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IEEE TRANSACTIONS ON INFORMATION THEORY

n-Channel Entropy-Constrained
Multiple-Description Lattice Vector Quantization

Jan @stergaardstudent Member, IEEBesper Jensen, and Richard Heusdens

Abstract—In this paper we derive analytical expressions for
the central and side quantizers which, under high-resolutins
assumptions, minimize the expected distortion of a symmet
multiple-description lattice vector quantization (MD-LV Q) sys-
tem subject to entropy constraints on the side descriptiongor
given packet-loss probabilities.

We consider a special case of the generalchannel symmetric
multiple-description problem where only a single paramete
controls the redundancy tradeoffs between the central andhe
side distortions. Previous work on two-channel MD-LVQ shoved

that the distortions of the side quantizers can be expressed
through the normalized second moment of a sphere. We show

here that this is also the case for three-channel MD-LVQ.
Furthermore, we conjecture that this is true for the general n-
channel MD-LVQ.

For given source, target rate and packet-loss probabilitie we
find the optimal number of descriptions and construct the MD-
LVQ system that minimizes the expected distortion. We verij
theoretical expressions by numerical simulations and shovn a
practical setup that significant performance improvementscan
be achieved over state-of-the-art two-channel MD-LVQ by uig
three-channel MD-LVQ.

Index Terms—high-rate quantization, lattice quantization,
multiple description coding, vector quantization.

|I. INTRODUCTION
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Fig. 1. The traditional two channel MDC scheme.

on lattice vector quantization and belongs therefore tditke
of the categories mentioned above.

The achievable rate-distortion (R-D) region for the two-
channel problem with respect to the Gaussian source and
mean-square error fidelity criterion has been known foratle
two decades [28], [29]. The procedures leading to the aehiev
able region were however non-constructive, and the puzzle
of designing a system capable of achieving the performance
promised by theory remained unsolved. In 1993 Vaishampayan
designed a practical MDC scheme for the scalar case [1]. The
idea was to quantize the source by a central quantizer and the
apply an index-assignment algorithm that uniquely mapled a

ULTIPLE description coding (MDC) aims at creatingreconstruction points of the central quantizer to recarsion
separate descriptions individually capable of reproduggints in two side quantizers, thereby obtaining two caarse

ing a source to a specified accuracy and when combined beggcriptions of the source. If both descriptions were keki
able to refine each other. The classical scheme involves 4 jnyerse map was applied and the performance of the tentra
descriptions, see Fig. 1. The total rdeis split between the antizer was achieved, whereas if only one of the desorigti
two descriptions, i.eR = Ro+ 121, and the distortion observed,yas received the source was reproduced at the resolution of
at the receiver depends on which descriptions arrive. Ihboge of the side guantizers. The scheme developed in [1] was,

descriptions are received, the distortiof).) is lower than if
only a single description is receivedy(or dy).

howeverg.29 dB from the lower bound on the MDC distortion
product for Gaussian sources [30], [31]. Later, Vaisharapay

Existing MDC schemes can roughly be divided int g described an entropy-constrained multiple-detorip

three categories: quantizer-based, transform-basedoamdes

scalar quantization system [2] that, under high-resatutio

channel erasure codes based. Quantizer-based schemeRinglssmptions, i€.67 dB from the lower bound [30], [31].

scalar quantization [1]-[4], trellis coded quantizati&@}{[7]
and vector quantization [8]-[16]. Transform-based apgihea

include correlating transforms [17]-[19] and overcomgle
expansions [20]-[22]. Recently, schemes based on sourge

channel erasure codes have been introduced [23]-[26].

further details on many existing MDC techniques we refer
the survey article by Goyal [27]. The present work is bas

This work was presented in part at the IEEE Data Compressimfietence,
Snowhbird, Utah, 2005. This research is supported by theni@oby Founda-
tion STW, applied science division of NWO and the technolpgggramme
of the ministry of Economics Affairs. The authors are witte tbepartment
of Information and Communication Theory, Delft University Technology,
2628 CD Delft, The Netherlands.

t

Recently, practical schemes for two descriptions have been
introduced [11]-[14], that in the limit of infinite-dimerwial
source vectors approach the lower bound. Similar to [1], [2]
ese schemes exploit the idea of having only one central

aps each central quantizer reconstruction point to pairs

side quantizer reconstruction points. The quantizeexius
in [11]-[14] are all lattice vector quantizers. It is common
to distinguish between symmetric and asymmetric MDC. In
the symmetric case the entropies of the side descriptioms ar
equal and the distortions of the side descriptions are also
equal whereas in the asymmetric case entropies and distsrti

%?Jrantizer followed by an index-assignment algorithm that
Y
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are allowed to be unequal. Multiple-description latticetee loss probabilities. The central and side quantizers we use a
guantization (MD-LVQ) for the symmetric case was firstattice vector quantizers as presented in [13], [14]. Thered
considered in [11], [13] where for given target entropies dfistortion, in our scheme, depends upon the lattice in gquest
the side description$Ry, R1 = Rj) as well as maximum whereas the side distortions only depend on the scalingeof th
allowable distortiongdy, d1 = dy) of the side descriptions thelattices but are independent of the specific types of latibe
central distortiond, is minimized. It is shown that exploiting the case of three descriptions we show that the side disterti
the structure in lattices makes it possible to consider ontgn be expressed through the normalized second moment of
a limited region of the lattices, which makes the solutioa sphere as was the case for the two descriptions system
computationally feasible without sacrificing optimaliy.key presented in [11], [13]. Furthermore, we conjecture thitith
observation in [11], [13] is that the side distortions deghen true in the general case of an arbitrary number of descriptio
the scaling of the lattices but are independent of the specifi While state-of-the-art quantizer-based MDC schemes [13],
types of lattices. In fact the side distortions can be exqm@s [14] mainly deal with only two descriptions, we construct
through the normalized second moment of a sphere. balanced quantizers for aarbitrary number of descriptions.
Asymmetric MD-LVQ is presented in [12], [14] where theln the presented approach the expected distortion obsatved
central distortiond. is minimized for given target entropiesthe receiving side depends only upon the number of received
(Ro, R1) and maximum allowable side distortioféy, d;). A  descriptions, hence the descriptions are mutually refsnabdl
property of all the schemes presented in [11]-[14] is thatraception of anyx out of K descriptions yields equivalent
simple scaling of the lattices allows adaptation to changesexpected distortion. This is different from successivenesfi
target entropies without the need of any iterative trairpng-r ment schemes [35] where the individual descriptions often
cedures. In [32], [33] it is observed that the scheme deweslopmust be received in a prescribed order to be able to refine
in [13] is not able to continuously trade off central disiont each other, i.e. description numbemwill not do any good
versus side distortions. However, using non-latticesinbth unless descriptions, . .., l—1 have already been received. We
by slightly modifying the lattices in [13] in an iterativeshion construct a scheme which for given packet-loss probagsliti
that alternates between optimizing the encoder while keppiand a maximum bit budget (target entropy) determines the
the decoder fixed and optimizing the decoder while keepimgtimal number of descriptions and specifies the quantizers
the encoder fixed, it is possible to obtain a continuous rantfeat minimize the expected distortion.
of redundancies. The problem of achieving a continuouseang This paper is structured as follows. In Section Il we briefly
of redundancies is treated in more detail in [15]. review specific lattice properties and introduce the cohoép
The schemes mentioned above all consider two descrg index-assignment algorithm. The actual design of thexnd
tions and the extension to more than two descriptions is ragsignment algorithm is deferred to Section Ill. Recomstru
straightforward. State-of-the-art schemes for more thvam ttion of the source and optimal construction of the labeling
descriptions are based on source-channel erasure codes [#3ction is also presented in Section lll. In Section IV we
[26] which are fundamentally different from the quantizerpresent a high-resolution analysis of the expected distort
based approaches considered above. Schemes based or soleedescribe how to construct the quantizers in Section V
channel erasure codes rely upon the assumption that at least numerical evaluation follows in Section VI. Appendices
x out of K descriptions are received, for some pre-specifi@bntain proofs of Theorems.
k. If less thanx descriptions are received, the quality of the
reconstructed source is poor and«for more descriptions [l. PRELIMINARIES

are received a good quality can be achieved. Among the fewin this work we use lattices as vector quantizers. For a
quantizer-based approaches which consider more than fy&heral treatment of quantizers based on lattices, see- [36]
descriptions are [3], [4], [8]-[10], [16]. [38]. This section briefly review lattice properties, irduxes

In this papet we consider a special case of the general the concept of index assignments and describe important

channel symmetric multiple-description problem whereyanl resylts regarding rate and distortion performance of MBBLV
single parameter controls the redundancy tradeoffs betwegpstems.

the central and the side distortions. With a single commpli
parameter it is possible to describe the entire symmetriz RA
region for two descriptions as shown in [11], [13] but it istho
enough to describe the symmetric achievallehannel R-D
region. As such the proposed scheme offer a partial soluti
to the problem of designing balanced MD-LVQ systems.
We derive analytical expressions for the central and si
quantizers which, under high-resolutions assumptiongj-mi
mize theexpected distortiorat the receiving side subject to
entropy constraints on the side descriptions for given pack

. Lattice Properties

A real L-dimensional lattice\ is a discrete set of points in
thie L-dimensional Euclidean spad®”. It forms an additive
group under ordinary vector addition and can be specified
{farough L independent basis vectors [39]. The lattice then
consists of all possible integral linear combinations efasis

vectors, or, more formally
A=qXeER" A= Iibi, €Ly, 1)
1A conference version of this work appeared in [16]. i
2We show in [34] that additional control parameters can béuited in

the MD-LVQ scheme presented in this paper by exploiting mecesults on whereb; are the basis vectors also known as generator vectors
distributed source coding [23]. of the lattice.
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When A is used as a vector quantizer, a point (vectoB. Index Assignments

L j i i . . .
o € R™ is mapped to the closest lattice pointc A. The |y the MDC scheme considered in this paper, a source
lattice points are then the codewords (reproduction ppoits yector . is quantized to the nearest reconstruction paint
the quantizer. This quantization process partitions teCep i the central lattice\.. Hereafter follows index assignments
R~ into cells called Voronoi cells, Voronoi regions or nearestmappings), which uniquely maps all’s to vectors in each of
neighbor decision regions. The Voronoi cells of a lattice aghe side quantizers. This mapping is done through a labeling
congruent polytopéshence they are similar in size and shapgnction«, and we denote the individual component functions

and may be seen as translated versions of a fundamegfal, py , wherei = 0,..., K — 1. In other words, the
region, e.g. the Voronoi cell around origo. A Voronoi Ce”injective mapa that maps, into A, x - - x A,, is given by
V(XA), whereX € A, is given by
a(/\c) = (Oéo(/\c), (e75] (/\c), ce ,OCK—I(/\c)) (5)
VA2 {zeRV tlz = AP < [la = XN|?, VN €A}, (2 — oy M A k1), ©6)

and we write@Q(z) = X if x € V(\). Throughout this work wherea;(\.) = \; € A, andi = 0,..., K — 1. EachK-tuple
we will be considering th&-norm (normalized per dimension)()\o, ...,Ak_1) is used only once when labeling pointsAn
given by |z|* = (z,z), where the inner product is defined asn order to make sure that. can be recovered unambiguously
11 when all K descriptions are received. At this point we also
(z,y) & 1 Z Y. @3 define the inverse component mag,*, which gives a set of
L = central lattice points a specific sublattice point is mapfmed
o N ) ~ This is given by
A lattice is completely specified by its fundamental region, .
and often expressed through the volumef the fundamental @; (X)) = {Ac € Ac 1 (X)) = N} forall A € A, (7)
region as well as its dimensionless normalized second mbm

fherela; " (\)| & N, since there ar&/ times as many central
of inertia G(A) [37], which is given by la; " (Xi)| = N, y

lattice points as sublattice points within a bounded regbn
1 RE.
G(A) = V1+—2/L/ 2> dz, (4) Since lattices are infinite arrays of points, we construct a
v shift invariant labeling function, so we only need to label a
where V' (0) is the Voronoi cell around origo. Applying anyfinite number of points as is done in [13], [14]. Following the
scaling or orthogonal transform, e.g. rotation or reflectim approach in [14] we construct a product lattitge which has
A will not changeG(A), which makes it a good figure of N? central lattice points andv sublattice points in each of
merit when comparing different lattices (quantizers). thes its Voronoi cells. The Voronoi cell¥,. of the product lattice
words,G(A) depends only upon the shape of the fundamental. are all similar so by concentrating on labeling only central
region, and in general, the more sphere-like shape, therloveattice points within one Voronoi cell of the product latic
normalized second moment. the rest of the central lattice points may be labeled simply b
In this paper we consider one central quantizer &hdide translating this Voronoi cell througho@”. Other choices of
quantizers. The central quantizer is based on a centraldattproduct lattices are possible, but this choice has a péaticu
A. € RE with fundamental regions of volume = det(A.). simple construction. With this choice of product latticeg w
The side quantizers are based on a geometrical similanly label central lattice points withiiv, (0), which is the
sublatticeA; C A, of index N = [A. : A;] and fundamental Voronoi cell of A, around origo. With this we get
regions of volumes, = vN. The trivial caseK = 1 leads to
a single-description system, where we would simply use one (e + Ax) = a(Ae) + Ar, 8)
central quantizer and no side quantizers. for all A, € A, and all\. € A..
We will consider the balanced situation, where the entropy
R, is the same for each description. Furthermore, we consi(@r
the case where the contributialy,i = 0,..., K — 1 of each _ ) )
description to the total distortion is the same. Our designl) Central Distortion: We consider a source that gener-
makes surethat the distortion observed at the receiving sidét€S independent identically distributed random varilalih
depends only on the number of descriptions received, herf@bability density function (pdfy. Let X e R* be a random

reception of anyx out of K descriptions yields equivalentVector made by blocking the source into vectors of length
expected distortion. and letz € R” denote a realization ok. The L-fold pdf of

X is denotedfy and given by

Rate and Distortion Performance of MD-LVQ Systems

SA polytope is a finite convex region enclosed by a finite numbér L-1
hyperplanes [40]. 1) = T 9
4A lattice A is said to be geometrical similar th. if As can be obtained fX( ) H f( J)' ( )
from A. by applying a change of scale, a rotation and possible a tiefiec 3=0

[37]- The expected central distortiah is defined as

5We prove this symmetry property for the asymptotical caséVof+ co
andvs — 0. For finite NV we do not guarantee the existence of an exact A 9
symmetric solution. However, by use of time-sharing, itligags possible to d. = Z / Hx - /\cH fX (x)dx, (10)
achieve symmetry. e, Y Ve(Xe)
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where V.().) is the Voronoi cell of a single reconstruction The side descriptions are based on a coarser lattice obtaine
point A. € A.. Using standard high-resolution assumptionsy scaling the Voronoi cells of the central lattice by a facto
for lattice quantizers [36], [38], [41], the expected cahtr of V. Assuming the pdf ofX is roughly constant within a
distortion can be expressed in terms of the dimensionleasblattice cell, the entropy of the side descriptions i®gity
normalized second moment of inerti@(A.), that is

d, ~ G(A )Y, (11)
whereG(A.) is given by (4). The entropy of the side descriptions is related to the egtrop
2) Side Distortions:The side distortion for theth descrip- O the single-description system by

Ry ~ h(X) — %logQ(NV). a7)

tion is given by 1
Rs =R, — I log,(N). (18)
= % [ T e, =0 Ko
Aceh, T Velde) (12) I1l. CONSTRUCTION OFLABELING FUNCTION
which can be approximated as [13] The index assignment is done by a labeling functien
d; ~d, + Z e — (A [2P(Ne), (13) t_hat maps centr_al lattice ppl_nts_ to sublattice pomts. An op
timal index assignment minimizes a cost functional when

Ac€A. _ : " .
© 0 < k < K descriptions are received. In addition, the index

where P()\.) is the probability thatX will be mapped to assignment should be invertible so the central quantizer ca
Aer 8. P(Q(X) = Ac) = [y, () fx(x) dz. We notice that pe used when all descriptions are received. Before defining
independent of Wthh Iabehng flinction we use, the disborti the labeling function we have to define the cost functional to
introduced by the central quantizer is orthogonal (undghhi be minimized. To do so, we first describe how to approximate
resolution assumptions) to the distortion introduced by thhe source sequence when receiving omlgescriptions and
side quantizers. Exploiting the shift-invariance propatthe how to determine the expected distortion. Then we define the
labeling function (8) makes it possible to simplify (13) as cost functional to be minimized by the labeling functiorand
describe how to minimize it.
Z [Ae — O‘i()‘C)HQ

An€AR A€V (0)

1 .
:dc—f'm Z ||/\c—ai(/\c)||2, ZZO,...,K—L
A€V (0)

A. Expected Distortion

At the receiving side,X € R” is reconstructed to a
(14 quality that is determined only by the number of received
descriptions. If no descriptions are received we reconstru
where we assume the regidn;(0) is sufficiently small so using the expected valueg[X], and if all K descriptions
P(Xe) = P(Ar)/N?, for A, € Vx(\r). Notice that we assume are received we reconstruct using the inverse mah, hence
P()\x) to be constant only within each regid#f (A,), hence obtaining the quality of the central quantizer.
it may take on different values for each € A;. In this work we use a simple reconstruction rule which
3) Rate: applies for arbitrary sources. When receivihg< « < K
Definition 2.1: R, = H(Q(X))/L denotes the minimum descriptions we reconstruct using the average oftdescrip-
entropy needed for a single-description system to achiave tons. We show later (Theorem 3.1) that using the average of
expected distortion of., the central distortion of the multiple- received descriptions as reconstruction rule makes itilpiess

description system as given by (11). to split the distortion due to reception of any number of
The single-description rat&. is given by descriptions into a sum of squared norms between pairs of
lattice points. Moreover, this lead to the fact that the side
R. = 1 / fx(x)dz log, (/ fx(z)dz | . quantizers performances approach that of quantizers gpavin
L Aed, 7 Ve(re) Ve(Ae) spherical Voronoi regions.

_ . _ _ (15) There are in general several ways of receivingut of
Using that each quantizer cell has identical volumend K descriptions. LetC denote an index set consisting of all
assuming thafx () is approximately constant within Voronoipossiblex combinations out of0, ..., K —1}. Hence|£| =

cells of the central latticé\., it can be shown that (f:) We denote an element @f by [ = {lp,...,l.—1} € L.
1 Upon reception of any: descriptions we reconstruct t&
R, ~ h(X) - Z 1Og2(V), (16) using
here h(X) is the component-wise differential entropy of a - 1
w (X) i p wi [ I py X:_Z/\lw (19)
source vector.

Definition 2.2: R, denotes the entropy of the individ-
ual descriptions in a balanced multiple-description syste wherel € L.
The entropy of theith description is given byR; = Assuming packet-loss probabilities are independent aed ar
H(e;(Q(X)))/L, wherei =0,..., K — 1. the same for all descriptions, saywe may write the expected
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distortion when receiving: out K descriptions as

From Theorem 3.1 it is clear that (22) can be written as

dfor) ~ (1 p)pfr ey _ (L=p)p" " 1
) JED =t D PN,
K 1 1l 1EL A EVy (0) i=0
dC N} AC - AL ) _
g (LSS WP VR IES it - e ey
leL A€V, (0) j=0 _ PPy Z A — — Z s
N2 K ‘K !
(20) A€V (0) i=0
K p K-2 K-1
where \;, = oy (A\.) and the two special casesc {0, K} + Z <7_) Z Z X — A2
; J ] 2 _ g J
are given byd** ~ pK E[|| X||?] andd"") ~ (1 - p)Kd.. AV, (0) K*(K-1)/ = j=it1

(23)

The first term in (23) describes the distance from a central
lattice point to the centroid of its associatéd-tuple. The

second term describes the sum of pairwise squared distances

From (20) we see that the side distortion may be split ini%PSD) between elements of tHe-tuples. In Section IV

two terms, one describing the distortion occurring when t Broposition 4.1) we show that, under a high-resolution as-
central quantizer is used on the source, and one that descri

: . ) . ) : mption, the second term in (23) is dominant, from which
the distortion due to the index assignment. An optimal 'nd%e conclude that in order to minimize (21) we have to choose

assignment jointly minimizes the second term in (20) over a[he K-tuples with the lowest SPSD. Thesé-tuples are then

1 < # < K —1 possible descriptions. The cost function@l ,sgjgned to central lattice points in such a way, that the firs
to be minimized by the index assignment algorithm is thet@rm in (23) is minimized

given by

B. Cost Functional

Independent of the packet-loss probability, we always min-

K-1 imize the second term in (23) by using thasetuples which
J = JER) (21) have the smallest SPSD. This means that, at high resolution,
w=1 the optimalK -tuples are independent of packet-loss probabili-

ties and, consequently, the optimal assignment is indepehd

where of the packet-loss probability.

r—1

JUSR) — (1 _p)ZPK_N Z Z C. Minimizing Cost Functional
N leL A€V (0) In order to make sure that is shift-invariant, we use
22) uniqueK-tuples, i.e.K-tuples that are assigned to one central
The cost functional should be minimized subject to an eytropattice point\, € A. only. Notice that twoK-tuples which
constraint on the side descriptions. We remark here that th& translates of each other by somg € A, must not
side entropies depend solely onand N and as such not on poth be assigned to central lattice points located withim th
the partiCUlar choice OK—tuples. In other Words, for fixed same regionvﬂ(/\ﬂ_), since this causes assignment of the
N and v the index assignment problem is solved if (21) isame K -tuples to multiple central lattice points. The region
minimized. The problem of choosing and N such that the y/_(0) will be translated through-ouR” and centered at
entropy constraint is satisfied is independent of the asségt )\ < A, so there will be no overlap between neighboring
problem and deferred to Section IV-B. regions, i.e.V,T()\Cg.) N Vﬂ()\g) = (), for )\é,/\g € A, and
The following theorem makes it possible to rewrite the cost. £ )\”. One obvious way of avoiding assigning-tuples
functional in a way that brings more insight into whié¢h- to multiple central lattice points is then to exclusivelyeus
tuples to use. sublattice points located withifv,;(0). However, sublattice
Theorem 3.1:For 1 < k < K we have points located close to but outsidé; (0), might be better
candidates than sublattice points witHify(0) when labeling
2 central lattice points close to the boundary. A consisteayt of

Kk—1 y:
Z Z Ao — 1 Z N\ constructingK -tuples, is to center a regiori at all sublattice
e s ’ points Ao € A;NV,(0), and construck -tuples by combining

sublattice points\; € A,,i = 1,..., K — 1 within V()o) in

all possible ways and select the ones that minimize (23). For
a fixed A, € A, the expressiorEAjeAsmV(Ai) A — 12

is minimized whenV forms a sphere centered at. Our
construction allows fol/ to have an arbitrary shape, e.g. the

0
K-2 K-1
K-k
+ | ——— i — N2
(K%(K— 1)) - ,Zl 1 = Al
6Given the central lattice and the sublattice, the optimaligmnent is
independent ofp. However, we show later that the optimal depends on

Proof: See Appendix A. H
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shape of/, which is the shape used for the two-description |® © © © ¢|® o o e oo o o o o 0 c A,

system presented in [14]. However, if is not chosen to be R AR R

a sphere, the SPSD is in general not minimized. ce@ccicc@c i@ o OCA;
For each\; € A, NV;(0) it is possible to construcv X —1 R A D

K-tuples, whereV is the number of sublattice points within |2 * ® ® /2 2 ° 9791 ¢ ¢ ¢ ¢

the regionV’. This gives a total ofV NX~! K-tuples when all Y M &:.KL

Ao € AN V7(0) are used. However, onlyv? central lattice : : ; : ‘< : ; : . : : ; : . —V

points need to be labeled. Whéh= 2, we letN = N, so the coeeMdedeoeodmeoees Vz(0)

number of possiblé(-tuples is equal taVZ, which is exactly e 0006 0le o 0o o ol e o o o Var

the number of central lattice points #.(0). In general, for e 6 6 6 6l o o o ole o o o ,/

K > 2, the volumer of V is smaller than the volume of e 606 06 6|lo 60606 06/lo 60 o o K =3

Vx(0) and as suctv < N. We can approximat& through the e o @ o o|lc o @c oo e@ec o

volumesy, andr, i.e.NxD/ys.Tojustifythisapproximation N R IR N=25

let A C R” be a real lattice and let = det(A) be the volume I R RN F R RS N T S N=5

of a fundamental region. Le§(c,r) be a sphere ilRY of

. I . , .
ra_dlu_ST and centerc € R N Accord'”_g to G_aus_s counting Fig. 2. The regionV is here shown centered at two different sublattice
principle, the number of integer lattice points in a conveX points within V. (0). Small dots represents sublattice pointsiaf and large
body C in R” equals the volume V@) of C with a small dots represents product lattice points € Ar. Central lattice points are not
error term [42] In fact if¢ = S(c 7“) then by use of a theorem shown hereV: contains 25 sublattice points (shown as squares) centéred a
due to MinkoWski it can l;e Sh(’)Wﬂ that )f/or anye RL and product lattice points. In this examplé contains 5 sublattice points.

, 1

asymptotically ass — oo, Az(r) = Vol(S(c,7)) = wrrk,
wherewy, is the volume of thd.-dimensional unit sphere [43], _ o
see also [44]-[48]. It is also known that the number of latticeasily done. by considering all cosets of eathtuple. The
points A, (n) in the firstn shells of the latticeA satisfies, coset of a fixedk-tuple, sayt = (Ao, At ..., Ax—1) Where
asymptotically as: — oo, Ax(n) = wrn/2/v [13]. Hence, 20 € As N Va(0) and(Ar, ... A1) € (A x -~ x Ay), is
based on the above we approximate the number of latt@l¥en Py Coset(t) = {t + A} for all A € A.. K-tuples

points inV by /v, which is an approximation that becomed & coset are distinct moduld, ar_1d by making sure th_at
exact as the number of shelis within 7 goes to infinity only one member from each coset is used, the shift-invagianc

(which corresponds taV —s o). Our analysis is therefore property is preserved. In general it is optimal to considdy o

only exact in the limiting case oV — co. With this we can, 10S€A~ product lattice points that are close 1§ (0), e.g.
in the asymptotical case ¥ — oo, lower boundi by those points whose Voronoi cell touch&s(0). The number
' of such points is given by the kissing-numb@fA ;) of the

7> v, NYE=D, (24) particular lattice [37].
Hence,V containsN > N'/(X-1) sublattice points so that 2) Dimensionless Expansion Factap;: Centering V
the total number of possibl& -tuples isSNNX -1 > N2, around)\ points causes a certain asymmetry in the pairwise

In Fig. 2 is shown an example &f andV; regions for the distances of the elements withinf&tuple. Since the region is
two-dimensionalz? lattice. In the example we useli = 3 centered around, the maximum pairwise distances between

and N = 25, hence there are 25 sublattice points withip. Ao and any other sublattice point will always be smaller than
There areN = NY/(K-1) = 5 sublattice points in/ which the maximum pairwise distance between any two sublattice

is exactly the minimum number of points required, accordirRPints not includingl,. This can be seen more clearly in
to (24). Fig. 3. Notice that the distance between the pair of points

With equality in (24) we obtain a region that contains th&beled (A1, X2) is twice the distance than that of the pair
exact number of sublattice points required to constrdict (Ao, A1) OF (Ao, A2). However by slightly increasing the region
tuples for each of th&/ A, points inV,(0). According to (23), V' to also include); other tuples may be made, which
a central lattice point should be assigned thatuple where actually have a lower pairwise distance than the f&jt ), ).

a weighted average of any subset of the elements ofithe For this particular example, it is easy to see that the
tuple is as close as possible to the central lattice poine THIPIE ¢ = (Ao, A1, A;) has a greater SPSD than theuple
optimal assignment of<-tuples to central lattice points cant’ = (Ao, A1, A3). )

be formulated and solved as a linear assignment problem [49]For each), € V;:(0) we center a regiolt” around the point,

1) Shift-Invariance by use of CosetdBy centeringV and choose thos&/ K-tuples, that give the smallest SPSD.
around each), € Ag N V,(0), we make sure that the By expandingl” new K-tuples can be constructed that might
map o is shift-invariant. However, this also means that atave a lower SPSD than the SPSD of the origiNak -tuples.
K-tuples have their first coordinate (i.8,) inside V,(0). However, the distance from, to the points farthest away
To be optimal this restriction must be removed which igicreases as’ increases. Since we only neéd K-tuples,

it can be seen that’ should never be larger than twice the
_"For the high-resolution analysis given in Section IV it ispantant that>  |ower bound in (24) because then the distance from the center
is kept small as the number of lattice points withih goes to infinity. This ~ . .
is easily done by proper scaling of the lattices, i.e. maldnge thatvs — 0 to the boundary of the enlargdd region is greater than the
asN — co. maximum distance between any two points in theegion that
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o o.-~"oX,m~0 o L L L
- ~ 1 1.1547005 - - - 15 1.1036412 - - -
2 1.1480804 - - - 17 1.1016878 - - -
3 1.1346009 - - - 19 1.1000271 - - -
5 1.1240543 - - - 21 1.0985938 - - -
7 1.1172933 - - - 51 1.0883640 - - -
9 1.1124896 - - - 71 1.0855988 - - -
11 | 1.1088540 - - - 101 | 1.0831849---
13 | 1.1059819-- - o] 1.0745699. ..

TABLE |
11, VALUES OBTAINED BY USE OF THEOREMS3.2AND 3.3FORK = 3.

by K —1 overlapping spheres. With such expressions it should
Fig. 3. The regionV is here centered at the poin. Notice that the be straightforward to find,, for any ., Howeyer’ the analysis
distance between; and X2 is about twice the maximum distance frokg of 4y, for the .Case of K = 3 (as given in th? proof of
to any point inA; N V. The dashed circle illustrates an enlargemenvof Theorem 3.2) is constructive in the sense that it reveals how
Y, can be numerically estimated for ady and L. Let o
denote the volume of the expanded sphérd-urthermore, let
reaches the lower bound. In orderttteoreticallydescribe the us denote byf’ the number OfK-tup|e5 that we construct by
performance of the quantizers, we introduce a dimensienleging lattice points inside this sphere. Hence, asympatibyic

expansion factonl < ¢, < 2 which describes how much as the number of lattice points i goes to infinity we have
V must be expanded from the theoretical lower bound (24),

to make sure thalv optimal K-tuples can be constructed by T — (M)K ' 28)
combining sublattice points within a regidn. Vs ’
For the case oK = 2 we always have);, = 1 independent
of the dimensionL so it is only in the casel > 3 that we VL
need to find expressions faf;,. oy = < wrrk ) (29)
Theorem 3.2:For the case of = 3 and any oddL the Lo\ p,TvE '
dimensionless expansion factor is given by

which leads to

wherer denotes the radius of and where without loss of
e \NPE L\ - generality we can assume that = 1 (simply a matter of
YL = 2L B ’ (25) scaling). In order to numerically estimate, it follows that
: . . . we need to find the set of lattice points within a sphiéref
wherewy, is the volume of anl.-dimensional unit sphere and__",. : :
3, is given by radiusr. For e_ach of th_ese lattice points we ce_nter anpther
L sphere of radius- and find the set of lattice points which

Wr—-1

NI AT =5t (LH) (15L) are within the intersection of the two spheres. This prooedu

Br = Z ( 2 )231‘”(—1)” Z Z’L’E—Q"“ continuesK — 1 times. In the end we find" by adding the
n=o \ " k=0 (T)k k! (26) number of lattice points within each intersection, i.e.

k k—j J ~ ~
<3 (’“) (1) (—1)7 (1) _ T=33 3 ANVk_2)n---N V(). (30)
7=0 J 2 4 L+n+ J ]\1 Az IN\Kfz
Proof: See Appendix B m Wwhere
For the interesting case df — co we have the following A= M e A nT (M)}
theorem. ’

Theorem 3.3:For K = 3 and L — oo the dimensionless Az ={X2: do € ANV (M) NV (A0)},

expansion factot), is given by

1/4 N . - ~
. é / 27 A o= {)\K_Q Ax—2 € AsN V()\K_g) n---N V()\())}
Yoo = : (27)
3 (31)
Proof: See Appendix C u For example forK = 4,A = Z2 andr = 10, 20,50 and

Table | list$ 4, for K = 3 and different values of 70 then using the algorithm outlined above we figd ~
L and it may be noticed thayo, = /¢1. In order to 11672 1.1736,1.1757 and 1.1762, respectively.
extend these results th' > 3 it follows from the proof of  Remark 3.1:In order to achieve the shift-invariance prop-

Theorem 3.2 that we need closed-form expressions for t8gy of the index-assignment algorithm, we impose a retiric
volumes of all the different convex regions that can be oletéi ypon )\, points. Specifically, we require that, € V,(0)

8 . . _ so that the first coordinate of ani-tuple is within the
Theorem 3.2 is only valid fof. odd. However, in the proof of Theorem 3.2

it is straightforward to replace the volume of spherical <dyy standard regior?V,,(O). TO_aVOid EXCIUding('tupleS that have their first
expressions for circle cuts in order to obtajn. coordinate outsid&, (0) we form cosets of eack -tuple and
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allow only one member from each coset to be assigned to a Proof: See Appendix E. ]

central lattice point withinV;(0). This restriction, which is  The expected distortion (20) can by use of Theorem 3.1 be

only put on)\y € A; , might cause a bias towardg points. written as

However, it is easy to show that, asymptotically /ss— oo, dER) A (1

any such bias can be removed. For the casd{of 2 we ¢

can use similar arguments as used in [14] and Kor> 2 (K>
X

_ p)npKfn

2
1 12
det 5D D /\C—E;)\lj

IEL A€V (0)

we can show that the amount &f-tuples that is affected by

this restriction is small compared to the amountF6ftuples

which are not affected. Hence, asymptotically ds— oo, K
. .. . . . Kk, K—K

this restriction is effectively removed. So for examplesthi = (1 — p)"p )

means that we can enforce similar restriction on all subkatt

points, which, asymptotically a& — oo, will only reduce the <d L L
Ace = (

K
2

number of K-tuples by a neglectable amount. And as such, Ae = /\i

any possible bias towards the set of poikisc A, is removed.
As mentioned above, th& -tuples need to be assigned to —2 K1

central lattice points withird/;(0). This is a standard linear + (K2 ) Z Z 1A = Az )

assignment problem where a cost measure is minimized. How- i=0 j=i+l

ever, solutions to linear assignment problems are gemerall (33)

not unique. Therefore, there might exist several labelings By use of Conjecture 4.1 (as an approximation that becomes

which all yield the same cost, but exhibit a different amourdxact for L — ), Proposition 4.1 and Eq. (11) it follows
of asymmetry. Theoretically, exact symmetry may then Rfat (33) can be written as

obtained by e.g. time-sharing through a suitable mixing of (K
)

labelings. In practice, however, any scheme would usedg’ﬂ“) ~ (1 —p)iph—r
finite N (and finite rates). In addition, for many applications,

time-sharing is inconvenient. In these non-asymptotieaks 1 K-2 K-1
we cannot guarantee exact symmetry. To this end, we havd dc + N2 Z (K2 ) Z i = A%
provided a few examples that assess the distortions olbitaine A€V (0) =0 j=i+l
from practical experiments, see Section VI (Tables Il amd Il (1= p)rpk—s (K)
K
IV. HIGH-RESOLUTIONANALYSIS A2/ K — &k QS 102 N2KILOK-1) 2/
In this section we derive high-resolution approximatioms f x (Ae) 2Kk (Sp)vr v
the expected distortion. For this high-resolution analyse (34)

let N — 0 qnd vs — 0. The effect of this is that the 'nd.eXThe second term in (34) is the dominating term fox K
of sublattice increases, but the actual volumes of the \‘@rorhndN 5 0. Observé that this term is only dependent upon

cells shrink. x through the coefficienf=.
_ _ The total expected distortion is obtained by summing over
A. Total Expected Distortion x including the cases where= 0 andx = K,

We first introduce Conjecture 4.1 which relates the sum Ofda ~ f(lG(Ac)y?/L i KQG(SLW%NQK/L(K_”VQ/L

distances between pairs of sublattice point&i@},), the di- X (35)
mensionless normalized second moment ofladimensional +p E[IX]7,
sphere. In Appendix D we prove the conjecture for the CaﬁﬂwereKl is given by
of K = 2 and anyL as well as for the case ok =
and L — oo. In addition we show in Appendix D that foo XK K—r (] "
Conjecture 4.1 is a good approximation for the cas&of 3 1= Z w )P (1-7) (36)
and finite L. After presenting Conjecture 4.1 we determine the B =l K
dominating term in the expression for the expected distorti =1l-p".
This is given by Proposition 4.1. and K, is given by
Conjecture 4.1:For L, N — oo andvs — 0, we have for X
B . . . . _ _ . . N K K _
any pair(z,j), 4,7 =0,...,K — 1, i #j, KQ_Z< )pKn(l_p)n Kli. (37)
S o)~ (AP = Gy N2N/EG, 218 =N >
A€V (0) Using (16) and (17) we can write and N as a function of
Proposition 4.1:For N — 0o and2 < K < oo we have differential entropy and side entropies, that is
)3 \ Do — 1 zx_l yA/h = g2 (0)=Re), (38)
Ac€EVR(0) |[|'¢ T K Zui=
© (32) 9This was pointed out by a reviewer who also drew the connectioecent
Do €V (0) Z 27 i1 1A = A2 results based on source-channel erasure codes [23] wherenfitovement

by receiving more descriptions is almost linear in certases.
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and
2K
K—1

N2K/L(K-1) _ 9 (Rc.—Rs)

(39)

V. CONSTRUCTION OFQUANTIZERS
In this section we design practical quantizers. We show that

from which we may write the expected distortion as a functidfie index values are restricted to a discrete set of admissi-

of entropies, that is
do ~ K1G(A)22 )~ Fe)

+ Ko G(Sp) 22X~ Re)g s (RemRe) 4 K gy |2,
(40)

ble values. Knowledge of these values makes it possible to
construct practical quantizers and theoretically desctiteir
performance.

A. Index Values

where we see that the _distortion (_jue to_the side quantizé_ys on Egs. (44) and (45) suggest that we are able to continuously
depends upon the scaling (and dimension) of the sublatide g, e _off central versus side-distortions by adjustiigand

not which sublattice is used.

B. Optimaly, N and K.

We now derive expressions for the optimgl N and K.
Using these values we are able to construct the latticesnd
As. The optimal index assignment is hereafter found by usi
the approach outlined in Section Ill. These lattices combin
with their index assignment completely specify an optim
entropy-constrained MD-LVQ system.

In order for the entropies of the side descriptions to be kequ

to the target entropy, /K, we rewrite (17) and get
Ny = 2L(h(X)7Rt/K) é T,

(41)

v according to the packet-loss probability. This is, howgver
not the case, since certain constraints must be imposed on
N. First of all, sinceN denotes the number of central lattice
points within each Voronoi cell of the sublattice, it must be
integer and positive. Second, we require the sublatticeeto b
ometrical similar to the central lattice. Finally, we ueq
the sublattice to be a clean sublattice, so that no central
ttice points are located on boundaries of Voronoi cells of
the sublattice. This restrict the amount of admissible xnde
lues for a particular lattice to a discrete set, c.f. [14].
Fig. 4 shows the theoretically optimal index values (i.e.
ignoring the fact thatV belongs to a discrete set) for the

where 7 is constant. The expected distortion may now b@2 duantizer, given by (45) for, = 1,1.1481 and 1.1762

expressed as a function of
do = K1G(A)VE
+ KQ?ZJ%G(SL)VQ/LViL(?(K’])Ti

2K

LIK-T +p

RE[X]).
(42)
Differentiating w.r.t.» and equating to zero gives,

od, 2 - v/ L
0= 5 = EKlG(AC)
2 2 K S VAL ek sk
(43)
from which we obtain the optimal value of
L(K—1)
1 K2G(Sp) ,\
=7 ———= 44
. T<K—1K1G(Ac) L (44)
The optimal N follows easily by use of (41)
L(K—1)
K GA) 1) ™
N=[(K-1)= — 45
<( R GS0 07 “o

Eq. (45) shows that the optimal redundan¥yis, for a fixed

K, independent of the sublattice as well as the target entropy

For a fixed K the optimalr and N are given by (44)
and (45), respectively, and the optimil can then easily be
found by evaluating (35) for various valuesigf and choosing
the one that yields the lowest expected distortion. Thenuggti
K is then given by

K=1,..., Kmax (46)

Kopt = arg m}%n dg,

where Knax is a suitable chosen positive integer. In practice

corresponding takX' = 2,3 and 4, respectively. Also shown
are the theoretical optimal index values when restricted to
admissible index values. Notice that the optimal index @&u
increases for increasing number of descriptions. This iseto
expected since a higher index value leads to less redungdancy
this redundancy reduction, however, is balanced out by the
redundancy increase resulting from the added number of
descriptions. In [50] we observed that for a two-descriptio

Index values for the A2 quantizer: N={1,7,13,19,31,37,43,49}
50

- = =K=2: Theoretical N
—— K=3: Theoretical N
- —+K=4: Theoretical N
Admissible N

45

40y

35§

30§

25§

20

Index values [N]

157

10

40 60
Packet loss probability [%]

Fig. 4. Theoretical optimal index values for the quantizer as a function
of packet-loss probability. Thin solid lines are obtaineg festricting the

theoretical optimal index values given by (45) to optimainégkible values.
The optimal admissible index values are those that minirt8&¢ for a given

.

will always be finite and furthermore limited to a narrow rangsystem, usually only very few index values would be used. In
of integers, which makes the complexity of the minimizatiofact for the two-dimensional, quantizer, onlyV € {1,7,13}

approach, given by (46), negligible.

should be used. Higher dimensional quantizers would use
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. ; SN O EQo4A) 2o+ A) 201+ A) Avg. Theo.
S 2 2 2
greater index values. However, here we see that by inciga R 070902307125 —307355 306310

the number of descriptions beyor}d =2, itis optimal to 37 —20.8648 —29.8430 —29.9472 —29.8850 —30.3482

use greater index values which adds more flexibility to the43 —29.9087 —29.8749 —29.9641 —29.9159  —30.0563
scheme. 49 —29.6200 —29.5577 —29.6662 —29.6176 —29.7971

. . . .61 —29.3076 —29.2185 —29.3715 —29.2992  —29.3532
From Fig. 4 it can be seen that when the continuous optimak7 _29.1750 292198 —29.2151 —29.2010 —29.1603

index value is rounded to the optimal admissible index value TABLE Il

it is always the closest one from either below or above. ThispistorTioN[DB] DUE TO RECEPTION OF TWO DESCRIPTIONS OUT OF
means that the optimal admissible index value is found by THREE.

considering only the two values closest to the continuodexn

value, and using the one that minimizes (35).

N Ae Theo.
31 —43.6509 —43.6508
37 —44.4199 —44.4192

VI. NUMERICAL EVALUATION

In this section we compare the numerical performances 43  —45.0705 —45.0719
of two-dimensional entropy-constrained MD-LVQ systems g? :ig-gg% :ig-gggé
(based on thel, lattice) to their theoretical prescribed perfor- 67 —46.9992 —46.9979
mances. TABLE IV
DISTORTION[DB] DUE TO RECEPTION OF ALL THREE DESCRIPTIONS OUT

A. Performance of Individual Descriptions OF THREE

In the first experiment we design a 3-channel MD-LVQ
based on thel, quantizer. We quantize an i.i.d. unit-variance
zero-mean Gaussian source which has been blocked into

, 106 " )
two-dimensional vectors. The number of vectors used in tﬁgurcte |n;c02 18 t\évob_(il;(rjnens_ll?hnal vect0r§ anfd Ift the toE[aIt
experiment is2 - 106. The entropy of each side descriptior{arge entropy be ivdim. - The expansion factor 1s set 1o

is 5 bit/dim. and we vary the index value in the rartje— e =1 for K = 1,2 and, = 1.14808 for K = 3. We
67. The dimensionless expansion facigy is set t01.14808. sweep the packet-loss probabilgyin the rangep € [0;1] in

The numerical and theoretical distortions when receivinly o step_s O_f 1/2_00 and for eaghwe measure the dlstortlon_for a!l
a single description out of the three is shown in Table IF\dmlssmle index values and use that index value which gives

Similarly, Table 11l shows the distortions of the same systetheil Ioovae:t fd|stort|ﬁn. Th'? glveTsh_r Is€ '([jo an fop(:‘rr]atlt(t)]nalririyv
due to reception of two out of three descriptions and Table | ( ) for each quantizer. 1his 1S done for the theorlc
shows the performance of the central quantizer when gljrves as well by inserting admissible index values in (3f) a

three descriptions are received. The column labeled “AV%:/S(E that index value that gives the lowest distortion. Ireoth
illustrates the average distortion of the three numescal ords we compare the numerical OLH with the theoretical

. 1 .
measured distortions and the column labeled “Theo.” dessri ELH _andthnot the tt_ruteld _Io(\;ver huIII that_ woubld lﬁ_’ ol_artamed
the theoretical distortions given by (3% It is clear from the y using the unrestricted index vajues given y (45). Theetar
tables that the system is symmetric; the achieved distodio entropy is evenly distributed ové¥ descriptions. For example,

pends on the number of received descriptions but is esﬂpntiz&or K = 2 each description uses 3 bit/dim., whereas for

independent ofvhich descriptions are used for reconstruction[.( = 3 each desc_riptic_)n uses only 2 b_it/dim. The performance
Is shown shown in Fig. 5. The practical performance of the

scheme is described by the lower hull of tRecurves. Notice
N Ao A1 A2 Avg. Theo. that at higher packet-loss probabilities ¢ 5%) it becomes

31 —25.6918 —25.6875 —25.6395 —25.6729 —24.8280 - ;
37 _oums3s 945324 945101  —o455e1  _o4d57l advantageous to use three descriptions instead two.

43  —24.5772  —24.5972 —24.5196 —24.5647 —24.1396

49  —24.2007 —24.2837 —24.2713 —24.2519  —23.8622 VIl. CONCLUSION AND DISCUSSION

61 —23.8616 —23.9011 —23.8643 —23.8757 —23.3946 '

67 —23.7368 —23.7362 —23.7655 —23.7462 —23.1936 In this work we derived analytical expressions for the cantr
TABLE II and side quantizers which, under high-resolutions assump-

DISTORTION[DB] DUE TO RECEPTION OF A SINGLE DESCRIPTION OUT OF tions, minimize the expected distortion of a Symmetric n-
THREE. channel MD-LVQ subject to entropy constraints on the side
descriptions for given packet-loss probabilities. Theestpd
distortion observed at the receiving side depends only upon
the number of received descriptions but is independent of
B. Distortion as a Function of Packet-Loss Probability which descriptions are received. We focused on a special cas
Oﬁf the symmetric multiple-description problem where only a

We now show the expected distortion as a function Q
L ngle parameter controls the redundancy tradeoffs betee
the packet-loss probability foiK'-channel MD-LVQ systems gep ! y

where K = 1,2, 3. We block the i.i.d. unit-variance Gaussian 11 jattice is restricted to a set of admissible index valuebisTset is

generally expanded when the lattice is used as a producttigeilarhence
10since we do not consider packet-losses in this experimenhave set admissible index values closer to the optimal values given(45) can in
the weight to unity, i.e(1 — p)<p&—1 (f) =1. theory be obtained.
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A, Quantizer There are(lg) distinct cross products, so the number of times
each cross product occurs is given by

A fny = <K>2(g) _ 2R(k—1) <I,§> 49)

K (g{) K(K-1) -

Lemma A.3:For K > 1 we have

10t
K-2 K-1

K—1) ZH)\ IP=23"0 >0 (i)

-151 1=0 j=1+1

K-2 K—1
D PPV

i=0 j=i+1

MSE [dB]

(49)

-20 coe K=1
-=--K=2
—K=3

— Theoretical Proof: Expanding the right-hand-side of (49) yields
5 ‘
0

20 40 60 80 100 K—-2 K—1

Packet loss probability [%] Z Z ”/\ Y H2
? J

Fig. 5. Distortion as a function of packet-loss probabilityr the Ao =0 j=i+1 (50)
quantizer. The target entropy is 6 bit/dim., so each desonpgets 6/K K-2 K—
bit/dim. Thick lines show numerical performance and thitidstines show _ Z H)\”Q + H)\”Q _ </\_ A >)

- ) ] 19 .

,_.

theoretical performance.

central and the side distortions. As such more work is needed

before the general symmetricchannel MD-LVQ problem is We also have

completely solved. A step in that direction is presente®#]| x_o K 1
Future work in progress includes extending the presente \)\z‘HQ + H)\j||2)

scheme to the asymmetric case, where packet-loss probabil=, ;= 1+1

ities, entropies and distortions may differ for the diffierre

descriptions [55].

i=0 j=i+1

=
w

K-2 K-1

( —1=DINIP+ >0 D> Il

1=0 j=1+1

K-1
(K = 1=9)|xl”+ D 5l

Jj=1

K1 (51)
(K= 1=INIP+ D dlnl°

Jj=0
K-1

I
EEM

APPENDIXA
PROOF OFTHEOREM 3.1

~
Il
o

In order to prove Theorem 3.1, we need the following
results.
Lemma A.l:For 1 < x < K we have

k—1 k (K K-1 K—1
> <Aca _ZM> =% () </\c, > Az-> : (K = DN = S il + 2 sl
leL j=0 =0 =0 =0

Proof: Expanding all sums on the left-hand-side leads Kl )
to (f)n different terms of the form(\.,\;), wherei ¢ K—1) Z [l
{0,...,K — 1}. There areK distinct \;'s so the number of =0
times each\; occur is (%) x /K. m  which completes the proof. [

Lemma A.2:For1 < x < K we have We are now in a position to prove the following result.
2 Proposition A.1:For 1 < x < K we have

k—1
Al 1|
25 w155 [ (]
K; J
j=0

ST ESOE e T e
K2 1)

1=0 j=1i+1
k(K

[l
iM7

[
=
L

~
Il
=]

Proof: There are(%) distinct ways of adding: out of K

elements. Squaring a sum efelements leads te squared Proof: We have

elements andz(g) cross products (product of two different 2

elements). This gives a total oiﬁf)m squared elements, and 1= 9 1=
2(%)(5) cross products. Now since there afé distinct A= 2D | =l =2 (e 2D N,

elements, the number of times each squared element occurs is

given by 1 |le=2
K\ & + — A
HFinlz = ( )-- (47) K? ;0 K

2

k) K
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Hence, by use of Lemmas A.1 and A.2, we have that where 3y, is given by
2 L1 L—1
k—1 2 L+1 3 i 1 L
1 —_— L+41 )
)\c - — Al — 2 —fn n N2 Jk\N 2 Jk
e w2 () S
leL 7=0 n=0 k=0 F (53)
K—1 K-1 k k—j J
K 2 1 k 1 (1 1
YO NN S TR ST SO 0) _u(_ 1
(n)(” | K< ’i:O >+Kli pos il jgo Jj/) \2 (=1 4) L+n+j
K-2 K—-1
2(k —1) A Proof: In the following we consider the case &f = 3.
K(K - 1)r & ) v For a specific\y € A, we need to construcV 3-tuples all
K1 Ko having A\, as the first coordinate. To do this we first center
(K \ 1 — ol — 1 — } a sphereV of radiusr at A\g. For largeN and smallv, this
"\ & ° K — ‘ K2 — ‘ sphere contains approximately/'v, lattice points fromA.

ng 1 Hence, it is possible to construét/v,)? distinct 3-tuples.
Z A2 + (K — 1) A However, the maximum distance betwelgnand )\, points is
L v greater than the maximum distance betwagrand A\, points

1=0 j=i+
! and also betweek, and A\, points. To avoid this bias towards
K-1 K—-1 . .
(K \ 1 Z al o+ 1 Yk Ao points we make sure that we only use 3-tuples that satisfy
A\ K ‘¢ K & K 2) & IAi — N\l < r/V/L for i,j = 0,1,2. However, with this

K2 K_1 restriction we can no longer fornv 3-tuples. Therefore, we
( 2(k — ) i) S (n ) expandV by the factory;, in order to make sure that exactly
K(K — v N 3-tuples can be made. It is well known that the number
of lattice points at exactly squared distaricekom ¢, for any
(K ) Z ek c € R” is given by the coefficients of the Theta series of
the lattice A [37]. Theta series depend on the lattices and

K2 K—1 also onc [37]. Instead of working directly with Theta series
_ ( ) 9 i As) ) we will, in order to be lattice and displacement independent
0 o consider theL-dimensionahollow sphereC obtained ag’ =
S(c,m) — S(c,m—1) and shown in Fig. 6(a). The number of
so that, by Lemma A.3, we finally have that lattice pointsa,, in C is given by|C N A| and asymptotically

asvs — 0 (and independent af)

I | K1 2
= (H)< Ac—gi;& am:V0|(CT)/V5:LZ—L(mL—(m—l)L). (54)
K K-2 K—1
+ ( kK ) A — /\jH2 7 The following construction makes sure that we hive —
=0 joit1 Aol < 7’/\/_ For a specific\; € V(\g) N A, we center a
) spherel at \; and use only\, points fromV (A\o)NV (A1) N
which completes the proof. B A,.InFig. 6(b) we have shown two overlapping spheres where
the first one is centered at somg and the second one is
Theorem 3.1For 1 < x < K we have centered at som@; € V(\o) which is at distancen from
2 ko1 2 Ao iedf[Ao = A = m/+/L. Let us byC denote the convex
ZZ At Z)‘l _ Z K A — 1 Z A region obtained as the intersection of the two sphergs, ie.
= S K K ~ C =V(A)NV(A1). Now letd,, denote the number of lattice

points inC N A;. With this we have, asymptotically ag — 0,

K-2 K-1 . .
K thatd,,, is given b
+(W)Z > Ix —W) e
=0 g=itl b = VOI(C) /vs. (55)
Proof: Follows trivially from Proposition A.1. ]

It follows that the numberl” of distinct 3-tuples which

APPENDIXB satisfy || \; — \j|| < r/V/T is given by
PROOF OFTHEOREM 3.2 '

lim 7= " by (56)
Theorem 3.2For the case ofk = 3 and any oddL the vs—0 el

dimensionless expansion factor is given by ) ) ) )
The regionC consists of two equally sized spherical caps.

_( wr VAL L1\ MR g/t (52) We can show that the volume of andimensional { odd)
v = 2L L ’ spherical cap/cap is given by (we omit the proof because of

Wwr—1
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Vv C asvy — 0)

T = i Ambm
m=1

WIWL-1 L Ly, (L—1)/2
= oL —(m—1
e St =)

i~ L+11-L L+3 2r—m
m 2 — (L+1)/2 . .
(b) x ( " m) Zfl < 2 ’ 2 ’ 2 ’ 4r )
L+1
Fig. 6. The number of lattice points in the shaded region jngi@en by (a) 2wrpwWr—1 L-1 2 % i1, .
am = VoI(C)/vs and in (b) it is given byb,, = VoI(C)/vs. = mr 2 (2r) 2 (1)
S n=0
% (ﬂ (17L) k k 1 k—j 1\7
2 k 2 k J
X — — —_—
> ()6 &)
space considerations i
P ) X Z(mL—(m—l)L)m m’
m=1
L2+1 L+1
(b) 2wrwr—1 L1 <T> Lt n
= - = 2 2 1
VOl (Veay) = %T(Lq)/z(% )LD/ 20 nz_% o) @) (1)
L+1 -
57) by 5 - »
L+11-L L+3 2r—m) ¢ (L), (1L NIy
. : V2 )e\"2 )k
X2]:1< 2 ) 2 ) 2 ) Ar )7 XZ ( Z()() (_1)-](@)
k=0 2 7=0
« (L Z mL—1+n+j 4 O(mL—2+n+j)> )
m=1
where the Hypergeometric functiei (-) is defined by [51] Li1
() 2wrwr_1 Lo1 = (L Li1
2 r's ) (2r) (-1
v2(L+1) —\n
—1
- & (B, (55), & k) /1) RN
(@0 s S ERELS () v (4)
2F1 (a,b;¢;2) l;) On k! 2" (58) — (£59), k! =\ 2 Ar
L L4n+j L—1+n+
n O nTj
(L +n+4j * ( )
(60)
where(-) is the Pochhammer symbol defined as where(a) follows by use of the binomial series expansion [52,
p.162], i.e.(z +y)* = S _ (%)z*"y", which in our case
leads to
(a) 1 k=0 (59) L1 & % L1
a = _ - _ “S=—n(_ 1\, "N
= a1 (ad b 1) kol (2r —m) "+ = Z( Ten e e

and

ko k k—j _
If either of @ and b or both are negative, the sum in (58) (2r—m> — Z (k> (l) ! (—1)! (E)J. 62)
terminates. 4r ; i/ \2 4r

Inserting (54) and (55) into (56) leads'fafasymptotically (b) is obtained by once again applying the binomial series
expansion, that is

(m— 1L =ml — Lm~t 4+ O(m*~?), (63)

12We remark that in this asymptotical analysis we assume thatgpoints  and (c) follows from the fact thag:n—l mt = L-1|-1TL+1 4

within a givenC is at exact same distance from the centefofi.e. from (9( L)

o). The error due to this assumption is neglectable, sincecangtant offset
from m will appear insideO(-). Next we letr — oo so that the number ohollow
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spheres insidé’ goes to infinity!3. From (60) we see that,

asymptotically as’; — 0 andr — oo, we have
L 2L
L+1 LT )
where 3y, is constant for fixedl and given by (53).
We are now in a position to find an expression {fgr. Let
7 be equal to the lower bound (24), i.2.= v,v/N and let
7 be the radius of the sphere having volumeThenyy, is

given by the ratio ofr and, i.e. )y, = r/7, wherer is the
radius of V. Using this in (65) leads to
Tvs(L+1)

1/2L
- (2wLwL1L[3L) .

Since the radiug of an L-dimensional sphere of volumeis

given by
_\1/L
_ v
r=\— s
<wL)

we can findyy, by dividing (66) by (67), that is
Tvi(L+1)

2L, o\ -1/L
<2wLwL—1LﬁL> <E) ' (68)

Since we need to obtaifV 3-tuples we letl’ = N so that
with 7 = v/Nv, we can rewrite (68) as

WrLWr—1
2
I/S

T=2

(65)

(66)

(67)

Yr =

ﬁ\lﬁ

S VR D4\ SU2L(gg)
L wr,—1 2L L
This completes the proof. [ ]
APPENDIXC
PROOF OFTHEOREM 3.3
Lemma C.1:For L — oo we have
w 1/2L
< L ) =1. (70)
Wwr—1

Proof: The volumew;, of an L-dimensional unit hyper-
sphere is given by, = 7%/2/(L/2)! so we have that

o (TR (L2 —1/2)! /2L
150 \(L/2)! nL/2=1/2
= lim 7'/4F (O(L_l))l/zL (D
L—o0
=1. m
Lemma C.2:For L — oo we have
1 4 1/4
L

13we would like to emphasize that this is equivalent to keepinfixed,
sayr = 1, and then let the number dbllow spheres insidé” go to infinity.
To see this letM — oo and then rewrite (54) as

m\ L m—1\"%
“L (7) - . 1<m<M.
Vs M M
(64)
A similar change applies to (55). Hence, the asymptoticgression forT’

is also valid within a localized region d&@~ which is a useful property we
exploit when proving Lemma D.1.

Am/M = VOl( )/V-S

14

Proof: The inner sum in (26) may be well approximated
by using thatzi— ~ + for L > ¢, which leads to

é(';) ()" @ﬁj
O )

1 k
1)
We also have that

L—1
2 (), (), 1\ L+11-L L+3 1
Y () =2 ; >

(73)

Mw

k=0 (#)kk' 4 R
(a)( 142, F <LTL,$7_%)
L/2—1/2 -

:(3/4)(71+L)/2 > %H(_l/&k

= (3/4)(—1+L)/2
SN (=L/2)* oL 1/3)k
5 (<L/2>’“+<9<L“> +O >> (~1/3)
L/2-1/2
~ (3/4)(F1HE)/2 Z (1/3)"
k=0

(74)

where (a) follows from the following Hypergeometric trans-
formation [51]

2]:1 (G,b;C;Z) = (1 _Z)_bQJ:l (C—a,b;c;f), (75)
where§ = =5 it is true that
L/241/2
Z (L/2+1/2)2L/2+1/2—n(_1)n -1, (76)
n
n=0
Inserting (73), (74) and (76) into (53) leads to
1 L/2—1/2
~ (-1+4L)/2 * k
L~ (3/4) 7 kZ:O SV LN )

where sinced_ - ,(1/3)% = 3/2, we get

_ 1 1/4 —1/4L r1/2L 1/2L
Jim —oer e Jim (4/3)775(4/3) LY7=2(2/3)
- (4/3)1/47
(78)
which proves the Lemma. ]

We are now in a position to prove the following theorem.
Theorem 3.3For K = 3 and L. — oo the dimensionless
expansion factot), is given by

4 1/4
=(3)

Proof: The proof follows trivially by use of Lemma C.1
and Lemma C.2 in (69). [ ]

(79)
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APPENDIXD Proof: Using the same procedure as when deriving
CONJECTURE4.1 closed-form expressions f@r;, leads to the following asymp-

In this appendix we justify Conjecture 4.1 by proving |t0tlca| expression

for the case ofK = 2 and anyL as well as for the case of , 1< )
K =3 andL — oc. In addition we show that it is a good > =Nl = I > ambmm?, (82)
approximation for the case df = 3 and finite L. AFET; (As) m=

LetT; = {\ : A = a;(A\e), Ac € Vz(0)}, i.e. the set of
N? sublattice points\; € A, associated with thé&v? central
lattice points withinV,;(0). Furthermore, lel} C T; be the
set of unique elements df;, where|T/| ~ N. Finally, let
T;(N) = {\j: Aj = (X)) and X, = a;(Ae), Ac € Vz(0)}
and IetT’(/\ ) C T, j(A\:) be the set of unique elements. That — $™ ||, — A2 = QwLwQL 1 Lﬁ/ p2L+2,
is, T5(\ ) contains all the elements; € A, which are in the N €T; (M) v L+l
K- tuples that also contains a specific. We will also make
use of the notatios,, to indicate the number of occurrencedvhere

where we without loss of generality assumed that= 0 and
used the fact that we can replagg;||> by m?/L for the \;
points which are at distance from A\; = 0. It follows that
we have

(83)

of a specifich; in T ()\ ). o Lt (Ltl), (15L)
For the pair(i, j) we have r_ T2 \ofH-n/_q\n 2 Jk\"2 Jk
parti.) =y (D)o S e

n=0

S i) —a QP = D0 D I = Al NN = N )
Ac€Vr (0) N €T X;ET;(As) % Z - (_1).7' -y -
— J 2 4) L+n+j5+2

; ) / J
Given \; € T}, we have (84)
R _ )12
Z ] Z #x, [ A0 = Al Since? = wrrt = ¢E/Nvs we can rewrite (83) as
)\jETj()\i) )\jETJ{()\i)
(@) N RN 1 s R e ST Y) S
~ — Z H)‘Z — /\j”zys Z ”/\l )‘JH =2 Vg L +1 LV 2+2/L
N ET () N ET;(N;) wr,
N (80) g WL-1 1 52/ L2
~ ﬁ/ 1A — 2] da =2 1+2/LL+15L VN
N oo @, Wr—1 2/ (WL L+1\ 1
=gy ey 1+2/LL+1BL o) \2L ) B
® 52/L 1 B
Ny G(Sp), — _~2/L L
(St) L’ NBL
where (a) follows by assuming (see the discussion below “L (85)

leading to Lemma D.1) thag,, = = N/N forall \; € T;(\:)
and (b) follows since? = Nv,. Hence, withy = Nv, = Where (a) follows by inserting (69). Dividing (85) by (81)

YNV E-Dy andv, = Nv, we have leads to
L1 1pp Le2p (@6)
> = AlPre & Nvgwf v ENENYEEDG(S)) S/ELG(SL) B L B
)\jETj(}\i)
Hence, asymptotically as e have that
:sz%Nl-Q—ZK/L(K—l)VZ/LG(SL)’ ymptoucally —>OOIW \1
L . L+2p] _
which is independent of;, so that ngr;o I 5 1, (87)
S I =NIPRN DY AP which proves the lemma. N
A €T Aj €T (M) Aj €T (M) For K > 3 it is very likely that similar equations can be

A 2 N2H2R/LIE=1,2/L (g ). found for ¢, which can then be used to verify the goodness
3 of the approximations for any<. Moreover, in Appendix E
In (80) we used the approximatiga,, ~ N/N withoutany we show that the rate of growth of (80) is unaffected if we
explanation. For the case &f = 2 and asN — oo we have replace#,, by eitherminy, {#,} or maxy, {#», } which
that7/ = 7; and N = N, hence the approximation becomesneans that the error by using the approxmaﬂ@/hN instead
exact, i.e#,, = 1. For K = 3 we have the following Lemma. of the true#,, is constant (i.e. it does not depend o)
Lemma D.1:For K = 3 and asymptotically aé — oo the for fixed K and L. It remains to be shown whether this error

following approximation becomes exact. term tends to zero ab — ~o for K > 3. However, based on
) oL the discussion above we conjecture that, for &ythe side
Z [Ai = Ajll" = N/ G(SL). (81) distortions can be expressed through the normalized second

A €T5(As) moment of a sphere as the dimension goes to infinity.
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be seen thaf(s) (indicated by the equilateral triangle) will
Conjecture 4.1For N, L — oo andv, — 0, we have for any not get smaller forK' > 3 and this is true in general since
pair (i,7), i,7=0,...,K =1, i # j, points are never removed fromas K grows. ForL = 3
the regular tetrahedron [40] consisting of four points wath
2 2 An7242K/L(K—-1),2/L
Yo e - = g NTEREEDEG(S,). pairwise distance of describes a regular convex polytope

Ac€Vr (0) which lies inN,. In general the regulaf-simplex [40] lies
in Ns and the volumé/ (L) of a regularL-simplex with side
APPENDIXE lengthr is given by [54]
PROOF OFPROPOSITION4.1
] » rr JL4+1 I
Before proving Proposition 4.1 we need to lower and upper V(L) = i\ o = (88)

bound #,, (see Appendix D for an introduction to this
notation). As previously mentioned thg points which are
close (in Euclidean sense) ¥g occur more frequently thak;
points farther away. To see this observe that the consbructi™""
of K-tuples can be seen as an iterative procedure that fis@Ven by

where ¢;, depends only orl. It follows that the minimum
number of K-tuples that contains a specifia;, A;) pair is
fower bounded by (L)%~2/vX=2, Since the volume of V

7 =wrr’ we get

picks aXo € A, NV, (0) and then any; € A, is picked such V(L)\ X2 e \K72 5\ K2
that || X\g — A\1|| < r/V/L, henceh; € A, NV ()\y). The set (V—S) = (E) (V—S) . (89)
of Ax_1 points that can be picked for a particulgk” — 1)- )

tuple e.g.(Ao, . .., Ax_2) is then given by{Ax_; : Ax_; € Also — by construction we have that’ < (ﬁ/_us)K—1 and
AN V(Ag_2)N---NV(Xo)}. Itis clear that|A; — A;|| < that N = 7/vs so an upper bound oiV/N is given by
r/VL where(\;, A;) = (ai(A), (M), VAe € A, and any N N

i,j€{0,...,K —1}. ﬁ§<u_s> , (90)

Let Tmin(Ai, A;) denote the minimum number of times the . ) o
pair ()\;, ;) is used. The minimunTii, of Thin(A;, ;) over which differs from the lower bound in (89) by a multiplicativ
all pairs (\;, \;) lower boundsN/N. We will now show that constant. _ N N
Tiin is always bounded away from zero. To see this notice thatVe aré now in a position to prove Proposition 4.1.
the minimum overlap between two spheres of radioentered -~
at \o and\1, respectively, is obtained whew and\; are are Proposition 4.1For N' — oo and2 < K < oo we have
maximally separated, i.e. whef\o — A1 = r/V/L. This is NS
shown by the shaded area in Fig. 7 foe= 2. For three spheres ) cheV«(O) ‘ ¢ T & 2izo i

L . . . e —0. (91
the minimum overlap is again obtained when all pairwise Shev © ZiK:B? f:_wlrl A — A2 (91)
distances are maximized, i.e. whén; — \;| = /L for o ‘
i,j7 € {0,1,2} andi # j. It is clear that the volume of the Proof: The nominator describes the distance from a

central lattice point to the mean vector of its associakéd
tuple. This distance is upper bounded by the covering radius
of the sublattice\,. The rate of growth of the covering radius

is proportional tove/ ¥ = (Nv)YL, hence

>

0 (NQNQ/LVQ/L) . (92)
AcE€EVR(0)

C(s)

N,/

K-1

1
Ae= g2 DN

=0

Since the approximatiorN/N used in Conjecture 4.1 is
sandwiched between the lower and upper bounds (i.e. Egs. (89
and (90)) we can write

. . . K—-2 K-1
Fig. 7. Three spheres of equal radius are here g:entered_ aetha points Ha‘(/\ ) o ‘(/\ )H2
s = {Xo, A1, A2}. The shaded area describes the intersection of two spheres. % J\\e
The equilateral triangle describes the convex IGig#) of s. A€V (0) =0 j=i+1
K—-2 K—1
_ N 2 (93)
intersection of three spheres is less than that of two sphere - Z Z llai(Ae) = aj(Ac) |

N

i=0 j=i+1 A€V, (0)

K(K _ 1)G(SL)1/)%N2N2K/L(K71)V2/L,

hence the minimum number of;, points is greater than the
minimum number of\3 points. However, by construction it
follows that when centerind< spheres at the set of points
s=1{Xoy- -, Ax—1} = {ao(Ae), ..., ax—_1(\.)} each of the so that, since\; = a;(\.),

points in s will be in the intersectiom; of the K spheres. K_2 K_1

Since the intersection of an arbitrary collection of congets Z Z Z X —X\|2=0 (N2N2K/L(K71),/2/L) )
leads to a convex set [53], the convex hdlls) of s will , =7~ ) =0 ;511

also be inn,. Furthermore, for the example in Fig. 7, it can (94)

%

N =
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Comparing (92) to (94) we see that (91) grows &g3]
O (N~K/(E=1)) — 0 for N — oo and K < cc. [ |

24
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