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Multiple-Description Coding by Dithered

Delta-Sigma Quantization

Jan @stergaard and Ram Zamir

Abstract

We address the connection between the multiple-desanifitid) problem and Delta-Sigma quanti-
zation. The inherent redundancy due to oversampling indE@igma quantization, and the simple linear-
additive noise model resulting from dithered lattice guaation, allow us to construct a symmetric MD
coding scheme. We show that the use of a noise shaping filtkesria possible to trade off central
distortion for side distortion. Asymptotically as the dinsgon of the lattice vector quantizer and order
of the noise shaping filter approach infinity, the entrop rat the dithered Delta-Sigma quantization
scheme approaches the symmetric two-channel MD ratertigstdunction for a memoryless Gaussian
source and MSE fidelity criterion, at any side-to-centratalition ratio and any resolution. In the optimal
scheme, the infinite-order noise shaping filter must be mininphase and have a piece-wise flat power
spectrum with a single jump discontinuity. We further shdwattthe optimal noise-shaping filter of any
order can be found by solving a set of Yule-Walker equati@amsi we present an exact rate-distortion
analysis for any filter order, lattice vector quantizer disien and bit rate. An important advantage of
the proposed design is that it is symmetric in rate by contibm, and there is therefore no need for

source splitting.

Index Terms

delta-sigma modulation, dithered lattice quantizatiartr@py coding, joint source-channel coding,

multiple-description coding, vector quantization.
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|. INTRODUCTION AND MOTIVATION

Delta-Sigma analogue to digital (A/D) conversion is a tegha where the input signal is
highly oversampled before being quantized by a low resmiugjuantizer. The quantization noise
is then processed by a noise shaping filter which reducesérge of the so-called in-band noise
spectrum, i.e. the part of the noise spectrum which overlapsspectrum of the input signal.
The end result is high bit-accuracy (A/D) conversion everthie presence of imperfections in
the analogue components of the system, cf. [1].

The process of oversampling and use of feedback to reducdigatgon noise is not limited
to A/D conversion of continuous-time signals but is in faqually applicable to, for example,
discrete time signals in which case we will use the term DSltana quantization. Hence,
given a discrete time signal we can apply Delta-Sigma gmatiin in order to discretize the
amplitude of the signal and thereby obtain a digital sigitathould be clear that the process
of oversampling is not required in order to obtain a digiighal. However, oversampling leads
to a controlled amount of redundancy in the digital signdlisTredundancy can be exploited
in order to achieve a certain degree of robustness towardstelploss of information of the

signal due to quantization and/or transmission of the aligitgnal over error-prone channels.

In the information theory community the problem of quantii@a is usually referred to as a
source coding problem whereas the problem of reliable tnggson is referred to as a channel
coding problem. Their combination then forms a joint sowrhannel coding problem. The
multiple-description (MD) problem [2], which has recentceived a lot of attention, is basically
a joint source-channel coding problem. The MD problem isceoned with lossy encoding of
information for transmission over an unrelialitechannel communication system. The channels
may break down resulting in erasures and a loss of informatidhe receiving side. Which of the
2K — 1 non-trivial subsets of thél channels that is working is assumed known at the receiving
side but not at the encoder. The problem is then to design ansyddem which, for given
channel rates, minimizes the distortions due to reconstruof the source using information
from any subsets of the channels. Currently, the achievisiiderate-distortion region is only
completely known for the case of two channels, squared-&delity criterion and a memoryless
Gaussian source [2], [3]. The bounds of [3] have been extktalstationary and smooth sources

in [4], [5], where they were proven to be asymptotically tigh high resolution. Inner and outer
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bounds to the rate-distortion region for the case/of> 2 channels were presented in [6]—[8]
but it is not known whether any of the bounds are tight for> 2 channels.

Practical symmetric MD lattice vector quantization (MD-QY based schemes for two descrip-
tions have been introduced in [9], [10], which in the limit iofinite-dimensional lattices and
under high-resolution assumptions, approach the symenitid rate-distortion bound. An ex-
tension to KX > 2 descriptions was presented in [11]-[13]. Asymmetric MDQ\allows for
unequal side distortions as well as unequal side rates asdfivgd considered in [14], [15]
for the case of two descriptions and extended in [13], [16]he case ofK’ > 2 descriptions.
Common for all of the designs [9]-[12], [14]-[16] is that anteal quantizer is first applied
on the source after which an index-assignment algorithmsntlag reconstruction points of the
central quantizer to reconstruction points of the side tjmars, which is an idea that was first
presented in [17].

To avoid the difficulty of designing efficient index-assigamh algorithms, it was suggested
in [18] that the index assignments of a two-description eystan be replaced by successive
guantization and linear estimation. More specifically, twe side descriptions can be linearly
combined and further enhanced by a refinement layer to yieddcentral reconstruction. The
design of [18] suffers from a rate loss of 0.5 bit/dim. at higisolution and is therefore not
able to achieve the MD rate-distortion bound. Recently, éxaw, this gap was closed by Chen
et al. [19], [20] who recognized that the rate region of the Midblem forms a polymatroid,
and showed that the corner points of this rate region can bieax by successive estimation
and quantization. The design of Chen et al. is inheregslymmetridn the description rate since
any corner point of a non-trivial rate region will lead to asyetric rates. To symmetrize the
coding rates, it is necessary to break the quantizationegmto additional stages, which is a
method known as “source splitting” (following Urbanke andnildi’s rate splitting approach
for the multiple access channel). When finite-dimensionalntizers are employed, there is a
space-filling loss due to the fact that the quantizer’'s Voraells are finite dimensional and not
completely spherical, [21], and as such each descriptiffersua rate loss. The rate loss of the
design given in [19], [20] is that 2K — 1 quantizers because source splitting is performed by
using an additional’ — 1 quantizers besides the conventiofakide quantizers. In comparison,
the designs based on index assignments suffer from a rateofosnly that of K quantizers

(actually, for K = 2 the space-filling loss is that of two quantizers having siglaéMNoronoi
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cells [9], [10]). An interesting open question is: can we idvooth the complexity of the index
assignments and the loss due to source splitting in symenéiti coding?

Inspired by the works presented in [18]-[20], [22], we preésetwo-channel MD scheme based
on two times oversampled dithered Delta-Sigma quantiaatichich is inherently symmetric
in the description rate and as such there is no need for s@plitting. The rate loss when
employing finite-dimensional quantizers (in parallel)heiefore given by that of two quantizers.
Asymptotically as the dimension of the vector quantizer ander of the noise shaping filter
approach infinity, we show that the symmetric two-channel kie-distortion function for a
memoryless Gaussian source and MSE fidelity criterion caachéeved at any resolution. It is
worth emphasizing that our design is not limited to two dggicms but, in fact, an arbitrary
number of descriptions can be created simply by increasiagpversampling ratio. However, in
this paper, we only prove optimality for the case of two dgdimms.

In the Delta-Sigma quantization literature there seemse@lronsensus of avoiding long
feedback filters. We suspect this is mainly due to the fadttttequantization error in traditional
Delta-Sigma quantization is a deterministic non-linearction of the input signal, which makes
it difficult to perform an exact system analysis. Thus, thetght be concerns regarding the
stability of the system. In our work we use dithered (laitigeantization, so that the quantization
error is a stochastic process, independent of the inputakigmd the whole system becomes
linear. This linearization is highly desirable, since ibals an exact system analysis for any filter
order and at any resolution. For finite filter order, we shoat titne optimal filter coefficients
are found by solving a set of Yule-Walker equations. The adsafinite filter order has a very
simple solution in the frequency domain, which (for larg&i¢@ dimension) guarantees that the
proposed scheme achieves the symmetric two-channel MBEdistigrtion function [2], [3].

To gain some insight into why this solution is asymptotigaptimal, observe that the Delta-
Sigma quantization structure resembles the nature of thmom test channel that achieves the
two-channel MD rate-distortion region [2], [3]. This chahifas shown in Fig. 1) has two additive
noise branche&, = X + N, andU; = X + N;, where the paif Ny, N;) is negativelycorrelated.
At high resolution conditions and symmetric rates and ditos, the side reconstructions,
and X; becomeX, = U, and X; = U;, while the central reconstructio, becomes a simple
average, i.eX, = (X'O + X’l)/Q. We may view the negatively correlated additive noises as

adjacent samples of "highpass noise”, and the averagintatipe of the central reconstruction
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as "lowpass filtering”. Intuitively, for a fixed side distarh the central distortion is reduced by
shaping the spectrum of the noise to be away from the sourug (tlae source component ir,
andU; is the same which amounts to a lowpass signal). Thus, Déjtagsquantization provides
a time-invariant filter version of this double branch tesamhel. This is further addressed in
Section IV-E.

No
Q/ UO Qo Xo
%50
X ~
% E—
B )
q X1
L
N

Fig. 1. The MD optimum test channel of Ozarow [3]. At high fesion o; = 1 and 3; = 1/2,i = 0,1 so thatX, =
Uo, X1 = Ur and X, = 1(Xo + X1).

Besides the quantizer-based MD schemes mentioned abowe éhest several other ap-
proaches, e.g. MD schemes based on quantized overcompfetastons [23]-[28]. The works
of [23]-[26] are based on finite frame expansions and thaP®f, [[28] are based on redundant
M-channel filter banks.

It is well known that there is a connection between quantisgdrcomplete expansions
and Delta-Sigma quantization, cf. [29]-[31]. Furthermaas mentioned above, the connection
between overcomplete expansions and the MD problem hasbaksio established. Yet, to the
best of the authors knowledge, none of the schemes preder{22]-[28] are able to achieve the
above mentioned MD rate-distortion bounds. Furthermdre,use of Delta-Sigma quantization
explicitly for MD coding appears to be a new idea. With thipgawe show that traditional
Delta-Sigma quantization can be recast in the context of MBirgy and furthermore, that it
provides an optimal solution to the MD problem in the symicetase.

The paper is structured as follows. In Section Il we intradldithered Delta-Sigma quanti-
zation. Section Ill connects Delta-Sigma quantizationhwiMD coding and presents the main

theorem of this work. The proof of the theorem is deferred ¢ot®n VI. Section IV presents
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an asymptotic description and performance analysis of thpgsed scheme in the limit of high
dimensional vector quantization and high order noise stwgfilter. It is divided into several
subsections: Section IV-A gives an intuitive frequencyeiptetation of MD coding based on
Delta-Sigma quantization. In Section IV-B we show that thdely used MD figure of merit,
the optimum central-side distortion product, can be addeat high-resolution conditions with
infinite dimension/order Delta-Sigma quantization. In tgecIV-C we extend this observation,
and prove that with the addition of suitable post-multiidighe complete symmetric Gaussian
rate-distortion function is achievable. Then in SectiorfdWe emphasize an important difference
between conventional ECDQ for single description and ECBQnfultiple descriptions. We end
this section by relating the proposed design to Ozarow'sbl#shranch test channel. The non-
asymptotic analysis is presented in Section V. We first piieee central and side distortion
for an arbitrary noise shaping filter order in Section V-A.ehhin Section V-B, we assess the
inherent rate loss due to the use of finite-dimensional vemtantizers, and compare that to the
rate loss in other MD coding techniques. We end Section V bividg the optimal finite-order
noise shaping filters. Section VI bridges between Sectioramd Section V, and wrap up the
proof of the main theorem with a supporting lemma given in Appendix. An extension to
K descriptions is presented in Section VII, and Section Viibws that the proposed scheme
is, in fact, asymptotically optimal at high resolution famyai.i.d. source with finite differential

entropy. Finally, Section 1X contains the conclusion.

[I. DITHERED DELTA-SIGMA QUANTIZATION

Throughout this paper we will use upper case letters forhstsiic variables and lower case
letters for their realizations. Infinite sequences @ndimensional vectors will be typed in bold
face. We letX ~ N(0,0%) denote a zero-mean Gaussian variable of variariceand X =
{X1, X, ...} denote an infinite sequence of independent copies.ofhusX is an i.i.d. (white)
Gaussian process. Moreover= {xi, s, ..., } denotes a realization oX wherez, is the kth

symbol of x.

A. Preliminaries: Entropy-Coded Dithered Quantization

Before introducing our dithered Delta-Sigma quantizasgstem, let us recall the properties

of entropy-coded dithered (lattice) quantization (ECDQ2][ ECDQ relies upon subtractive
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VA Z
| ¢
S Q Entropy Entropy - S
L code decode

Fig. 2. Entropy-constrained dithered (lattice) quant@atECDQ). The dither signaZ is assumed known at the decoder.

The quantizerQ, is an L-dimensional lattice vector quantizer and the rate of theopy coder is given by the entropy of the

quantized output o), conditioned uponZ.

dither; see Fig. 2. For ati-dimensional input vectoS, the ECDQ output is given bys =
QL(S+ Z)— Z, where@, denotes ar_-dimensional lattice quantizer with Voronoi cells [33].
The dither vectorZ, which is known to both the encoder and the decoder, is ingrg of the
input signal and previous realizations of the dither, andrigormly distributed over the basic

\Voronoi cell of the lattice quantizer. It follows that the antization error
E=8-8S=Q.(S+2)-S-Z (1)

is statistically independent of the input signal. Furtherep E is an i.i.d.-vector process, where
eachL-block is uniformly distributed over the mirror image of thasic cell of the lattice, i.e.,
as—Z. In particular, it follows thatE is a zero-mean white vector with varianeg [32], [34].
The average code length of the quantized variables is giwerthb conditional entropy
H(QL(S + Z)|Z) of the quantizer) ., where the conditioning is with respect to the dither
vector Z. It is known that this conditional entropy is equal to the valtinformation over the
additive noise channd@” = S + E where E (the channel’s noise) is distributed a<Z; see [32]

for details. The coding rate (pdr-block) of the quantizer is therefore given by
HQL(S+2)|Z2) = I(S;Y)
= h(S+E)-h(E) 2
wherel(-,-) denotes the mutual information ahd-) denotes the differential entropy. If subse-
guent quantizer outputs are entropy-coded jointly, thenmust change the blockwise mutual in-
formation in the rate formula (2) to the joint mutual infortie between input-output sequences

(if there is no feedback) [32], or to the directed mutual mfation (if there is feedback) [35],

[36]. We shall discuss this issue in more detail in the nektisa.
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8 SUBMITTED TO IEEE TRANSACTIONS ON INFORMATION THEORY, AUGST 2007

If the sourceS is white Gaussian, then the coding rate (2), normalizedsperple, is upper
bounded by

THQUS +2)2) < o, (1 + Var(f“) + 2 log,(2meGy) 3)
2 o 2
= Rs(D)+ % log, (2meGy) (4)

whereG, is the dimensionless normalized second moment of Haémensional lattice quantizer
@1, [33]. In the second equality is the total distortion after a suitable post-filter (muliep)

and Rg(D) is the rate-distortion function of the white Gaussian seufcsee [37]. The quantity
2we(Gy, is the space-filling loss of the quantizer aédbg2(27reGL) is the divergence of the
guantization noise from Gaussianity. It follows that it issttable to have Gaussian distributed
guantization noise in order to maké, as small as possible and thereby drive the rate of
the filtered quantizer towardBg(D). Fortunately, it is known that there exists lattices where
G — 1/2me as L — oo and the quantization noise of such quantizers is white, aubrbes

asymptotically (in dimension) Gaussian distributed in diergence sense [34].

B. Delta-Sigma ECDQ

Dither %gté%%/j = H(Qy|Dither)
A
xn a a/ d j\jn
— 12 h(z) = k 0., £ () pg s
€k _
()

Fig. 3. Dithered Delta-Sigma quantization.

We are now ready to introduce our dithered Delta-Sigma dgatiain system, which is
sketched in Fig. 3.The input sequence is first oversampled by a factor of two to produce the

oversampled sequenee It follows thata is a redundant representation of the input sequence

The Delta-Sigma quantization system shown in Fig. 3 is ardisetime version of thgeneral noise-shaping coderesented

in [38]. The system has an equivalent form where the feedimékst subtracted and this difference is then filtered [38].
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x, which can be obtained simply by inserting a zero betweenyesample ofx and applying

an interpolating (ideal lowpass) filtér(z). For a wide-sense stationary input process the
resulting oversampled signa would be wide-sense stationary, with the same variancees th
input, and the same power-spectrum only squeezed to hdifatpeency band as shown in Fig. 4.

In particular, a white Gaussian input becomes a half-bandgass Gaussian process with
Var(A;) = Var(X) = o%. (5)

At the other end of the system we apply an anti-aliasing filigrz), i.e. an ideal half-band

SX SA
““““ % X A T o%
ST D Bl o IS S
- —7/2 0 72 7® w - —n/2 0 w/2 ® w
(@) Spectrum ofX (b) Oversampling by two (c) Spectrum ofA

Fig. 4. The power spectrum of (a) the input signal and (c) thersampled signal. (b) illustrates the oversampling Bsce

where the input signal is first upsampled by two and then éitdsy an ideal half-band lowpass filter.

lowpass filter, and downsample by two in order to get back &édfginal sampling rate.

We would like to emphasize that the dithered Delta-Sigmantigation scheme is not limited
to oversampling ratios of two. In fact, arbitrary (even franal) oversampling ratios may be
used. This option is discussed further in Section VII.

The oversampled source sequerncés combined with noise feedbaak and the resulting
signala’ is sequentially quantized on a sample by sample basis usttithered quantizer. For
the simplicity of the exposition we shall momentarily asgustalar quantization, i.el; = 1.
The extension td. > 1 is discussed in Section II-C. The quantization erpof the kth sample,
given for a general ECDQ by (1), is fed back through the (ciud#e@r ¢*(z) = >7_, ¢;2~* and
combined with the next source samplg,, to produce the next ECDQ inpuf . Thus, the

output of the quantizer can be written as
dk:a2+ek:ak+ék+ekéak+ek (6)

whereé(z) = ¢*(2)e(z) or equivalently
p
ék = Z Ci€Cl—jq.
i=1
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€kl
n - o ha(2) e 2 TR

o () é

€L

Fig. 5. The dithered quantizer is replaced by the additivieenmodel.

As explained above, the additive noise model is exact for @@Rd we can therefore represent
the quantization operation as an additive noise channshasn in Fig. 5. In view of this linear
model, the equivalent reconstruction error in the overdachplomain, denoted, in (6), is
statistically independent of the source. Thus we eglthe “equivalent noise”. Note thai, is
obtained by passing the quantization eregrthrough the equivalentth order noise shaping
filter ¢(z),

c(z) = Zciz_i (7
i=0

wherec¢, = 1 so thatc(z) = 1 + ¢*(z). To see this, notice that the outputdsz) = a(z) +
e(z) + c*(z)e(z), and the reconstruction error is therefore giveneby) = c(z)e(z), cf. Fig. 6.
Since the quantization errer of the ECDQ (1) is white with variance?, it follows that the

equivalent noise spectrum is given by
Se(w) = |e(e”) Pog. (8)

The fact that the outpui, is obtained by passing the quantization ergprthrough the noise
shaping filterc(z) and adding the result to the inpuf can be illustrated using an equivalent

additive noise channel as shown in Fig. 7.

(% o o (Z) % €L

Fig. 6. The reconstruction erref, = €, + e is also called the “equivalent noise”, since it can be olgdiby passing the

quantization erroe;, through the “equivalent” noise shaping filtefz) = 1 + ¢*(2).

DRAFT August 14, 2007



DSTERGAARD AND ZAMIR: MULTIPLE-DESCRIPTION CODING BY DITHERED DELTA-SIGMA QUANTIZATION 11

)

c(2)

Fig. 7. The equivalent additive noise channel: The outpuis obtained by passing the quantization empithrough the noise

shaping filterc(z) and adding the result to the input..

We may view the feedback filtet*(z) as if its purpose is to predict the “in-band” noise
component ofe;, based on the pagt quantization error samples._i, e;_o, ..., ex—,. The end
result is that the equivalent noise spectrum (8) is shapeay dwom the in-band part of the
spectrum, i.e., from the frequency ranger/2, 4+ /2), as shown in Fig. 8. Note that due to the
anti-aliasing filterh,(z), only the in-band noise determines the overall system uiisto The
exact guidelines for this noise shaping are different indimgle- and the multiple description

cases, and will become clear in the sequel.

rrrrre

Fig. 8. On the left is illustrated the case where there is rallfack and the quantization noise is therefore flat (in fdgtey
throughout the entire frequency range. On the right an el@wipnoise shaping is illustrated. The grey-shaded aréastrite

the power spectra of the noise and the hatched areas itliskra power spectra of the source.

As previously mentioned, if we encode the quantizer outpuatl®ls independently, then the
rate R of the ECDQ is given by the mutual information between theutrgnd the output of the

quantize? Thus, the rate (per sample) is given by

R = I(4}; Ay) = I(A; A, + By) (9)

2We discuss the issue of joint versus memoryless ECDQ in meraildn Section IV-D.
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where E}, is independent of the present and past sampled;oby the dithered quantization

assumption. IfA, and £, were Gaussian, then we could get

1 Var( A,
RzilogQ (1+ (2 k))

D)

(10)

where VartA)) denotes the variance of the random variadle At high resolution conditions
the variance of the error signal (and therefore ok) is small compared to the source, so by
(5) we have VarA),) + 0% ~ 0% which implies that (10) becomes

1 o%
where= in (11) is in the sense that the difference goes to zero?as: 0.

C. Vector Delta-Sigma Quantization

It should be clear from the discussion about ECDQ in SectleA that we would like to
use high-dimensional quantizers, so that the quantizatmse in (9) is indeed approximately
Gaussian. However, at first sight, it might appear as theesd@ scalar nature of Delta-Sigma
guantization prevents the use of anything but scalar geensti That this is not so will soon
become clear. First, let us consider the scalar caseli<. 1. The input to the quantizer is
a, = ar + > °_, cep—; and the output isy, = a, + > 7_, c;ex—;. Sinceaj, is a scalar, the input
to the quantizer is a scalar and the quantizer depicted in3ig therefore a scalar quantizer.
To justify the use of high-dimensional vector quantizers wik consider a setup involving.
independent sourcésThese sources can, for example, be obtained by demultigjekie scalar
processX into L independent parallel i.i.d. process€8) = {X,; ,},Vn € Zandl =1,...,L.*

In this case thexth sample of théth processX () is identical to the(n x L + [)th sample of the
original processX. In the case wheré = 2 we have two independent scalar processes, where
X ™ consists of the even samplesX¥fand X consists of the odd samples &f. Let us give an
example wherd, = 3 so that we have three processés’), X? and X . The three processes
are each upsampled by a factor of two so that we obtain the fimecesses ), A®), and A®),
where each is input to a Delta-Sigma quantization systemhawrs in Fig. 9. Hence, in this

case, three coders are operating in parallel and insteadiofjle sample:, we have a triplet of

3The idea of applying lattice ECDQ to feedback coding systemsarallel was first presented in [36].

“Notice that the delay between two consecutive samples ofttthprocess will be that of, input samples.
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DSTERGAARD AND ZAMIR: MULTIPLE-DESCRIPTION CODING BY DITHERED DELTA-SIGMA QUANTIZATION 13

independent samplda,”, o>, a/*). This makes it possible to apply three-dimensional ECDQ

on the vector formed by cascading the triplet of scalaré. ¢oders are operating in parallel, we
can form the set of, independent samplés/ ", a/”, ... /")) and make use of-dimensional
ECDQ on the vectota,”, a\”, ..., a}™). In general, we will allowL to become large so that,
according to (4) and the paragraph that follows just beloyy tfZe rate Ios% log,(2meG) due
to the quantization noise being non-Gaussian can be madeaahp small. Thus, for largel,

E; in (9) can indeed be approximated as Gaussian noise.

x a
.L,@ h(z) —*
(a) Demultiplexing the i.i.d. source intd = 3 (b) Applying a three-dimensional lattice quantiz@g

independent streams

Fig. 9. The dashed box illustrates that the triplet of s&a(aéfl),a;@), a;fg)) are jointly quantized using three-dimensional
ECDQ. Notice that we may see the three-dimensional latti@ntizer@s as a composition of three functions whe?ﬁ) =

A, 6, a®), o = QP(ED, 6, a®) anda® = O (@, . al®).

[1l. MULTIPLE-DESCRIPTIONCODING
A. MD Delta-Sigma Quantization

In this section we show that the sequential dithered Dalfa& quantization system, which

is shown in Fig. 3, can be regarded as an MD coding system. ¥amngge, in the case of an

August 14, 2007 DRAFT



14 SUBMITTED TO IEEE TRANSACTIONS ON INFORMATION THEORY, AUGST 2007

oversampling ratio of two, each input sample leads to tw@uusamples and we have in fact
a two-channel MD coding system as shown in Fig. 10. As expthim the previous section,
we assume that the source is demultiplexed ihtparallel streams and that @rdimensional
lattice quantizer is applied on the set of coefficie(n:tfél), cee a;(L)). However, for illustrational
and notational convenience, we have only shown a singlamtia Fig. 10. It should also be
clear that, as. becomes large, the quantization erigf = A, — A, becomes approximately
Gaussian distributed in the sense of the mutual informata formula (9).

In the MD scheme of Fig. 10, the first description is given bg #dven outputs of the lattice
guantizer and the second description by the odd output$ &eascription is then entropy-coded
separately, conditioned upon its own dither, and trangahitd the decoder. Note that although
the oversampled signad has memory, each description is memoryless because of gméoeld
splitting of the samples, which corresponds to downsarggintwo. It follows that the quantized
samples can in fact be entropy coded sample-by-sampl@& aeblock-wise memoryless fashion,
so by (2) the ECDQ rate is given by the block-wise mutual infation, normalized per-sample,

R = %I(A’; A'+E). (12)
We further discuss the issue of joint versus memoryless@pendent) ECDQ in Section IV-D.

At the decoder, if both descriptions are received, an diasiag filter h,(z) (i.e. an ideal
half-band lowpass filter) is applied and the signal is thewrtdkampled by two and scaled by
B as shown in Fig. 11. If only the even samples are received,implg scale the signal by.
On the other hand, if only the odd samples are received, wediisly an all-pass filteh,,(z)
to correct the phase of the second description and then bgate The all-pass filterh,(z)
is needed because the upsampling operation performed a&ntialer, i.e. upsampling by two
followed by ideal lowpass filtering (sinc-interpolatioshifts the phase of the odd samples. The
post multipliersa. and 3 are described in Section IV-C.

The distortion due to reconstructing using both descn#is traditionally called the central
distortion d. and the distortion due to reconstructing using only a sirgscription is called
the side distortioni,.

B. The MD Rate-Distortion Region

The two-channel MD rate-distortion region is completelaracterized only in the quadratic

Gaussian case, i.e. the case of memoryless Gaussian sanct®SE fidelity criterion [2], [3].
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Fig. 10. Two-channel MD coding based on dithered Delta-Sigmantization: Encoder.
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Fig. 11. Two-channel MD coding based on dithered Delta-@igmantization: Decoder.

Let us recall the solution to the quadratic Gaussian MD moblas proven by Ozarow [3], in
the symmetriccase, i.e., when both descriptions have the sameitaa@d the side distortions
are equal. The set of achievable distortions for descnptate R is the union of all distortion
pairs (d., d,) satisfying

dy, > 022728 (13)
and
2 0—4R
d. > ox2
1— (VII = VA)?

wherell = (1 — d,/0%)? and A = d? /o5 — 274E,

(14)

Based on the results of [3], it was shown in [39] that at higdohetion, for fixed central-to-side
distortion ratiod./d, the product of the central and side distortions of an ogtimva-channel

MD scheme approaches

o4 1
ded, = 22X~ o4k 1
cY's 4 1—dc/d8 ( 5)

August 14, 2007 DRAFT



16 SUBMITTED TO IEEE TRANSACTIONS ON INFORMATION THEORY, AUGST 2007

where the approximatios here is in the sense that the ratio between both sides goesso 1
ds — 0 (or R — ). If ds/d. > 1, i.e., at high side-to-central distortion ratio, this siifigs to

~ 0%
dody = sz—‘m. (16)

C. Main Theorem

We now present the main theorem of this work, which basicsiftes that the MD Delta-
Sigma quantization scheme (presented in Section IlI-A) asymptotically achieve the lower
bound of Ozarow’s MD distortion region (presented in Setctid-B).

Theorem 1:Asymptotically as the filter orders and the vector-quantizer dimensianare go-
ing to infinity, the entropy rate and the distortion leveldloé dithered Delta-Sigma quantization
scheme (of Figs. 10 and 11) achieve the symmetric two-chavide rate-distortion function
(13) — (14) for a memoryless Gaussian source and MSE fiddiityrion, at any side-to-central
distortion ratiod,/d. and any resolution. Furthermore, the optimal infinite-ondeise shaping
filter is unique, minimum phase, and its magnitude spectjt(ai“)| is piece-wise flat with a
single jump discontinuity ab = /2.

Before presenting the proof of the theorem, we provide inftlewing sections a series of

supporting lemmas. The proof of the theorem can be found atic@eVI.

IV. ASYMPTOTIC DESCRIPTION ANDPERFORMANCE ANALYSIS

In this section we concentrate on the asymptotic case wheie— oo, i.e. infinite noise
shaping filter order and infinite vector quantizer dimensieor analysis purposes, this allows
us to assume Gaussian quantization noise in the system robBgl. 5, with arbitrarily shaped
equivalent noise spectrum (8). After gaining some insigbinf the asymptotic case, we shall

turn to treat the case of finite and L in the next section.

A. Frequency Interpretation of Delta-Sigma Quantization

We first give an intuitive frequency interpretation of theposed Delta-Sigma quantization
scheme. This frequency interpretation reveals that treeabthe noise shaping filter is not simply
to shape away the quantization noise from the in-band spactis is the case in traditional Delta-

Sigma quantization, but rather to delicately control tlael&off between the in-band noise versus

DRAFT August 14, 2007



DSTERGAARD AND ZAMIR: MULTIPLE-DESCRIPTION CODING BY DITHERED DELTA-SIGMA QUANTIZATION 17

the out-of-band noise, which translates into a tradeoffvbeh the central and side distortions.
This tradeoff is done while keeping the coding rate fixed,clhiat least at high resolution, is
equivalent to keeping the quantizer variancefixed. See (11).

Recall that we, at the central decoder, apply an anti-alip$iter (ideal lowpass filtering)
before downsampling. Hence, the central distortion is mjileg the energy of the quantization
noise that falls within the in-band spectrum. The inclusida noise shaping filter at the encoder
makes it possible to shape away the quantization noise fh@mntband spectrum and thereby
reduce the central distortion. By increasing the order efrithise shaping filter it is possible to
reduce the central distortion accordingly.

It is also interesting to understand what influences the didtortion. Recall that the side
descriptions are constructed by using either all odd sasnpieall even samples of the output
A. Hence, we effectively downsamplé by a factor of two. It is important to see that this
downsampling process takes place without first applyingranadiasing filter. Thus, aliasing is
inevitable. It follows, that not only the noise which fallstian the in-band spectrum contributes
to the side distortion but also the noise that falls outskieih-band spectrum (i.e. the out-of-
band noise) affects the distortion. Since, in tradition&lt®-Sigma quantization, the noise is
shaped away from the in-band spectrum as efficiently as Ipessihe out-of-band noise is likely
to be the dominating contributor to the side distortion. Veeehillustrated this in Fig. 12.

S ()20
| BRGNS
—r —m/2 0 w2 7 w —r —m/2 0
(a) Spectrum ofF/ (b) Spectrum of shapedl

Fig. 12. The power spectrum of (a) the quantization noiseh{®)shaped quantization noise. In (b) the energy of the les/pa
noise spectrum (the bright region) corresponds to the akedistortion and the energy of the full spectrum corresgotwdthe

side distortion.

It should now be clear that, in two-channel MD Delta-Sigmaarmization, the role of the

5In Section IV-D we show another difference between the neisaping in traditional Delta-Sigma quantization and MD

Delta-Sigma quantization regarding the coding rates.
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noise shaping filter is to trade off the in-band noise verbgsaut-of-band noise. In particular,
in the asymptotic case where the order of the noise shapieg §ibes to infinity, it is possible
to construct a brick-wall filter which has a squared magrétadectrum oft /§ in the passband
(i.e. for |w| < w/2) and of ¢ in the stopband (i.e. forr/2 < |w| < 7). In this case, the central
distortion is proportional tal/§ whereas the side distortion is proportional g + §. This

situation, which is illustrated in Fig. 12(b), will be disssed in more detail in the next section.

B. Achieving the MD Distortion Product at High Resolution

It is possible to take advantage of the frequency interpoetgiven in Section IV-A in order to
show that the optimum central-side distortion product ghkiesolution (15) can be achieved by
Delta-Sigma quantization. We later extend this result drasthat with suitable post-multipliers
at the decoders, optimum performance are achievehytesolution.

Lemma 1:At high resolution and asymptotically as . — oo, the distortion product given
by (15) is achievable by Delta-Sigma quantization.

Proof: The central distortion is equal to the total enerfgy of the in-band noise spectrum
where
o2 [T/2 '
P; = —E/ lc(e7)|*dw. a7

© o7
—7/2
The side distortion is equal to the enerfy of the in-band noise spectrum of the side descrip-
tions which contains aliasing due to the subsampling pocesice we downsample by two we

have

o% [T
SoAm .

Let us shape the noise spectrum as illustrated in Fig. 1d{tws, we let|c(e?*)|> = 1/6 for

P, |c(e772) 2 4 |e(@/H) P dw. (18)

lw| < 7/2 and |c(e??)|? = § for 7/2 < |w| < ™ where0 < § € R. It follows from (18) that, for

anyd >0, d, = ;05(6+6~') and from (17) we see that = 0% /6 which yields the distortion

I

productd.d, = ~;

o%. From (11) we know that at high resolutidd ~ log,(c% /o%) (where
~ is in the sense that the difference goes to zerdas oc), so thato} = 0427 (where=
is in the sense that the ratio goes to oneRass oo). Finally, sinced,./d, = 67'/(§ +671) it

follows that
1 40!
1—d./ds N )

which proves the lemma. [ ]
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C. Optimum Performance for General Resolution

In this section we extend the optimality result of SectionB\above, and show that the
two-channel Delta-Sigma quantization scheme achievesythenetric quadratic Gaussian rate-
distortion function at any resolution.

Let U; denote the reconstructions before the side post multiperthatX; = aU;,i = 0, 1,
and letE denote the expectation operator. It can then be shownRiat; = 0% andEU? =
0% + 0%(6 +671)/2. Moreover, letU denote the reconstruction before the central multiplier
ThenEU? = 0% + 0%0~1/2. Finally, let the post multipliers be given by

2
Ox

T o562

and
2
ag
g = 2 )2<—1 :
oy +o0p61/2

It follows that the side distortion is given by
dy = E(X; — X)?
=E(alU; — X)?
= 0% — 2a0% + (0% +o5(6+671)/2)
03050 +671)

20% +0%(0+071) (19)

Similarly, let X, = BU so that the central distortion is given by
d,=E(X, — X)?
=E(BU — X)?

= ok + B0k + 001 /2) — 2B0%
2 2 ¢5—1
:zgfﬁgz- (20)
Lemma 2:For a given description rat® and asymptotically ag, L — oo (i.e., assuming
Gaussian quantization noise and equivalent noise speasuim Fig. 12(b)), the side distortion
given by (19) and the central distortion given by (20) ackidwe lower bound (14) of Ozarow’s

symmetric MD distortion region.

6See Remark 1 in Section V-A for details.
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Proof: Recall from Section Il, that the rate of memoryless-ECDQ@asing that the entropy
coding is conditioned upon the dither signal and that theedisignal is known at the decoder)
is equal to the mutual information between the input and thitpwd of an additive noise channel
(12). For largeL, this mutual information can be calculated as if the additise F;, was
approximately Gaussian distributed. It thus follows frof) é@nd (10) that ad. — oo the
description rate becomes

R = I(A; Ay)
= h(Ay) — h(Ey)

1
=5 log,(2me(ox +o5(6 +671)/2)) — = log2(27reaE)

_ %ng (o—X +UE<052E+ 6t )/2) ‘ 21)
We can rewrite (21) as )
2= (20%4 fiiﬂa{g +0%)? (22)
By use of (19) and (22) we then get
o0t —28%41)
" (20%0 + 0262 + 02)?
and
B 46%0%
 (20%6 4 0262 + 022
so that 52 5
- (V- VAP - ) 29
Finally, inserting (23) in (14) leads to
032741 0% 0%
1 — (VII = VA)? 2UX5 + 0%
which is identical to (20) and therefore proves the lemma. [ |

D. Comparison with a Single-Description System with Jointr&y Coding

We previously saw that, in the SD case, only the in-band repeetrum affects the distortion,
whereas the complete noise spectrum affects the MD distmtiSpecifically, the in-band noise

spectrum determines the central distortion and the sum efittband and out-of-band noise
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spectrum determines the side distortion. We can show aasimalationship with respect to the
rates. First, notice from (21) that the description ratenim MD case depends upon the complete
noise spectrum.We will now show that in the SD case, if we apglyint entropy coding of
the quantizer outputs, that is, we let the entropy coder gmkantage of the memory inside the
oversampled source, then the rate of the Delta-Sigma qasiotn scheme would be independent
of the out-of-band noise spectrum.

Recall that for jointly-coded ECDQ within a feedback loope tcoding rate is given by the

directedmutual information rate, that is, [36],
I_(fl;f — A; + Ek) = 1(14;67 A;f + Ek|A;€_1 + Ej_q, A;_2 + Ej_o,.. )
= h(A; + Ekz|A;<;_1 + Ek—la A;_Z + Ek_g, .. ) — h(Ek)

@ h(Ag + €,|Ap—1 + €1, A2 + €1_2,...) — h(E}) (24)

—
=

= h(A+€) — h(e)

= I[(A;A+¢€)
where h(-) and I(-) denote the entropy rate and mutual information rate, résede In the
equations abovéa) follows since A, = A, + E), ande, = E, + E;. In (b) we used the fact
that F) is the prediction error ok, given its past so thak(Fy) is the entropy rate o¢, i.e.
h(€) = h(Ex) = h(Ey).

Asymptotically as. — oo, the quantization noise becomes approximately Gaussisn di
tributed, and the equivalent ECDQ channel is AWGN. Recadt tfior a Gaussian process,
disjoint frequency bands are statistically independeheré&fore, since the input is lowpass,
the mutual-information rate is independent of the out-afdb part of the noise processThus,

the coding rate is independent of the out-of-band noisetspac

E. Relation to Ozarow’s Double Branch Test Channel

Let us now revisit Ozarow’s double branch test channel asvsha Fig. 1. In this model
the noise pair(NVy, V) is negatively correlated (except from the case of no-exoeasyinal

rates, in which case the noises are independent). Notidetlig is in line with the above

"Recall that the side distortion is associated with the emmise spectrum through the sy@+ §~*)/2. This sum is also

part of the rate expression in (21).
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observations, since the highpass nature of the noise ghélter causes adjacent noise samples
to be negatively correlated. The more negatively corrdldbey are, the greater is the ratio of
side distortion over central distortion. Furthermore, ightresolution, the filters in Ozarow’s test
channel degenerate and the central reconstruction is\gigien by the average of the two side
channels. This averaging operation can be seen as a lowfiagsdi operation, which leaves
the signal (since it is lowpass) and the in-band noise irtattremoves the out-of-band noise.
More formally, for the symmetric case (wheog, = 0% i = 0,1 and p is the correlation
coefficient of the noises), we have the following high-resioh relationships betweefp, o%)
of Ozarow’s test channel and, ¢%) of the proposed Delta-Sigma quantization scheme.

Lemma 3:At high-resolution conditions, we have

op = oxV1—p? (25)
and
I—p
0= ) 26
— (26)

Proof: From [4], [5] it follows that Ozarow’s sum rat&, + R; satifies
Ro+ Ry > I(X; X 4+ No) + I[(X;X 4+ Np) + (X + No; X + Ny)

=I(X;X + No)+ 1(X; X + Ny) + I[(No; Nq)

1 1
:I(X;X+N0)+I(X;X+N1)+§log2 (1_—[)2)

which in the symmetric case and at high resolution condstiisnapproximately given by

1 1

Using thatR =  log,(0% /o%) in (27) leads to
loga(0%/0%) = 5 loga(1 — 47)
and it follows that
of = onV/1-p?
which proves (25).
The MMSE when estimating from two jointly Gaussian noisy observatiobis= X +1N;,i =

0,1 (where the Gaussian noises have equal variance), is given by

ox(1+p)

MMSE = ———++——
o%(1+p) +2
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which, at high-resolution conditions, simplifies to
1 2
MMSE ~ §aN(l +p). (28)

Recall that the central distortion of the Delta-Sigma-dization scheme, at high-resolution
conditions, is given by
do= 5obo " (29)
Equating (28) and (29) and inserting (25) lead to
s V1= VA-p(+p) vi-p
1+p 1+p v1i+p

which proves (26). [ ]

V. NON ASYMPTOTIC ANALYSIS

In this section we consider the case of finite lattice vect@ngizer dimension and finite noise

shaping filter order.

A. Central and Side Distortions

Lemma 4:For any filter ordep € Z*, the central distortion, at high-resolution conditiorss, i

given by
d. = ﬁ i i sinc(g) Cic;. (30)
’ 2 i=0 j=0 2 o
Proof: Let ¢, = 7,, — x,, be the error signal. Without loss of generality, we may viéw t

upsampling operation followed by ideal lowpass filteringaasover-complete expansion of the
source, where the infinite-dimensional analysis framearsawith coefficientsh, ,, = sing(“5%)
are translated sinc functichsThus, adopting the notation of [31], we have that

- . —k
ap = Z anInC<n 5 )

n=—oo

8The sinc function is defined by

sin(wx) T 7& 0
sinqz) &£ ¢ ™
1, z =0.
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and the synthesis filters are given by,, = isin25%), so that

1 & . n—=k
xn:§Zaksmc( . )

k=—o0

Sinceay, = ay + e, + >, c;ex_;, the errore,, = 2, — x,, is given by

Z hkn <Z Ci€l— z) . (31)

k=—00

The (per sample) mean squared error (MSE) is (by use of (3ugndpy

Ee2 = (k_z_oo . (Z ciFy_ ) ) 2

15 £t )6

k=—o00l=—00
0o o p P 00 Ny
L Z ( )chich By Z smc( 5 )El >
=0 j=0 l=—00
p P

- Z smc( ) ) [E,f_ismc(n#w)}
—0 j—0

2 P
®) 9 Z —J
= 7 |nC( )CiCj,

where (a) follows from the fact thatfE)_; £,_; is non-zero only wherd — j = k — i which

—_

}.;;

,.p

implies that! = k — 7 + j and (b) is due to the following property of the sinc function

o0

sinc co—ﬁ sinc co—k_cl — rsinc(Z) .
T T T

k=—0oc0

u
Lemma 5:For any filter orderp € Z*, the side distortion, at high-resolution conditions, is
given by

p
— o2y e (32)
=0
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Proof: Follows from Lemma 4 by noticing that since we only receividei all odd samples
or all even samples, we should only sum over terms where thé la j| is even. However, all
cross-termsg;c;, i # j, vanish since sine/2) = 0 for x = £2,4+4, ..., so only thep + 1 auto-
terms,c?,i = 0, ..., p, contribute to the distortion. In addition, we make use @& fhllowing

property of the sinc function

f: sinc(xr—k) sinc(xkr_ C) = gsincG) : (33)

k=—o0

Lemma 6: The optimal multipliers, at general resolution and finitaseoshaping filter order

p, IS given by
7 (34)
o =
0% + 02 Z?:O c?
and
2
Ox
= __ ) 35
20% + 050 ?:0 sing 5% )cic; (39)

Proof: Let U; denote the reconstruction before the multiptiesuch thatX; = aU;,i = 0, 1.
It should be clear that X U; = ¢%.° Recall from the proof of Lemma 5 that the auto-correlation
of the even lags ot/; vanish so that
EU? = 0% + 0%, i c. (36)
j=0
Since,E[X|U;] = aU;,, it follows that

o ox
2 2 \P 2
oy +0g =0 Cj

Let U denote the reconstruction before the central post mudtipli From (30) and its proof,

it can be seen that b b
2 . .
EU* = ox + 7 E E SII‘IC(T) CiCj. (37)

Using thatE[X |U] = U, we get

2 . . .
2 9E NP P ind  =\e¢.c.
ox + F Dlimo 2uj=0 sing 52 )cicy

®The even samples are noisy versionsXfwhere the noise is independent &F. The odd samples are noisy and phase
shifted versions ofX. However, the phase shift is corrected by the all-pass filigfz) before the post multiplier. Thus,
EXU; =0%,i=0,1.
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u
Remark 1:In Section (IV-C) we claimed that, in the asymptotic casepof> oo, we have
EU? = 0% +0%(6+071)/2 andEU? = 0% + 0%~ /2. That this is so, follows trivially from (36)
and (37) by noting thap 7 (7 = (0 +467")/2 and 37 (D% jcic; =67

B. Rate Loss: Comparison with Other MD Coding Techniques

Existing state-of-the-art MD coding schemes, which undatain asymptotics, achieve the
guadratic Gaussian MD rate-distortion region, include ittdex-assignment based schemes by
Servetto, Vaishampayan and Sloane [9], [10] as well as thecsesplitting approach of Chen,
Tian, Berger, and Hemami [19], [20]. Common for these desigmcluding the proposed Delta-
Sigma quantization based design) is that they all rely oticéatvector quantizers and in the
limit as the dimension of the quantizers approach infinhyg, information-theoretic bounds can
be achieved. In practice, however, the schemes employ-fimtensional vector quantizers and
there is therefore a gap between the practical rate-distogerformance and the information
theoretic rate-distortion bounds. In other words, the ficatschemes suffer a rate loss. In this
section we assess the rate loss of the different schemes.

At high-resolution conditions, it was shown in [9], [10] ththe total rate loss (or sum rate
loss) of the index-assignment based scheme is twice that figle-description “quantizer”

having spherical Voronoi cells. Thus, the rate Idgs(at high resolution) is given by
R = log,(G(SL)2me) (38)

whereG(Sy) is the dimensionless normalized second moment of-@imensional hyper-sphere
[33].

On the other hand, the rate loss of the source-splitting acgubr is that of three single-
description lattice vector quantizers because sourctisglis performed by using an additional

guantizer besides the two conventional side quantizers [29]. Thus, we have
R = 1.5logy(G(Ap)2me).

Finally, for the proposed scheme, asymptoticallypas> oo, the central and side distortions
depend only upord and the second-order statistics of the source and the nicése;3 and

o%. Thus, the particular distributions of the source and thisenare irrelevant. However, these
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distributions affect the rate. Specifically, let us assuhredource is GaussiahThen, at high-
resolution conditions, we have equality in (4). Thus, irstbase, the rate loss is given by the
divergence of the quantization noise from Gaussianity.theowords, the rate loss is identical

to that of two L-dimensional lattice vector quantizers. Hente,
R =log,(G(AL)2me). (39)

We have illustrated these rate losses in Fig. 13 where wenasghat the lattice vector
guantizers being used are the best known in their dimensanf33].

Remark 2:1t should be noted that the rate loss for the source-sglitipproach is exact
without additional asymptotic assumptions. However, tate rloss for the index-assignment
based schemes is only exact for large side-to-central rtlmtg ratios, i.e. asymptotically as
ds/d. becomes large. The rate loss for the proposed scheme beexaetsasymptotically as
p — oo. Of course, practical situations require a finite distartratio d;/d. and a finite-order

feedback filter. Thus, an additional rate loss can be exgecte

C. Coefficients of the Noise Shaping Filter

In this subsection we derive the optimal filter coefficiertsthe pth order noise shaping filter.
We first present Lemma 7, which consider the case where wemzaithe central distortion
and do not care about the side distortion. This is optimalttierSD setup. However, in an MD
setup one might wish to trade off central distortion for sdistortion while keeping the filter
order fixed. For example, it is often desired to minimize aghted sum between the central

and side distortions. In this case the cost functioh&ab be minimized is given by
J = Aede + Nods (40)

where0 < A\., \; € R. The case of\. # 0 and A\, = 0 corresponds to optimal central distortion
leading to the filter coefficients of Lemma 7 whereas the cése e- 0 and )\, # 0 corresponds

to optimal side distortion. By Lemma 8 we find the filter coeéfits, which minimize (40).

ONote that, at high-resolution conditions, the proposedesehis universal in the sense that the rate loss is indepeodlen
the source distribution as long &$X) < co and X is i.i.d.

it is worth emphasizing, that the power spectrum of eachrigsm is flat (in fact white). Thus, the individual comporis
are i.i.d. It follows that, there is no additional rate logsderforming separate entropy coding of the quantized souectors

within a description (compared to joint entropy coding).
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N — 8 — Source-splitting
0.7 —6— Delta-Sigma quantization
b —%— Index-assignments

0.6 \

Bit/dim.

Fig. 13. Rate loss (in bit/dim.) of the different two-chahidD schemes as a function of the dimension of the best known

lattice vector quantizer.

Lemma 7:For anyp € Z* the filter coefficientsc = (¢4, ..., c¢,) which minimize the central
distortion (30) are

c=-G g

where g is the p-vector with elements;; = sindi/2),i = 1,...,p, and G is thep x p
autocorrelation matrix with elements; ; = sind(i — j)/2), wherei, j € {1,...,p}.

Proof: From (30) it follows thatd. is given by
0']25 ' & 1— 0']25 u P &
5 ZZsmc(T) cicj = -1+ QZS|nc(z/2)ci + Z Zsmo((z — 5)/2)cic;)
1=0 j=0 =1 i=1 j=1 (41)
0.2
= 7]5(1 +2c"g + c'Ge).
The optimal filter coefficients are found by solving the difietial equation
(14 2c"g + c"Ge)

=0
de
to which the solutions are easily found to be
Gc=—g
which leads to the desired result whenever the invers@ @&xists. [ |
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Remark 3:The filter coefficients given by Lemma 7 are in fact equivakenthose presented
in [38] where the in-band noise of a noise shaping coder ismiked in the frequency domain.
Lemma 8:For anyp € Z* let g andG be defined as in Lemma 7. Then the filter coefficients

c = (c1,...,c,) which minimize (40) are given by

c= —(G+2%I)_lg (42)

wherelI is thep x p identity matrix.
Proof: First, let us rewrite the side distortion (32) ds= 07> " ,¢? = 0%(1 + c’¢).*?
We then expand (40) as

Aede + Agdg = ()\c(l +2¢g + c"Ge) + 2X,(1 + cTc))

43
— %E (Ae 42X + 2Xc"g + " (AG + 2\ I)c) . “
It is now easy to show that the vectoerwhich minimizes (43) is given by (42) whenever the
inverse of G exists. u
Remark 4:Adding the diagonal matriz\;/\.I to G, as done in Lemma 8, has the advantage
that the resulting matrix is non-singular also for largeefilbrders, e.gp ~ 5000. This is a
useful property for practical applications, sin€e easily becomes ill-conditioned also at low
filter orders, e.gp ~ 20.
Example 1:Let A\, = 100 and A; = 1 so that10log;,(A./As) = 20 dB. Furthermore, let
p = 100. For this example, the squared magnitude spectrum of thenabhoise shaping filter
¢(z) given by Lemma 8 is shown in Fig. 14. Notice that it resemblagep function with about

20 dB difference between the low and high frequency bands.

VI. PROOF OFTHEOREM 1

We are now in a position to wrap up the proof of Theorem 1. Len@naatually shows that it
is possible to achieve the quadratic Gaussian rate-dmtditinction if we replace the ECDQ by
a Gaussian noise, and the equivalent noise spectrum (8) biglaviall spectrum. This can be
viewed as setting the lattice quantizer dimensioand the feedback filter orderto be equal
to infinity. Thus, what is still missing is the characterization of timeitl behavior of the coding

rate asL — oo, and the distortion ap — ~c.

2without loss of generality, we can assume that the post pligits « and 8 are included within the weights, and \..
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|c(e?)[? dB

Fig. 14. The squared magnitude spectriae’)|* of the optimal noise shaping filtefz) (obtained by Lemma 8) with filter
orderp = 100 and Ao /A1 = 100.

An upper bound for the rate loss with respect to the vectontgex dimensionl follows
from (3). In fact, at high-resolution, we have equality i) dr any L. Thus, as discussed in
Section V-B, the redundancy of the dithered delta-sigmantiz@ion system above the optimum
coding rate in Lemma 2 is given Byg(G(Ap)2me) (see (39)), which goes to zero bg(L)/L
[34].

Regarding the filter ordep, let S.(w) denote the power spectrum of the ideal infinite-order
noise shaping filter, which is optimal and unique as provehdyma 9 in the Appendix. Thus,
S.(w) is piece-wise flat with a jump discontinuity at/2, cf. Fig. 12(b). For such a function,
point-wise convergence of the Fourier coefficients canmogbaranteed. However, we do have
convergence in the mean square sense [40]. Specifically((”l)étu) denote thepth order Fourier

approximation taS,(w). Then [40]

lim |S.(w) — SP(w)|*dw =0 (44)

P00 J|wl<m
which asserts that the limit fgr — oo exists. In addition, it can be shown that the error (MSE)
of the pth order Fourier approximation of this step function is oé tarder O(1/p) [41]. It

i _ (p) _ (p) (p)
follows that, sinced. = [, , S (w)dw andds = [, S (W)dw + [ 51 S (w)dw,
the desired continuity in the limit is assured. In other vgrébr any( > 0, there exists a

1 < p < oo such that the paird,, d.) satisfies Ozarow’s optimal solutions given by (13)
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and (14) to within a¢ margin, wherel — 0 asp — oco. Specifically, for anyd, > 032721 + ¢

we have
032741

[~ (VI-VA)

This completes the proof of Theorem 1.

2 0—4R
oy 2
- <d. < M

< Towiovar ¢ (45)

VII. EXTENSION TOK > 2 DESCRIPTIONS

In this section we present a straight-forward extensiorheffroposed design t&" descrip-
tions!® The basic idea is to change the oversampling ratio from twi tand then decide which
output samples should make up a descriptiolivhen dealing withK descriptions 2% — 1
distinct subsets of descriptions can be created. Thus, ésgyml of the decoders is generally
more complex for greateK. For example, if two out three descriptions are receiveselg
is unavoidable (as was the case fér= 2 descriptions). Moreover, due to the fractional (non-
uniform) downsampling process, the simple brick-wall lasp filter operation is not necessarily
the optimal reconstruction rule. In fact, the optimal restoumction rule depends not only upon
the number of received descriptions but (generally) alsonuwyhich descriptions are received.
However, in this section we will restrict attention to casemding to uniform samplingf. Thus,
the design of the decoders is simplified.

We use the previously presented Delta-Sigma quantizatiberse (of Figs. 10 and 11) but
oversample now by instead of two. More specifically, let us assume that= 4 and that
every fourth sample make up a description. We note that ttension to an arbitrary number of
descriptions is straight forward. We consider only the sdkat leads to uniform (non-fractional)
downsampling, i.e. reception of any single descriptiorergwther description (i.e. two out of
four), or all four descriptions.

It can easily be seen that if we receive all four descriptidhe central distortion,. is given

by the noise that falls within the in-band spectrum. In otwerds,

1 w/4

d. Se(w)dw (46)

B 2m —7/4

3For the case of< > 2 descriptions, we do not claim optimality.
Note that even fractional oversampling ratios can be used.

Bwe suspect that results from non-uniform sampling or noifeum filterbank theory will prove advantageous for consting

the optimal decoders in the most general situation. Howehes is a topic of future research.
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where S (w) = |c(e?)|?0% denotes the power spectrum of the shaped noise. SimilaHgnw
receveiving two out of four descriptions (i.e. one of therpai descriptions (0,2) or (1,3)) the

side distortiond, is given by
I 1
dy = — Se(w)dw + —/ Se(w)dw 47)
27 —7/4 Sr<|w|<m
where the latter term is due to aliasing (since we downsaropléwvo without applying any
anti-aliasing filter). Finally, if we receive only a singlestription and thereby downsample by

four, the side distortionl; is given by the complete shaped noise spectrum, that is

— iﬁ /_7r Se(w)dw. (48)

Once again, we lgt — oo and take advantage of the frequency-domain interpretatvbich
we previously presented for the case of two descriptionsdiMele the power spectrum of the
shaped noise into three flat regions as shown in Fig. 15. Madremuency band (i.dw| < 7/4)
is of powerd,, the middle band (i.er/4 < |w| < 37/4) is of powerd,, and the high band (i.e.
3r/4 < |w| < m) is of powerd,. With this choice of noise shaping, we guarantee thaj is
minimum phase simply by letting, = 1//6,0; so that|”_log, S.(w)dw = 0. From (46) — (48)

it follows that®
2

d, = %an, (49)
2

dy = "—E(ao +51)
(50)

—d—|— 51

and

2
dy = %E(ao + 00+ 2/1/5001)
2 (51)

o
d E
NN NI

The description rate follows easily from previous resuites the source is memoryless after

downsampling. Specifically, it is easy to show that

log, <a§( + 0280 + 61 + 2/\/5051)/4)

1
S 2 o2
1

5 logz(UX/UE)

BFor clarity we have excluded the post multipliers, which seguired for optimal reconstruction at general resolutiah

high resolution conditions, the post multipliers becomeidtr and will not affect the distortions.
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le(e’) [P,

6y = 1/v/0001
. 51

0 0

INE
TR
w
3
3
€

Fig. 15. An example of a shaped noise power spectie(@f“)|?c% for K = 4 descriptions.

where the approximation becomes exact at high resolution.

It is worth emphasizing that in this example we have two adhiilg parameters, i.el; and
01, Wheredy < 1 and dpd; < 1. It is therefore possible to achieve almost arbitrary digio
ratios d, /ds, d;/d. anddy/d.. This gives an advantage over existing designs. For exartipe
source-splitting design of Chen et al. [19], [20] is basedaosingle controlling parameterin
the symmetric case. The parametedescribes here the correlation between the noises of the
K descriptions just as was the case with Ozarow’s solutionttiertwo-channel problem. In
order to increase the number of controlling parametergpears to be necessary to exploit the
concept of binning as was done in the distributed MD apprag#dAradhan et al. [7], [8]. The
index-assignment based schemesHAop 2 descriptions by @stergaard et al. [11]-[13] also rely
upon a single controlling parametér (in the symmetric case). Het®¥ describes the sublattice
index of a nested sublattice. It is also possible to obtauitexhal controlling parameters for
the index-assignment based schemes by using the binninmgagbpof [7], [8], cf. [13], [42].

For the case of distributed source coding problems, e.gWkeer-Ziv problem, efficient
binning schemes based on nested lattice codes have beerspdoby Zamir et al. [43], [44].
However, these binning schemes are not (directly) apdkcédr the MD problemt’ An al-
ternative binning approach based on generalized cosetscloae recently been proposed by
Pradhan and Ramchandran [45]. It was indicated in [45] tiatbset-based binning approach is
applicable also for MD coding but the inherent rate loss watsaddressed. Thus, the problem of

designing efficient capacity achieving binning codes ferMD problem appears to be unsolved.

"By making use of time-sharing, it is possible to apply thenbig schemes presented in [43], [44] to the MD problem.

August 14, 2007 DRAFT



34 SUBMITTED TO IEEE TRANSACTIONS ON INFORMATION THEORY, AUGST 2007

From a practical point of view, it is therefore desirable void binning. While the proposed MD
design based on Delta-Sigma quantization avoids binnirggda not know whether there is a
price to be paid in terms of rate loss. We leave it as a topiciré research, to construct optimal
reconstruction rules for the cases of non-uniform downgerg@and furthermore addressing the
issue whether the achievablé-channel rate-distortion region coincide with the largesbwn,
i.e. those obtained by Pradhan et al. [7], [8].

VIII. UNIVERSALITY OF DITHERED DELTA-SIGMA QUANTIZATION

We end this paper by a remark about the universality of thpgeed scheme at high resolution.
First, note that the central and side distortions depenyg opbn the second-order statistics of
the source and the guantization noise, #8.ands%, and as such not on the Gaussianity of the
source. Second, independent of the source distributienditribution of the quantization noise
becomes approximately Gaussian distributed (in the dérerg sense) in the limit of high vector
guantizer dimensior.. Finally, the ECDQ is allowed to encode each descriptioroating to
its entropy. Thus, the coding rate is equal to the mutualrmédion (12) of the source over
the Gaussian test channel. For memoryless sources of eguahees, this coding rate is upper
bounded by that of the Gaussian source. Moreover, Zamirepkon [4] that Ozarow’'s test
channel becomes asymptotically optimal in the limit of higdgsolution for any i.i.d. source
provided it has a finite differential entropy. Thus, since thithered Delta-Sigma quantization
scheme resembles Ozarow’s test channel in the limjit &s— oo, we deduce that the proposed
scheme becomes asymptotically optimal for general i.odrees with finite differential entropy.

A delicate point to note, though, is that due to the sinc pua&ation, the odd samples might
not be i.i.d. and joint entropy coding within the packet i<e&sary in order to be optimal.
Specifically, with joint entropy coding the rate is given Wyetdirected mutual information
formula (24) applied to the sub-sampled souﬁheodd. The resulting rate for the odd packet is
h(Ak,0aa) — h(Ey), which at high resolution conditions s h(X) — 1 log,(2mec?,), as desired
[4].

In fact, if we have a source with memory, and we allow jointrepy coding within each
of the two packets, then a similar derivation shows that weld/@chieve rateR ~ h(X) —
1log,(2mecy) in each packet. This rate is the mutual information rate ef shurce over the

Gaussian test channel. Since Ozarow'’s test channel is astiogtly optimal in the limit of high
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resolution for any stationary source with finite differehtentropy rate, [5], it follows that the

proposed scheme is optimal for such sources as well.

IX. CONCLUSION

We proposed a symmetric two-channel MD coding scheme baseditbered Delta-Sigma
guantization. We showed that for large vector quantizeretision and large noise shaping filter
order it was possible to achieve the symmetric two-channBl idte-distortion function for
a memoryless Gaussian source and MSE fidelity criterion. ddvestruction was shown to be
inherently symmetric in the description rate and there \kmaseffore no need for source-splitting
as were the case with existing related designs. It was shbanhy simply increasing the
oversampling ratio from two td< it was possible to construdd’ descriptions. Moreover, the
distortions resulting when reconstructing using distisighsets of the< descriptions could, in
certain cases, be separately controlled via the noise rshpdipier without the use of binning.

The design of optimal reconstruction rules flér> 2 descriptions was left as an open problem.

APPENDIX

The noise shaping filter(z) found by Lemma 8 results from solving a set of Yule-Walker
equations. It is known that this filter is unique and furthere) that it is minimum-phase [46].
Moreover, the noise shaping filter used in the proof of Lemmnta 8how achievability of the

guadratic Gaussian rate-distortion function is of infiroteer and satisfies

1 .
o /_ﬂ log, |c(e?*)[2dw = 0. (52)

It follows that the area undéog, |c(e’~)|? is equally distributed above and below the 0 dB line,
which is a unique property of minimum-phase filters [47]. &ctf the following Lemma proves
that, in order forc(z) to be optimal, it must be of infinite-order and minimum phase.

Lemma 9:In order to achieve the quadratic Gaussian rate-distofftioction, it is required
that the noise shaping filtet(z) is of infinite order, minimum-phase, and have a piece-wise
flat power spectrum of powef! in the lowpass band (i.e. fdw| < 7/2 or equivalently for
|f| < 1/2) and of powers in the highpass band (i.e. far/2 < |w| < = or equivalently
1/4 < |f| < 1/2) wherel <6 € R.
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Proof: A minimum-phase filterf/ (») with power spectrumS(f) = |H(e/?™)[?, —-1/2 <

f < 1/2 satisfies
f112/2 InS(f |h ‘2

where h is the zero-tap of the filter. It is also known that the zenp-td a minimum-phase
filter is strictly larger than the zero-tap of a non-minimynimase filter having the same power
spectrum [48]. It follows that, for an arbitrary filtéf (») with power spectrun®( /) and zero-tap

ho
1/2
ef71/2 In S(f)df 2 |h0|2

with equality if and only ifH(z) is minimum phase. Furthermore, from the geometric-aritione

means inequality it can be shown that

1/2
S(f)dr > 2\/ | st [ s (53)
—-1/2 |f1<1/4 1/4<|f|<1/2
Z(;iﬁgmsumﬁ (54)
> 1 (55)

where we used the fact that, in our cagg,= 1 and where we have equality all the way
if and only if the filter H(z) is minimum phase and the power spectrum consists of two flat
regions; S(f) = ko for |f| < 1/4 and S(f) = ky for 1/4 < |f| < 1/2. Notice that, for
the filter to be minimum-phase, we must hake= 1/k;. Let us now fix the side-to-central
distortion ratiod;/d. = v, wherel < v € R. Then, sinced., = S(f)df andds =

Si1euya SUDAE + [y 4 1212 S(F)F it follows that
f1/4<\f|<1/2 S(f)df

|fI<1/4

=7 - (56)
Jinizaya S
Using (56) in the right-hand-side of (53) leads to the follogvtwo inequalities
1 1
d, > = 57
> 3= (57)
and
\/ + (58)
\/_

where we have equality in both (57) and (58) (at the same tifnahd only if the filter is

minimum phase and the power spectrum is a two-step fundtenit has constant power, =
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6~ = 1/4/7 — 1 through-out the lowpass band ang = ¢ through-out the highpass batt.
Thus, for a fixed distortion ratiey, any other filter shape must necessarily lead to a greater
distortion. To complete the proof, we remark that in orderhtve such an ideal brick-wall

power spectrum, the order of the filter must necessarily beite. [ |
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