



the MIMO model in this article, which can provide more
physical insight of the interaction between the grid
impedance and the boost PFC converter system and
conduces to the design-oriented analysis. In addition, a
simplified SISO impedance model of the boost PFC
converters is proposed considering the frequency coupling
dynamics and the interactions with grid impedance.

To reveal the mechanism of the frequency coupling
phenomena and address the induced low-frequency
oscillations, this paper first demonstrates the LTP
characteristics and derives the harmonic transfer function of
the boost PFC converters in part II. Then, the frequency
coupling and stability analysis are conducted in part III and
further validated by the frequency scan and FFT analysis.
Finally, a SISO equivalent impedance model of the boost
PFC converters is proposed in part I'V.

II. HSS MODELING

A. Introduction of the Boost PFC Converter System

The schematic of the boost PFC converter system is
illustrated in Fig. 1. The AC input v, is connected to the
boost converter through a diode rectifier. The controller
mainly consists of the current control and the DC link
voltage control. Typically, the bandwidth of the voltage loop
is designed to be at least ten times lower than that of the
current loop, which decouples the DC voltage and current
loops [14]. Therefore, for the low-frequency oscillation
phenomena, we have the following assumptions:

e Current control loop is ideal ( iL(¢) can be assumed to
follow the reference ir.f(f) )

e Low frequency oscillation is caused by DC-link
voltage control [8, 13]

According to the parametric scaling [15], when multiple
identical boost PFC converters are connected in parallel, the
equivalent simulation model can be obtained by scaling the
grid inductance Lg, the inductance L of the boost converter,
and the load resistance R by 1/N. Besides, the capacitor C of
the boost converter is scaled by N.

B. LTP Modeling of the Boost PFC Converter

The relationship between the input and output voltages of
the boost PFC converter is shown as equation (1). The output
voltage vpc(?) and the duty cycle d(f) contain not only the DC
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Fig. 1. The schematic of the boost PFC converter system

PWM

Fig. 2. The controller of the boost PFC converter

terms but also the time-periodic AC terms. Besides, the
production of the state variables also introduces nonlinearity.
Thus, the boost PFC converter is a nonlinear time-periodic
system (NTP). This nonlinear time-periodic system can be
linearized on the steady-state periodic trajectories to obtain a
linear time periodic (LTP) model.

Vree (t) = [1 - d(t)]vD() (t) (1)

The LTP models are used to describe the time-varying
systems that exhibit the dynamics with periodic
characteristics. The state space representation of the LTP
system is expressed as

{I(t) = A(t)a(t)+B(t)u(t) @)
y(t)=C(t)z(t)+D(t)u(t)

where A(?), B(¢), C(¢) and D(¢) are periodic matrices varying
in time ¢, with the fundamental frequency f;.

For the boost PFC converter system, its topology and
control structure are shown in Fig. 1 and Fig. 2, where H.(s)
and H.(s) represent the voltage and current regulators,
respectively. When the duty cycle d equals 1, the switch S is
closed. Similarly, when the duty cycle d equals 0, the switch
S is open. Therefore, the state-space averaging of the
differential equations of the output voltage vpc and the
inductor current i; within a switching cycle are shown in
equation (3)

(€)
— Ve~ (1=d)vpe - (0)

Considering that the dynamics of the current loop is
much faster than that of the voltage loop, the current loop is
assumed ideal when modeling the voltage loop. Therefore,
the inductor current can be expressed as:

L=, )= el @

Tms

where u(?) is the output of the voltage control loop and can
be expressed as equation (5). k, and k; are proportional and
integral coefficients, respectively. w.(f) is the output
voltage of the diode bridge, which is the rectified sine wave
with the frequency of twice the main frequency.

u(t) =k, (Vi =vpe () +h J, (Vi =vc (D)t (5)

After the state-space averaging of vpc within a
switching cycle as shown in equation (3), the model of the



boost PFC converter can be expressed as equation (6) via
the simultaneous equations (1)(3)(4) and (5).

dv,, (t) _ U (t) . vi( (t)u(t)
dt OR vy (1)V,,,0 ;
aut) () et ul) o
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The obtained model of (6) is a nonlinear time periodic
system, which can be further linearized on the steady-state
periodic trajectories Vpc(f), U(f), Vie(f) to get the small-
signal linear time-periodic model as shown in equation (7).
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C. Harmonic Transfer Function

The harmonic transfer function was firstly proposed by
N. M. Wereley [8]. Accordingly, a SISO LTP system can be
expressed as a MIMO LTI system, which is suitable to
characterize the frequency coupling phenomena.

Taking the typical LTP system as shown in equation (2)
for example, the time-periodic coefficients A(7), B(z), C(),
and D(¢) can be expanded by Fourier series such as

oo
— Jhwit
=2 Ae

f=—oco

®)

Supposing that the time-periodic variables x(#), u(¢), and
¥(t) are exponentially modulated periodic (EMP) signals as
shown in equation (9)

f)=e" i U,e™, x(t)
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Substituting equations (8) and (9) into (2) and applying

the principle of harmonic balance, the LTP model in (2) can

be expressed by the doubly infinite matrix equation as

=(A-N)X+BU

(10)
Y=CX+DU

where A is the doubly infinite Toeplitz matrix formed by the
Fourier coefficients of A(f) as shown in equation (11).
Similarly, the Toeplitz matrices B, C and D are obtained by

utilizing the Fourier series coefficients of B(¢), C(¢) and D(?),
respectively.

Afl —2
A=l 4 4, A, (11)
A2 Al

Besides, U/, YV and & as shown in (12) represent the

doubly infinite input, output, and the state vectors formed by
the Fourier coefficients of u(f), y(f) and x(¢), respectively.

Y, (S_jwl)

X, S_jwl) U—I(S_jwl)
X=| X, (s) U=l Uy(s) Y= Y(s) [(U2)

Xmsfjm) Umsfjm) K(sfﬁ%)

Finally, according to the harmonic state space model of
(10), the harmonic transfer function is obtained as

Y=H(s)U (13)

where H(s) = C [sT—(A-MN)]"' B + D. The harmonic transfer

function H expresses the relationship among the Fourier
coefficients of the output and the input variables.

D. Harmonic State Space Modeling of the Boost PFC
Converter

The HSS model can be derived based on the linear time-
periodic model of the boost PFC converter system as
illustrated in equation (7), where the state variables and
coefficients are all time-periodic. They can be expressed in
terms of their Fourier coefficients as the doubly infinite
block Toeplitz matrices. Then the small-signal representation
of the boost converters in Toeplitz matrix form is shown in

equation (14)
5V (8)= (G =N )V () + G (5)+ Cééf(S)
d N) e (s)

)
Sé;(s): 4)/;7 ( )+ ){c() (
7, (s

57 rex (14)
) =GR (5)+ Gl (s)

Accordingly, the input admittance matrix of the boost
converters is expressed as (15) with the simultaneous
equations of (14).

boost ]/r,ec (S)

Besides, the illustration of the diode bridge in the boost
PFC converter is shown in Fig. 3. The relationship of the

Boost Converter

Fig. 3. The state variables of the diode bridge on the AC and DC sides
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Fig. 4. Frequency-domain small-signal analysis of the Boost PFC converter system

state variables on the AC and DC sides of the diode bridge
is expressed in (16), where Si(f) and Sx(f) are switching
functions of the diode bridge.

{vrec (t) =5 (t)vAc (t)
Lic (t) =S5, (t)iL (t)

Applying the small-signal perturbations to all the
variables in equation (16), then removing the steady state
DC terms and discarding the second order AC terms (i.e. the
product of the perturbations), the linearized small-signal
model of the diode bridge is expressed as (17)

5 (1)=5,. (15, (1) +5, (1), ()
e (1)=5, (07 (1) +5, ()i, 1)

When a small-signal disturbance is applied to the input
voltage vac of the diode bridge, a disturbance
S(¢)=S,(¢)-S(¢) in the switching function of the diode
bridge will be generated. The disturbance of the switching
function is a pulse signal with the magnitude of 2 in the
vicinity of the voltage crossing points of vac, whereas with
the magnitude of zero in other intervals. Considering that
the input voltage vac and the output current i of the diode
bridge is approximately zero in the voltage crossing points,
the terms S, (¢)v,. (¢) and S, (¢)i,, (¢) in (17) are around
zero and can be ignored. The remaining parts, e.g. the
switching functions Sis(f) and S»(¢), are all time-periodic.

They can be expressed in terms of their Fourier coefficients
as the doubly infinite block Toeplitz matrices. Then the

e o
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Fig. 5. Harmonic state space block diagram of the boost PFC converter
system

(16)

an

input admittance matrix of the boost PFC converter in
Toeplitz matrix form is shown as (18), where the input

admittance Yhoost Of the boost converter is expressed as (15).

~n

(18)

_ _AC _
72/1 - )/7 - ‘51%0031‘5;
AC
In order to investigate the frequency coupling

phenomena in the boost PFC converter system, the
frequency-domain small-signal analysis of the boost PFC
converter system is shown in Fig.4. Due to the non-linearity
introduced by the diode bridge and the boost converter,
there are frequency-couplings among the state variables.

The relationship of the variables of the AC and DC sides
of the diode bridge is shown in (17), where the switching
function S(7) of the diode bridge contains the odd multiples
of the fundamental frequency f;. Then the bilinear terms (the
product between the state variables and the switching
function) will lead to the frequency coupling phenomena.
For example, assuming that there is a frequency perturbation
at frequency f; in the input voltage vy, the output voltage viec
of the diode bridge will contain the different frequency

components at f *kf (k =12 ) besides the frequency

components at fy. In addition, the switching cycle averaged
model of the boost converter is shown in (3). The bilinear
terms will also introduce the frequency coupling between
the input and output of the boost converter.

III. STABILITY ANALYSIS

According to the derived input admittance matrix of the
boost PFC converter as shown in (18) and considering the
effect of grid impedance, the harmonic state space block
diagram of the boost PFC converter system is illustrated in
Fig. 5. Based on the block diagram of Fig. 5, the harmonic
transfer function from the grid voltage v, to the input current
iac of the boost PFC converter is expressed as (19) in the
Toeplitz matrix form.

72/ _ IAC — ‘)/PFC — ‘S;‘ybooxt‘s; (19)

)/; I + %Fcézgﬁd I + ‘51‘%00&!‘5;5

grid
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Fig. 6. Model validation with frequency scan

The detailed expression of the harmonic transfer
function matrix 74 is shown as (20) in the bottom of this
page. The harmonic order of the harmonic transfer function
matrix 77 is selected when the elements of 7 (e.g. Ho, H>)
do not change significantly when the harmonics number is
increased.

The harmonic transfer function can easily express the
multiple frequency coupling phenomena in the boost PFC
converter. For instance, a disturbance in v, with the
frequency of fo will lead to the disturbances in iac with
different frequencies such as fy, foitf1, fo-f1, fot2fi, fo-2fi. The
elements of the transfer function matrix ( e.g., H.(s), Ha(s)
in equation (21)) represent the frequency coupling
relationship between the perturbation frequency and the
response frequency which is the sideband of the perturbation
frequency.

“21) 1 (5)

B Ie(s=2
Ve (s)

(s

2f,
)

Vzﬁ

In order to validate the harmonic state space modeling of
the multi-paralleled boost PFC converters system, the
comparison between the modeling and simulation results is
shown in Fig. 6. The HSS modeling results have a good
match with the frequency scan. Besides, there is an interval
around 50Hz, where H.x(s) is dominated instead of Ho(s).
Since Ho(s) represents the relationship between the
perturbation at frequency fx and the sideband component of
the response at frequency fi-f;, it is not accurate to represent
the input admittance of the boost PFC converter only with
Hy(s), which describes the relationship between the
perturbation and the response both at frequency f; without

I, = H

U
~Ac(fo_2f1) Ho(fo_zfl) H—l(fo_fl) H—z(fo)
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considering the sideband components.

Therefore, the multiple-input and multiple-output
(MIMO) harmonic transfer function matrix as illustrated in
Fig. 5 can be utilized to accurately investigate the frequency
coupling phenomena and conduct the stability analysis.

The stability of the boost PFC converter system can be
decided with the MIMO return ratio matrix £=2_,, V. -

If all the zeros, zi, 7o, ... , Zon of the characteristic equation
as shown in equation (22) are located in the left-half plane,
the PFC converter system will be stable [16, 17]. If there is a
conjugate pair of right-half plane (RHP) zeros, the phase
and magnitude plots will exhibit a step change of -180° and
a slop change of +40dB/decade (with an anti-resonant peak
if the damping ratio is less than 0.7), respectively. In
contrary, a conjugate pair of RHP poles will lead to a step

Y
(20)
Ho(fi+ ) Ho(fy+2f) 7 (fy=21)
H,(fy+ 1) Hi(fi+21) V(fo-1)
H.(fo+ 1) H,(fi+21) V(%)
Hy(fi+£) H.(f,+2£) V. (fi+ 1)
H (fy+/) Hy(f+21) v, (fy+21)
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Fig. 8. The per unit time-domain waveforms of the state variables when
L,=0.132 p.u. (SCR=3.8)

change of 180° in the phase plot and a slop change of -
40dB/decade (with a resonant peak if the damping ratio is
less than 0.7) in magnitude plot, respectively. These criteria
can be applied to the RHP poles or zeros identification of
the characteristic equation.

det(L+Z)=0 or det(Z,, +2Z,,)=0

(22)

= 2,2, 2,

19790 %

The Bode plots of the characteristic equation of the
return ratio matrix with different grid impedance are shown
in Fig. 7. There are anti-resonant peaks in the magnitude
plot with the step change of -180° in the phase plot when the
grid inductance L, is about 0.132 p.u. (SCR=3.8), which
indicates the RHP zeros of the characteristic equation.
Therefore, the multi-paralleled boost PFC converters system
is unstable in this case and is consistent with the time-
domain simulation results as shown in Fig. 8. The fast
Fourier transform (FFT) of the unstable time-domain
waveforms of the state variables is illustrated in Fig.9. It is
obvious that the frequencies of the main components of the
FFT plot are consistent with the frequencies or coupling
frequencies of the RHP zeros of Fig. 7. This phenomenon
further validates the frequency coupling analysis of Fig. 4: a
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Fig. 9. FFT of different state variables.

frequency component at f; (the frequency of one of the RHP
zeros) could introduce the different frequency components

mﬁiqﬁszmy

IV. SISO EQUIVALENT IMPEDANCE MODEL

Based on the MIMO impedance model of the boost PFC
converter derived in part II, a SISO equivalent impedance

Diode bridge Boost converter Diode bridge
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Fig. 10. Derivation of the equivalent SISO impedance model of the boost PFC converter system
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boost PFC converters system

model of the grid-connected PFC converter is proposed in
this part as illustrated in Fig. 10. Compared with the input
impedance Zpro of the boost PFC converter with the
conventional SISO model [5, 7], the SISO equivalent model
derived based on the MIMO impedance model of the PFC
converter contains the frequency-coupling dynamics and the
interaction with grid impedance.

The block diagram of the SISO equivalent impedance
model of the multi-paralleled boost PFC converter system is
shown in Fig. 11, where Yq(s) represents the equivalent
SISO impedance of the boost PFC converters interconnected
with the grid. The expression of Yeq(s) is given by equation
(23), which is actually the central elements of matrix H (N

is the harmonic order of the HSS model) and therefore
contains the frequency coupling dynamics of the PFC
converters and their interactions with grid impedance.

el

Y (s)=
q ( ) UAC ( S)
According to the equivalent SISO block diagram of Fig.
11 and the expression of Yy(s), the equivalent SISO
admittance Yprceq(s) of the boost PFC converters can be
solved as expressed in equation (24). Although in the SISO
form, the equivalent admittance Yprceq(s) contains the
frequency-coupling dynamics of Vrrc as illustrated in Fig.

10, as well as the interaction with grid impedance.
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e = T L)

In order to validate the accuracy of the equivalent SISO
impedance model, the comparison of the bode plots between
Zpieeq(s) and Zpzeo(s) is shown in Fig. 12, where Zpzo(s) is the
input impedance of the boost PFC converters without
considering the frequency coupling and the interaction with
grid impedance. When the grid inductor L, is 0.08 p.u., the
boost PFC converters system is stable according to the
simulation results, whereas the phase difference between
Zpieo(s) and Zg(s) is greater than 180° at the magnitude
intersection point, which indicates that the impedance model
ignoring the frequency coupling dynamics is not accurate
for the stability analysis.

24)

V. CONCLUSIONS

This paper presents the detailed and systematic HSS
modeling of single-phase PFC converters and introduces the
stability analysis methods suitable for HSS models. An
aggregated LTP model of the multi-paralleled boost PFC
converters is derived and the MIMO HSS model is deduced
on that basis. The frequency-coupling mechanism of the
boost PFC converters is revealed with the MIMO impedance
model. Besides, the proposed HSS model is validated
through the frequency scan. The stability analysis is shown
to be consistent with the simulation results and further
explain the frequency coupling dynamics and the induced
low-frequency oscillations. Finally, considering the
frequency-coupling dynamics and the interaction with grid
impedance, a SISO equivalent impedance model of the
single-phase PFC converters is proposed based on the
derived MIMO impedance model and is shown to be more
accurate than the conventional SISO model ignoring the
frequency coupling dynamics.
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