Aalborg Universitet

Saturating systems and the rank-metric covering radius

Bonini, Matteo; Borello, Martino; Byrne, Eimear

Published in:
Journal of Algebraic Combinatorics

DOl (link to publication from Publisher):
10.1007/s10801-023-01269-9

Creative Commons License
CCBY 4.0

Publication date:
2023

Document Version
Publisher's PDF, also known as Version of record

Link to publication from Aalborg University

Citation for published version (APA):

AALBORG UNIVERSITY
DENMARK

Bonini, M., Borello, M., & Byrne, E. (2023). Saturating systems and the rank-metric covering radius. Journal of
Algebraic Combinatorics, 58(4), 1173-1202. https://doi.org/10.1007/s10801-023-01269-9

General rights

Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

- Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
- You may not further distribute the material or use it for any profit-making activity or commercial gain

- You may freely distribute the URL identifying the publication in the public portal -
Take down policy

If you believe that this document breaches copyright please contact us at vbn@aub.aau.dk providing details, and we will remove access to

the work immediately and investigate your claim.

Downloaded from vbn.aau.dk on: February 07, 2025


https://doi.org/10.1007/s10801-023-01269-9
https://vbn.aau.dk/en/publications/c156b7a6-827a-4048-95e1-9440fa59479d
https://doi.org/10.1007/s10801-023-01269-9

Journal of Algebraic Combinatorics (2023) 58:1173-1202
https://doi.org/10.1007/s10801-023-01269-9

®

Check for
updates

Saturating systems and the rank-metric covering radius

Matteo Bonini' - Martino Borello? - Eimear Byrne3

Received: 10 December 2022 / Accepted: 26 August 2023 / Published online: 22 September 2023
© The Author(s) 2023

Abstract

We introduce the concept of a rank-saturating system and outline its correspondence
to arank-metric code with a given covering radius. We consider the problem of finding
the value of sym 4 (k, p), which is the minimum [F,-dimension of a g-system in F';m
that is rank- p-saturating. This is equivalent to the covering problem in the rank metric.
We obtain upper and lower bounds on sy /4 (k, p) and evaluate it for certain values of k
and p. We give constructions of rank-p-saturating systems suggested from geometry.

Keywords Linear sets - Projective systems - Saturating systems - Rank-metric
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1 Introduction

The relationships between linear codes and sets of points in finite geometries have
long been exploited by researchers [1, 16, 18, 19, 21, 25]. Indeed, the MDS conjecture
was first posed by Segre as a problem on arcs in finite geometry [41]. A generator
matrix or parity check matrix of a linear code can be constructed from a multiset of
projective points. Supports of codewords correspond to complements of hyperplanes
in a fixed projective set. This connection yields a ‘dictionary’ between these two fields,
which allows one to apply methods from one domain to the other. This approach has
been taken in constructing codes with bounded covering radius, related to saturating
sets in projective space.

The geometry of rank-metric codes has recently been investigated [3, 39]: rank-
metric codes correspond to g-systems and linear sets. In this paper, we exploit
this relationship further: we introduce the notion of a rank-saturating system in
correspondence with a rank-metric covering code.

The covering radius of a code is the least positive integer p such that the union
of the spheres of radius p about each codeword is equal to the full ambient space.
This fundamental coding theoretical parameter has been widely studied for codes in
respect of the Hamming metric [12, 17-21, 24], but very few papers on the subject
have appeared in the literature on rank-metric codes [14, 27]. The covering radius is an
indicator of combinatorial properties of a code, such as maximality and is an invariant
of code equivalence. It also gives a measure of its error-correcting capabilities, via
a determination of the maximal weight of a correctable error. Several other commu-
nication problems can be expressed in terms of covering problems for the Hamming
metric [17]. For the rank metric, the covering radius of a code has connections with
min-rank problems, such as those that arise in index-coding [13]. However, as far as
the authors are aware, covering radius problems in the rank metric have not yet been
approached from a geometric viewpoint.

A set S of points in the projective space PG(k — 1, g) is called p-saturating if
every point of PG(k — 1, ¢) lies in a projective subspace spanned by p + 1 points of
S and p is the least integer with this property. The equivalence classes of such sets
are in bijection with equivalence classes of covering codes: if a p-saturating set S is
identified with the columns of a parity check matrix of a code C, then C has (Hamming)
covering radius p + 1. This yields an interesting connection between coding theory
and finite geometry. A key question in this topic concerns the minimal cardinality of
a saturating set for fixed ¢, k, and p. Translated to codes, this asks what the shortest
length of an F;-code of redundancy k and covering radius p + 1 is. A related problem
is to obtain bounds on this number and to give constructions of codes or saturating sets
that meet these bounds. Geometric methods to these problems have been considered
in [18, 20, 21, 24, 44], wherein the two main approaches involve constructions using
(1) cutting (or strong) blocking sets and (2) mixed subgeometries.

Rank-metric codes have been a source of intense research activity over the last
number of years [8, 14, 15, 23, 26, 27, 35, 40, 42]. In this paper, we focus on rank-
metric codes that are F»-linear subspaces of IFZ,,I. While there exists a more general
description of rank-metric codes simply as linear spaces of matrices, the restriction to
the Fyn -linear subspaces of ]F‘Zm has more immediate connections to finite geometry [3,
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39]. In this paper, we introduce the notion of an [n, k]ym /;, rank-p-saturating system.
In analogy with codes for the Hamming metric, it turns out that a rank-p-saturating
system corresponds to a linear code of rank-metric covering radius p. Such codes have
the property that every element of the ambient space is within rank distance at most
p to some codeword. In our analysis, we will use the notion of an [n, klgmq system,
which s simply an n-dimensional I, -subspace of X, whose IF,m-spanis the full space
and is a g-analogue of a projective system. Such g-systems have been used already in
[3] and [39] to describe geometric aspects of rank-metric codes. Then an [n, k] m /4
rank-p-saturating system is one whose associated linear set is a (p — 1)-saturating set
in PG(k — 1, g™).

We write sgm /4 (k, p) to denote the minimum [F;-dimension of a rank-p-saturating
system in ]F’;m. In this paper, we show that

mk
[7—‘ —m+p < sgmsq(k, p) <mk —p)+p, (D

for all ¢ > 2, and a slightly different lower bound for ¢ = 2. While the lower
bound of (1) arises from a combinatorial observation, the upper bound is constructive.
Furthermore, using the notion of a linear cutting blocking set [4], as well as construc-
tions from subgeometries, we obtain sharper upper bounds for specific parameters by
constructing rank-saturating systems.

This paper is organized as follows. In Sect. 2, we outline some background prelim-
inaries. In Sect. 3, we introduce the notion of a rank-saturating system, give equivalent
characterizations of such systems, and outline the connection to the rank covering
radius of a code. In Sect.4, we give upper and lower bounds on the minimum F-
dimension of a rank-p-saturating system. In almost all cases, the bounds we establish
turn out to be independent of ¢g. The concept of a rank-saturating system allows us to
extend in Sect.5 classical constructions for the Hamming metric to the rank metric.
In particular, we adopt two different approaches: one construction arises from linear
cutting blocking sets, first introduced in [3], and the other uses subgeometries. In the
final section, we list some cases for which sym /4 (k, p) is completely determined.

2 Background

Throughout this paper, g will denote a fixed prime power, while m, n, kK will denote
positive integers such that n < km and k < n. We will write p to denote a posi-
tive integer in {1, ..., min{k, m}}. Vectors will, as a rule, be column-vectors (unless
specified otherwise). We write [n] to denote the set {1, ..., n}.

Let ~ denote the equivalence relation on the non-zero elements of ]Fg defined by
u ~ v if and only if u = Av for some nonzero element A € F,. The projective space
PG(k — 1, g) with underlying vector space ]F’; is the set of equivalence classes for

~, which are called points. For a subspace V C ]F’q‘, the corresponding collection of
points in PG(k — 1, g) form a projective subspace of PG(k — 1, ¢). If dimV =k — 1,
the corresponding subspace is called a hyperplane.
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For integers 0 < k < n and a prime power ¢, the Gaussian binomial coefficient

]~

— q J
denotes the number of k-dimensional subspaces of an n-dimensional space over IF,.

2.1 Linear codes

Let us start with some basic definitions of coding theory. Classically applied in noisy
channel communication, code elements are often called words and therefore commonly
represented as row vectors. In this paper, we will mainly consider the codes and systems
for the rank metric, but we will point out some relations with the more classical
Hamming-metric case. An [F;»-linear code of length n is an [F;m -linear space of F}Iﬁ".

Definition 2.1 Letu = (uy, ..., u,) and v = (vy, ..., vy) in JF;;".

1. The Hamming distance between u and v in F'%" is defined to be the number
of coordinates in which they differ, that is: dy (u, v) = |{i € [n] : u; # vi}l.
The Hamming weight of u is wtg(u) := dp(u,0). An [n, k, d];n Hamming-
metric code C is a k-dimensional F,-subspace of IF{]]Z” such thatd = dy (C) =
min{dg (c,c’) : ¢, c’ € C,c # ¢'}. If the minimum distance of C is not known or
is not relevant, we refer to it as an [n, k],m code.

2. The rank distance between u and v in F1 X" is defined to be the IF,-dimension of the
vector space spanned by the differences of their coordinates, that is: dy (4, v) :=
dim]pq (uj —v; 11 € [n])]pq. The rank weight of u is wty(u) = dk(u, 0). An
[n, k, d]ymq rank-metric code C is a k-dimensional Fm-subspace of IF‘;?E" such
that d = dy(C) := min{d(c, ') : ¢, c’ € C, ¢ # ¢'}. If the minimum distance C
is not known or is not relevant, we refer to it as an [n, k]4m /4 code.

An|n, k]gm oran[n, k]4m /4 code C is often described in terms of a generator matrix

G e IF];Z”, which is a full-rank matrix whose rows generate C. The dual code of C is
defined to be:

={ve1F;,§":v-c=0vCeC},

where forallx = (x,...,x4),y = (J1,..., V) € IE‘;?;" wehavex-y =3 . x;y;.

Let C, C’ be a pair of Fyn-linear codes. We say that C and C’ are equivalent with
respect to the Hamming metric if there exists a monomial matrix M € Fy,;" and a
pair of generator matrices G, G’ of C, C’, respectively, satisfying G’ = GM. We say
that C and C’ are equivalent with respect to the rank metric, if there exists A € GL,(q)
and a pair of generator matrices G, G’ of C, C’, respectively, satisfying G’ = G A.

We will generally require that the codes we study are nondegenerate in the following
sense.
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Definition 2.2 An [n, k];» code C is Hamming-metric nondegenerate if for every
i € [n] there exists ¢ € C such that ¢; # 0. An [n, k]ym/, code C is rank-metric
nondegenerate if the IF,-span of the columns of any generator matrix of C has -
dimension #.

Note that if a code is degenerate, then it can be isometrically embedded in an
ambient space of smaller dimension.

It was shown in [3, Proposition 3.2] that C is rank-metric nondegenerate if and only
if for every A € GL,(q), the code C - A is Hamming-metric nondegenerate. Note
that, as already observed in [32, Corollary 6.5], nondegenerate rank-metric [n, k]4m /4
codes may exist only if n < mk.

Definition 2.3 An [n, k],m code C is projective if dy (C1) = 3. We define a projec-
tivization of a code C to be a punctured code C* of C of maximal length such that
dy ((CH*h) = 3.

A code is called projective if and only if no generator matrix has two linearly depen-
dent columns. In a projectivization, one erases the minimum number of columns to
obtain a projective code. Any pair of codes obtained by projectivization are equivalent.
For this reason, it makes sense to talk about the projectivization of a code.

Definition 2.4 LetC < IF;E". The Hamming-metric covering radius of C is:

pg (C) := max{min{dy(x,c):c€C}:x € ]Fflj,ﬁ”}.
The rank-metric covering radius of C is:

ok (C) = max{min{di(x,c) :c €C}: x € IF;;"}.

More generally, with respect to an arbitrary distance function d on F%”, the covering

radius of a code C < IF}],?,(” is the minimum value p such that the union of the balls of
radius p about each codeword, with respect to the distance function d, is equal to the
full ambient space [F ;,ﬁ". Hamming-metric (respectively, rank-metric) covering radius
is an invariant of Hamming-metric (respectively, rank-metric) code equivalence.

We summarize some well-known results on the covering radius (c.f. [14, 17]).
Similar statements hold for any distance function, but we state them for the rank
metric.

Lemma2.5 LetC,D < ]F}]”XY" be a pair of rank-metric codes. The following hold.

(@) IfC C D, then pk(C) = pik(D).
(b) IfC C D, then pk(C) > di (D).
() IfC ¢ {{0}, Fyx"}, then de(C) — 1 < 2pu(C).
An(n, k, d]4m /4 codeis called maximal if itis not strictly contained in any (possibly

nonlinear) code D C IE‘;E" such that dix (D) = d. Clearly a cardinality-optimal code
is also maximal.

Lemma 2.6 (The Supercode Lemma, [17]) LetC bean[n, k, dlym ;4 code with |C| > 2.
Then C is maximal if and only if p(C) < d — 1.
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Example2.7 Leta = (aj : j € [n]) € ]F;,ﬁ” have rank weight n over F, and let i be
a positive integer satisfying (i, m) = 1. An [n, k, n — k + 1]4m , code with generator
matrix

Guki = ("‘qm_]))
n,k,i J telk], jeln]

is called as a generalized Gabidulin code. We denote it by G, x ; (). Its dual code is
a generalized Gabidulin code G, ,—i,;(B), for some g € F m. Such codes meet the
rank-metric Singleton bound and are hence maximal, being optimal. Therefore, from
the Supercode Lemma, we have pnc (Gy ki (o)) < n—k.Onthe other hand, G, x ; (o) <
Gpi41, (@) and so from Lemma 2.5, we have ok (Go ki (@) = dic(Gair1,i(@)) =
n — k. It follows that p (G i (@) = n — k.

We recall the Dual Distance and External Distance bounds for rank-metric codes
[14, 22], which we state for [F;»-linear rank-metric codes. The external distance of an
[n, k]4m /4 rank-metric code C is defined to be:

sik(C) == [{wik(c) : c € C, ¢ # 0}

Theorem 2.8 Let C be a [n, k]ymq rank-metric code. Then the following hold:

1. pi(CL) < 5k (C) (external distance),
2. pk(CH) < min{n, m) — dy(C) + 1 (dual distance).

2.2 g-Systems and linear sets

There is a classical way to associate a set of pointsin ? € PG(k—1, ¢") to a projective
code in the Hamming metric. The idea is simply to take representatives in FX,, of the
points of P and put them as columns of a k x |P| generator matrix G over F m of a
code. As in the rank-metric case, such codes depend on the ordering of the points and
on their chosen vector representatives, but different choices yield equivalent codes.
We will call any code in this equivalence class a projective code associated with P,
and we will denote it by Cp. The same can be done for multisets of points, in which
case we arrive at non-projective codes, but we will not consider these in this work.
This geometric vision of codes leads to many interesting connections between objects
in finite geometry and properties of linear codes. In particular, the Hamming metric
can be read from this set of points: for any u € IF’;,,, , we have that:

— (uTG) =n— PN Wi ,| )

In the rank metric, there is analogous interpretation, which associates g-systems to
codes. We will now introduce these objects.

@ Springer



Journal of Algebraic Combinatorics (2023) 58:1173-1202 1179

Definition 2.9 An [n, k] m /4 system is an n-dimensional F,-space U < IF’;,,. such that

U )qu = IFS,H. A generator matrix for U is a k x n matrix over Fym whose columns
form an IF;-basis for . Two [n, k]gm ;4 systems U and V are called equivalent if there
exists ¢ in GLg(g"™) such that ¢ () = V.

A standard way to obtain [n, k],m /4 Systems is to associate them with nondegenerate
rank-metric codes. So, given a nondegenerate rank-metric code C, we may associate
it with a system U/ by taking a generator matrix of C and defining I/ to be the [F;-span
of its columns. This clearly depends on the choice of the matrix, but if we change the
generator matrix we obtain an equivalent system. We will call any system ¢/ in this
equivalence class a system associated with C. For a more detailed description of this
correspondence, which involves also the rank metric, the reader is referred to [3, §3]
and [39]. We just point out one important result which is the g-analogue of (2): for
any u € F;,ﬁk ,

Wtrk(uG) =n— dlm]Fq (u N <u)f‘:qm)'

In this paper, we will show new connections between rank-metric codes (viewed as
covering codes) and g-systems. In order to do so, we will use the definition of a linear
set. Such objects were introduced by Lunardon in [34] in order to construct blocking
sets and they are subject of intense research over the last years. An in-depth treatment
of linear sets can be found in [38].

Definition 2.10 Let{{ be an [n, k],m /4 system. The [F,-linear set in PG(k — 1, g™) of
rank n associated with U/ is the set

Ly = {(u)r - u € U\ {0}},
where (U)F denotes the projective point corresponding to u.

Remark 2.11 The original definition of a linear set does not assume that (L[)qu = Fgm.
However, if dim]qu ((U)]qu) = h < k, then, up to equivalence, we may assume

U< IFZ,,, with U)g,. = F’;m, and then study Ly; in PG(h — 1, g™).

Let0 # v € FX, and P € PG(k — 1, IF,m) be the projective point associated with
v. We define the weight of P in Ly, as the integer

wiy (P) = dim]Fq Un (v)qu).

Definition 2.12 A linear set Ly, is scattered if wiys(P) = 1 for each P € Ly.
Any linear set Ly, of rank n satisfies

n_

q

|ILul = 3
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Clearly a linear set L, is scattered if and only if equality holds in (3). Being a set of
pointsin PG(k—1, g™), alinear set L4 can be associated with an [|Ly4|, k],m codeCr,, .
We may hence associate a (projective) Hamming-metric code with a nondegenerate
rank-metric code, as summarized in the following diagram.

C—)CLM

¢ 1 “)
uU— Lu

Definition 2.13 LetCbean [n, k], /, rank-metric code. We call the code Cr,, obtained
as in (4) the projective Hamming-metric code associated with C.

Remark 2.14 We highlight the fact that the projective Hamming-metric code associated
with a rank-metric code defined above is not, in general, the associated Hamming-
metric code described in [3, §4.2]. The two definitions coincide if and only if the
underlying linear setis scattered (see for example [3, §4.1]). If the linear set is scattered,
the Hamming-metric code associated with a representative [n, k],m /, code has length
(g" — 1)/(g — 1). Otherwise, it is shorter. We remark that Hamming-metric codes
associated with scattered linear sets have been already considered in [10, 36, 37, 45].

3 Rank-saturating systems

In this section, we will introduce the main object of the paper. We will study its
properties and relations with covering codes in the rank metric.
Let us start with the notion of a saturating set.

Definition 3.1 Let S € PG(k — 1, ¢™).

(a) A point Q € PG(k — 1, ¢g™) is said to be p-saturated by S if there exist p + 1
points Py, ..., Poy1 € Ssuchthat Q € (Py,..., Pp+1)1pqm. We also say that S
p-saturates Q.

(b) The set S is called p-saturating set of PG(k — 1, g™) if every point Q € PG(k —
1, ¢') is p-saturated by S and p is the smallest value with this property.

It is well-known (see, for example [31, Theorem 11.1.2]) that an [n, n — k],m code
has (Hamming) covering radius p if every element of F%,, is a linear combination of
p columns of a generator matrix of the dual code and p is the smallest value with such
a property. The correspondence between projective systems and linear codes leads to
a correspondence between (p — 1)-saturating sets of size n in PG(k — 1, ¢") and the
duals of [n, n — k]4m codes of covering radius p. In defining the g-analogue of such
saturating sets, we arrive at a g-analogue of this correspondence.

Definition 3.2 An [n, klym/, system U is rank-p-saturating if Ly is a (p — 1)-
saturating set in PG(k — 1, ¢"). We call such a linear set a (o — 1)-saturating linear
set.

The property of being rank-p-saturating is clearly invariant under equivalence of
g-systems. The following result offers a characterization of rank-saturating systems
which we will use extensively in the remainder of this paper.
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Theorem 3.3 LetU be an [n, klgmq system and let {uy, ..., u,} be an F,-basis of U.
The following are equivalent:

(a) U is rank-p-saturating.
(b) For each vector v € Flc;’"’ there exists \ € ]F{]]f,i" with wtge(A) < p such that

v=Muj+ ...+ A uy,

and p is the smallest value with this property.
(¢) The full space can be expressed as:

Fon = U (S)Em s

S: SS]FqZ/{: dimg, S<p

and p is the smallest integer with this property.

Proof (a) = (b): Let0 # v € IF]‘;,,, and Q = (U)qu € PG(k — 1,¢™). Since U is
rank-p-saturating, there exists p points P; = (wl)qu, oo Py = (wp)qu such that

vV=yiwp o YpWy

with y; € Fym. Now wy, ..., w, arein Ly, so that, if uy, ..., u, is an F,-basis of U,
we have

v=yi(ui U+ mptn) o+ ve(Up i o A pnltn),
with u; ; € F, for all i, j. We reorder the terms to obtain:

v= (Vi o Yolp ) UL o+ Vil o Vollon) Un.

Al An

Now, call y = (y1,...,¥,) € F;ﬁp, M= (u; ;) € Fy™" and » = IF;Z". We have
rA=yM,

and so wt (L) < p (since the rank of M is at most p).
(b) = (¢): From (b), any v € ]F';m can be expressed as the linear combination:

v=Aup+---+Auy (5)

with dim]pq (M, ..., )»n)]p‘q <p.LetS=(Aq,..., )»n)[[rq. By (5),v € (S)qu.

(¢) = (a): Take Q = (U)]qu € PG(k — 1, g™). There exists S, an IF,-subspace of
U with dimp, S < p, such that v € (5>]qu- Let {wy, ..., w,} be a set containing a
basis of S over IF; and let Py, ..., P, be their corresponding projective points, so that
(wi)qu. These clearly belong to L. Since v € (S)qu, Qec(P,....,P)F,n. O

m
q
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Remark 3.4 Note that (b) does not depend on the choice of the I, -basis of /. Indeed,
consider two Fy-bases B = {u1, ..., u,} and B’ = {u), ..., u;} of . Then, for each
i € [n] we have that u; = Z?:] aju’j with a; € F, for j € [n]. Therefore,

n n n n n n

} : } : E : l } : l } : ’o
A,-ui = )»i ajuj = )\iaj I/lj = Aiui,

i=1 i=1 j=l1 1 i=1

j=1

i=
which that implies Wtk (1) = Wt (A').

The following theorem shows that in analogy with the Hamming-metric case, there
is a correspondence between rank-saturating systems and rank-metric covering codes.

Theorem 3.5 Let U be an [n, klym y system associated with a code C. The following
are equivalent.

(a) U is rank-p-saturating.
() p(CH) = p.

Proof (a) = (b) Letw € IF;Z", G be a generator matrix for C and v = Gw’ € F’;m.
Since U is rank- p-saturating, by condition (b) of Theorem 3.3, there exists A € ]F[IIE"

with wti (L) < p such that v = GAT.Then G(w” — AT), so that w — A € C*. Since
o is the least integer with this property, we may conclude that p (C1) = p.
(b) = (a) Letv € F’;m and G be a generator matrix for C. Let z any vector in ]F;E"

such that v = Gz”. By the definition of rank covering radius, there exists w € C+
(i.e., satisfying Gw” = 0) such that wty(z — w) < p. Call A = z — w. We have
v =Gzl =G!T —w!) = GAT. Since p is the least integer with this property, we
may conclude that ¢/{ is rank-p-saturating. O

Corollary 3.6 LetC bean[n, klgm g4 rank-metric code and letU be an[n, klym /4 System
associated with C. Then

Prk (CL> = pH ((CLM)L) ,
where Cp,, is the projective Hamming-metric code associated with C.

Proof This follows immediately by Theorem 3.5 and by the definition of rank-p-
saturating system. O

We close this section by reformulating some known results (see [14]) on the rank-
covering radius, in the language of saturating systems.

Corollary 3.7 Let U be a rank-p-saturating n, klgm 4 system associated with a code
C. Then

p <six(C) and p <min{m,n} —dw(C)+ 1.
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Proof These are direct consequences of Theorem 2.8. O

Corollary 3.8 Let C be an [n, klym /4 generalized Gabidulin code and let U be an
[n, klym g system associated with C. Then U is a rank-k-saturating system.

Proof The statement follows immediately from the fact that pp (C1) = k. O

4 Bounds on the dimension of rank-saturating systems

The classical covering problem, as presented for example in [17], is as follows: given
n and p, estimate the least number of spheres of radius p (with respect to the metric
considered) such that every vector in the ambient vector space of dimension n is
contained in their union, i.e., such that the union of the balls of radius p covers this
n-dimensional space. In the framework of linear codes, this is equivalent to asking how
large the rate of a code (that is the ratio between the dimension of the code and n) must
be in order to obtain a covering of the ambient space by balls centred at codewords.
In terms of rank-p-saturating systems, by Theorem 3.5 one may ask to find the least
value of n such that an [n, k]4m /, Tank-p-saturating system exists, for fixed k and p.

Definition 4.1 We denote by s4m /4 (k, p) the minimal F,-dimension of any rank-p-
saturating system in F’;m. That is,

sqm/q(k, p) == min{n : 3 an [n, k] m 4 rank-p-saturating systemy}.

The rest of this paper is devoted to obtaining bounds on this quantity: we will first
give a lower bound and then provide upper bounds arising from explicit constructions
of rank-p-saturating systems. We will use the following result.

Lemma4.2 ( [27, Corollary 2.3]) Let a, b be positive integers, with b < a. Then
a qb(a—b)
b, < e
b, ~ g

where (1/¢) := l_[(l — qii).

i=1

The following has been obtained with a slightly different approach in [28,
Proposition 14].

Theorem 4.3 Let U be a rank-p-saturating [n, klgm ;4 system. Then

[n} 2 qm(kfp).
p q
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In particular, we have the following:

[T —m+p  ifg>2,

nz (%W—m—i—p ifg=2,p>1, (0)
mk—1)+1 ifg=2,p=1.
Proof Let us consider the set IT, of all F,m-subspaces spanned by p IF,-linearly

independent elements of {; since the F,-dimension of these subspaces is p, the rank
of the IF;-span of their coefficients is at most p. As U saturates F’;m , from Theorem 3.5,

we know that IT, must cover the latter, i.e., that Fgm = Uv er, V. Therefore,
n
[ ] q" = g™, ™
Plq

If g = 2 and p = 1, then from (7) we get that 2" — 1 > 2m*=1 and hence n >
m(k — 1) + 1. From Lemma 4.2,

[Z] < (1/)} - q"@® fora,b eN.
q

So
(/@) - g” " g > g™~

Hence,

llog, (1/9) )] W Fnk — [log, (1/q)3)] W

m
n > [—(k—p)er—
P 4 o

The result now follows since (1 /q)gol < g for all ¢ > 2, and is strictly less than 4 for
By Theorem 4.3, we obtain an immediate lower bound:
k .
[’%]—m—l—p ifg > 2,
sqm/q(k, p) = f%} —m+p ifg=2,p>1, ®)

mk—1)+1 ifg=2,p=1.

Note thatin the case p = 1, the bound of (8) is attained, i.e., sgm /4 (k, 1) = m(k—1)+1.
To see this, letv € ]F’;,,,, v#Oandletv ¢ (v)]ﬁim . Consider the [m(k— 1)+ 1, k]gm /4
system:

U= )5, + ),
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which is clearly a rank-1-saturating system, because Ly = PG(k — 1, ¢™). Let C be
the code whose generator matrix has the elements of an IF;-basis of the system U/ as
its columns. The dual code Ctisan [m(k — 1)+ 1, m(k — 1)+ 1 — k]gm 4 with rank
covering radius 1 and it is the shortest code with this property for this dimension and
m.

We now obtain upper bounds on s,m /4 (k, p). To start with, we give a generalization
of the previous construction.

Theorem 4.4 Any [m(k — p) + p, klgmq system U with generator matrix

— Iﬂo
o= [i4e]

is rank-p-saturating. In particular,

sqmiq(k, p) <m(k — p) + p.

Proof Let Fym = F4la]. By [3, Proposition 3.16.], we have that, up to equivalence,
the system U/ has generator matrix

SN PRI NS |
O‘Ik,p‘otlk,p‘u-‘a I,

while U itself is given by:

_ u . k—p
U—{(w>.uEF§,wqum }

Letv € F/c;’" and suppose that v;, ..., v; # 0, for some i; € [p]. Then v can be
expressed as:

€y €i ei,

@1 w1 [

Vi Viy Vi,

v = . + v, . + ...+, . )

Wk—p Wk—p Wk—p

Vi Viy Vi,
where ey, ..., e, is the standard basis of IFg . Clearly, each of these r < p vectors
belongs to /. Any vector whose first p coordinates are non-zero requires exactly p
vectors in I/ and hence the system is rank- p-saturating. O

Since we have equality between the lower and the upper bound for p = 1 and for
p = k, the bound of (8) is attained in these cases.
We now study some properties of the function sgm /, (k, ).

Lemmad4.5 Let U be a rank-p-saturating [n, klym;, system. The following are
equivalent.
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1. Ly is not scattered.
2. U has an Fy-basis {uy, ..., u,} C Fg,,, with the property that

n—1
U, = )‘le-i-l,j”js
j=1

forsomel, 1 €y, 1 <j<n—1and € Fym\F,.

If either of the above equivalent properties hold, then U contains a rank-p’-saturating
[n — 1, klgmq system satisfying p' < p + 1. In particular, one such system is given
by (ui, ..., un-1)F,-

Proof The equivalence of the two statements given above is clear: Ly, is scattered if
and only no two members of { are [F,»-multiples of the same vector in Fg,,,. For any

vector v € Fsm,
P n
= D% D lijuj
=1 j=1
for some A; € Fym and [; ; € F,. Therefore,
n—1

)\.iZ ,]u]—i-Z)nll nlUn

j=1 i=1

li juj +Z)‘l’ nAleJr]]u]

I
o

I
—_

n—1

I
-
M

k)

+ [

s

S ~.
[

Il
&

li’juj,

I
LR
~.
Il
R

where A,11 = Zle Aili ph € Fgm. O

Using similar arguments as in the classical Hamming-metric case (see [31, §11.5]),
we have the following results.

Theorem 4.6 (Monotonicity) The following hold:

(@) If p < min{k, m}, then sgmq(k, p + 1) < sgmq(k, p).
(b) sgmiq(k, p) < sqgmsg(k+1,p) — 1.
©) If p <m, then sgm;g(k + 1,0+ 1) < sgmsqy(k, p) + 1.

Proof (a) Let n > k and let n = sym;q(k, p). Let G € Fz,f” be a generator matrix
associated with a rank-p-saturating [n, k];m /4 system U. We may assume that G =
[xltgs1 ..., up—1, y] for some y, u; € U. Assume further, that over all such choices
of U and G, that y has minimal rank weight.
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If wt (y7) = 1, then U satisfies the hypothesis of Lemma 4.5 and so there exists
a (p + 1)-rank-saturating system of length n — 1. We thus assume that wty (y!) =

£ > 2 Let{by :=y;,..., b ;= y;,} be an F-basis of (y1, ..., yk)Fq, where yT =
(¥1, ..., Yk). We have that y = by Z];':l pjej+y forsome p; € F, and y' € ]Fl(jm
satisfying y' = (Zﬁ-;ll aijbj, ..., Zf;ll agjbj)T for some a;; € F,,.

Consider the matrix G’ = [Ix|ug11 ..., un—1, y'], and the corresponding p’-rank-

saturating [n, k],m /4 system U’ spanned by its columns. Let w € F];m. There exists
zZ € IE‘Z,,, of rank at most p such that w = Gz. Therefore,

w =Gz
n—1
= Z ziei + Z zitt; + zn | be Z piei +y'
ielk] i=k+1 ielk]

n—1
= Z(Zi + znbepidei + Z zitti +2ny
ielk] i=k+1

=G| z+zbe ) piei
ielk]

Let 2/ = 2+ zube Y cpyq Pici- Clearly, wg((z))7) < wtn(z") + 1 < p+ 1 and so
p' < p+1.1f p’ = p+1, then we have sym 4 (k, p+1) < n = sym4(k, p) and hence
the statement of the theorem will follow.

If y € FX, then U/ isan [n — 1, klgm/q system and so p’ = p + 1.

Suppose then that y’ ¢ IF’;. Since i (y")7) < wt(yT), by our choice of & and
G, it must be the case that p’ # p. Suppose that p’ < p — 1. If wtg((y)T) = 1,
then U’ satisfies the hypothesis of Lemma 4.5 and so there exists a rank-o”-saturating
[n — 1,klgmq system U” with p” < p, yielding a contradiction to the fact that
n = sym/q(k, p). We hence assume that wt((v)T) > 2. Apply a similar argument
as before to produce a matrix G” = [Ix|ugyy ..., un—1, y"] with associated rank-
p"-saturating system U” satisfying p” < p’ + 1 < p and wtg((y")T) < wtg(y7).
Again, by our choice of G and U, it must be the case that p” < p — 1. Continue,
iterating the same argument to produce a sequence of generator matrices G) =
[eltks1s s Un—1, y(i)] and associated [n — 1, k]ym /4 rank—p(i)—saturating systems
UYD with wtrk((y(i Ny < Wtrk((y(i_l))T) at each step. This sequence will terminate
at some r for which wty ((y*)7) = 1, in which case we may apply Lemma 4.5 to
arrive at a contradiction. We deduce that o = p + 1 and so the result follows.

(b) Letn > kandletn = sgm ;4 (k, p). Let G = [ Iy 11| A] € ]Ft(]k,,:rl)xn be a generator
matrix of a rank-p-saturating [n, k + 1],m 4, system U. Consider the matrix G' =
[It]| A ] e IF];:(”_I) found by deleting the first column and row of G. Let w’ € ]F’;m
and let w = (0, w’ )T IS IF];;,'[I. Since U is rank-p-saturating, there exists z € Fgm of

rank at most p such that w = Gz and so w’ = G'z, where 7 = (z2, ..., z,)T . Since
wti ((z)7) < wtg(z7) < p, then G’ generates an [n — 1, klgm 4 rank-p’-saturating
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system U’ with p’ < p. Therefore, by (a),
Sqm gk, p) < sgmigk, p') <n—1=sgmq(k+1,p) — 1.

(c) Letn = sgm;q(k, p). Let G € Fz,ﬁ” be a generator matrix of a rank-p-saturating
[n, k]gm /4 system U. Consider the matrix

;| GO (k+1)x (n+1)
G = [0 1] € ]qu ,

which generates a rank-p’-saturating [n+1, k+1],m /4 system . It is straightforward
to check that for any w € ]F];#, there exists z € IFZII of rank at most p + 1 such that

w = G'z. Again by (a), we have
sqiglk + 1, p4+1) <sgnjgk+1,0) <n+1<sgm/q(k, p) + 1.

O

In the following, we define the direct sum of systems to obtain recursive bounds,
in analogy with [21, 44].

Definition 4.7 Foreachi € {1, 2}, let{; be an [n;, k;],m /4 system, associated with an

[ni, kilgm /g code C;. Let f IF;E'” — ]F;Z"z be an Fn-linear map. The code

C:={(u, f(u)+v):uecCyvel)
isan [n1+n2, k1 +kalgm /4, which we call the f-sum of C; and C; and write C1 @ ¢ Cs.

Its associated [n1 + n2, k1 + kz]gm /4 system is called the f-sum of U/; and U/, which
we denote by Uy © r Us.

1. If f is the identity map, the f-sum of U] and U is called the Plotkin sum of U
and Uy.

2. If f is the zero map, the f-sum of U and U, is called the direct sum of U; and
U>, which we denote by U; @ Us.

Theorem 4.8 For eachi € {1,2}, letU; be an [n;, k;i1gm /4 rank-p;-saturating system,
associated with an [n;, k;]ym ;4 code C;. Let f : IF[II,),,("I — IF;:,,(”Z be an Fym-linear
map. Then Uy @ ¢ Uy is an [ny + na, k1 + kalgm g system that is rank-p-saturating,
where p < p1 + p2. In particular, if p1 + po < min{k; + ko, m}, then

sqmjq (k1 + ko, p1 + 02) < sgmyq(ki, p1) + Sgmyq(ka, 02).

Proof C = C1 @ C; has a generator matrix of the form
|G &
St
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where G; is a generator matrix for C; for each i and G’ € Fglmmz. Let U; be the
system generated by G; and let I{’ be the system generated by G’. Since U is rank-

p1-saturating, U + U’ is p’-saturating for some p’ < p;. Letv € IFI;EHHQ and write

v =D, vT with each v® € IE‘];’),,. There exists (A1, A)T € ]F‘Zlf”z of rank

weight at most p’ and A?) € IFZ,Z,. of rank weight at most p; such that:

B v _[Gy G’ A
V1@ T o Gy || +a@ |
and clearly A = (A(l), A+ A(Z))T has rank weight at most p1 + p3.
Suppose now that Uf; has IF;,-dimension sym 4 (k;, p;) fori € {1, 2}. Thenld; @y U>

has F,-dimension sym /4 (k1, p) +sqm /4 (k2, p2). Since Uy @  Us is rank- p”-saturating
with p” < p| + p2, by Theorem 4.6,

Sqm1q (k1 + ko, p1 + p2) < sgmyq (ki + ko, p") < sgm g ki, p1) + sgm g (ka, p2),

if p1 + p2 < min{ky + ko, m}. a

Remark 4.9 The direct sum U; & U may be p-rank-saturating with p < p; + p2,
as the following example shows. Let 14 = [F7[«] with a* = a + 1. Let U; be the
[2, 2]16/2 system and U, be the [3, 1]16/2 system defined, respectively, by

Gl=|:(l)(1)i| and G2=[1aa5].

The system U] is rank-2-saturating and the system U4 is rank-1-saturating, while
U1 @ U, is rank-2-saturating (which can be verified directly with MAGMA).

Corollary 4.10
Sqmyqg(tsh,ts) <t -sqmjq(sh,s).

Proof We proceed by induction on 7 (for = 1 it is clear). By Theorem 4.8 and by
induction hypothesis, we get

Sqmyq(tsh,ts) < sqmq((t — Dsh, (t — 1)s) + s4m/q(sh, s)

(t — Dsgmg(sh, s) + sgmiq(sh,s) =1 - s4m;q(sh,s).

=
=

5 Constructions

In this section, we present some geometric constructions of rank-saturating systems of
small I, -dimension, following the lines of [ 18, 21, 24, 44], wherein, as we have already
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mentioned, the two main approaches involve constructions using cutting blocking sets
and mixed subgeometries.

5.1 Constructions from linear cutting blocking sets

Let us first introduce the notion of a cutting blocking set.

Definition 5.1 A subset M C PG(k—1, q) is a cutting blocking set (or strong blocking
set) if for every hyperplane H of PG(k — 1, ¢), we have:

(MNH) ="H.

Such sets were introduced in [19], with the original name of strong blocking sets,
in connection to p-saturating sets. More explicitly, we have the following result.

Theorem 5.2 (Theorem 3.2. of [19]) Any cutting blocking set in a subgeometry PG (k —
1,q) of PG(k — 1, ¢* 1) is a (k — 2)-saturating set in PG(k — 1, g*=1).

In [11], they were reintroduced, with the name of cutting blocking sets, in order to
construct a particular family of minimal codes.

Definition 5.3 An [n, k] code C is minimal if for every ¢, ¢’ € C,{i : ¢] # 0} C {i :
ci # 0} implies ¢’ = Ac for some A € Fym.

Such codes have been the subject of extensive research over the last twenty years.
In [1, 43], it is shown that they are the geometrical counterparts of minimal codes, via
the correspondence introduced in Sect. 2.2. One of the main problems in the theory of
minimal codes is the construction of families of short-length codes, which is equivalent
to constructing small strong blocking sets. Some recent results can be found in [2, 4-6,
9, 30].

The g-analogue of a cutting blocking set is defined as follows.

Definition 5.4 A [n, k] m, systemU{ is called a linear cutting blocking set if for every
Fgm-hyperplane H we have (H NU)F . = H.

Linear cutting blocking sets were introduced recently in [3], in connection with

minimal codes in the rank metric. In order to define these, we introduce the notion of

rank-support. Fix an ordered basis I' = {y1, ..., ¥} of Fym /F,. Foraword ¢ € F;Zﬁ",

let I'(c) € ]FZX’" be the matrix such that
m

¢ = ZF(C)ijVj~
j=l

The rank-support of ¢, which we denote by o™ (c) is the column space of I'(c).

Definition 5.5 An [n, k]ym 4 code C is minimal if forevery ¢, ¢’ € C, o™ () C o™ (c)
implies ¢’ = Ac for some A € Fym.
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As shown in [3], a g-system is a linear cutting blocking set if and only if the
associated rank-metric code is minimal. We will show that, as in the classical setting,
linear cutting blocking sets give rise to rank-saturating systems.

Theorem 5.6 LetU be an [n, klym 14 system. IfU is a linear cutting blocking set, then
it is a rank-(k — 1)-saturating n, k]qm(k—l)/q system.

Proof The system U is a linear cutting blocking set in IF];m, so that the [n, k]gm/q
code C associated with I/ is a minimal code in the rank metric by [3, Corollary 5.7].
Then the projective Hamming-metric code Cy,, associated with C is a minimal code
in the Hamming metric by [3, Theorem 5.13] (indeed, Cy,, is the projectivization of
the code C¥ in that reference, and we are using also the trivial fact that a code is
minimal if and only if its projectivization is minimal). Hence, L, is a cutting blocking
set in PG(k — 1, ¢). Then Ly, is a (k — 2)-saturating set in PG(k — 1, g" k=) by
Theorem 5.2. By definition, this means that{ is arank-(k— 1)-saturating [n, k]qzn(k—l)/q
system. O

Corollary 5.7 For everym, k > 2,
k+m—1< Sqm(k—l)/q(k, k—1) <lgmgk) <2k +m—2,

where lgm 4 (k) is the minimum F-dimension of a linear cutting blocking set in IFIq‘m.

Proof The upper bound is a direct consequence of Theorem 5.6 and of [3, Corollary
6.11.], where it is shown that for every m, k > 2, there exists a [2k +m — 2, k]4m /4
linear cutting blocking set. The lower bound is the one by Theorem 4.3. O

Remark 5.8 Quite remarkably, the lower bound coincides with the one for linear cutting
blocking set given in [3, Corollary 5.10], calculated over the subfield Fym. Note,
however, that in [8] it is proved that the bound is not sharp for linear cutting blocking
sets when m < (k — 1)2. It would be interesting to know if a similar result holds also
for saturating systems.

Theorem 5.9 The equality
sqzr/q(S, 2)=r+2

holds if one of the following is true:

(@ r #3,5mod 6and r > 4;

(b) ged(r, @** —¢* + 1)) =1,ro0dd 1 <s <r, ged(r,s) = 1;
(c)r=5g¢9= p15h+s’ p € (2,3}, ged(s, 15) = 1;

d) r=S5, g=515h+1;

(e) r =5, qodd, qg=2,3mod 5 andforq = 2*"1 h > 1.

Proof Accordingto [3,7,33], under any of these hypothesis [r+2, 3], , linear cutting
blocking sets exist. So by Theorem 5.6, rank-2-saturating [r 42, 3],2- ), systems exist.
The equality comes from the fact that in this case the upper bound meets the lower
bound. O
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Remark 5.10 Letus remark that, according to [29], [r+3, 3], /4 linear cutting blocking
sets exist for any m and ¢g. So, in general sqzr/q(3, 2)ye{r+2,r+ 3}

Example 5.11 Let A in [F ¢ such that A =1+ 1.The [6, 3116 /2 system with generator
matrix

)\4 )\10 )\8 )\3 )\9 )\’7
G= |28 128 0 2%,
)\10 0 )\6 )\5 )\11 )\3

is a linear cutting blocking set, as shown in [3, Example 6.9]. So the [6, 3]256/2 system
U with the same generator matrix is a rank-2-saturating system. It has the smallest
Fo-dimension. The linear set Ly, is scattered.

Remark 5.12 1In [8], it is shown that, for all g, there exists an [8, 4] /g linear cutting
blocking set. Therefore, by Theorem 5.6 there exists a rank-3-saturating [8, 4]q9 /q
system and hence

6 < 549744, 3) = 8.

In this case, their construction is independent of g.
On the other hand, for g = 2" with h odd, they show that the [8, 4] g*/q System

X
y
x4 4y’
x4 4y 4y’

:x,yqu4

is a linear cutting blocking set (while for / even the result is no longer true) and by
Theorem 5.6, is a [8, 4]ql2/q rank-3-saturating system. So

7 < SqIZ/q(4, 3) <8,

for g = 2" with h odd. Note that, for h even, U may eventually be still a rank-3-
saturating system in spite of the fact that Theorem 5.6 is not applicable. It would
be interesting to know whether such an example of dependence on ¢ exists also for
saturating systems. Note that from the dual distance bound, ¢/ is a rank-p-saturating
[8, 4]q4/q system, with p < 5 — d(C), where C is a code associated with /. In
particular, if C has minimum rank distance 2, U is p-rank-saturating, with p < 3. A
parity-check matrix for C (up to equivalence) is given by [8, Proposition 4.14]:

0 b
b 0

H = B bq2+bq3 ,
b b7

@ Springer



Journal of Algebraic Combinatorics (2023) 58:1173-1202 1193

where b € IF44 has F;-rank equal to 4 and bq'i = (bql, el bZl) for each i. From this,
q

it is easy to see that no word of ]FS is contained in the nullspace of H and hence C has
minimum distance at least 2.

Finally, in [8] it is shown that if [z, k]4m /, is a linear cutting blocking set, then
one can construct a [t + m, k + 1]4m /4, linear cutting blocking set. In our terms, by
Theorem 5.6 we get that if a [z, k],m , linear cutting blocking set exists, then

Sqm(k—l)/q(k, k—1)<r and squ/q(k +1,k) <t+m.

5.2 A construction from subgeometries

In this subsection, we outline a construction that exploits the properties of particular
subgeometries of PG(k — 1, g™), i.e., those arising from subfields of [Fym.

For the purposes of exposition, we start with a special case, which will serve as an
example of a more general construction.

Proposition 5.13 Let qu = Fyla]. For k > 3, the [2k — 3, k]q4/q system U defined

by
U={(5)ueP weF;?
= o) uel, w 2 [

which has an associated generator matrix given by:

I3 0 0
6= [0 I3 alk—s]’

is rank-3-saturating. In particular, we have:
Sq4/q(k,3) <2k —3.

Proof Fix B1, B, € Fq4 such that IE‘q4 = qu + (B1, ﬁz)Fq. For any w € Fq4, write
w =7, (w)P1 +mp, (w)B2 +7‘[]Fq2 (w) for g, (w), mg, (w) € IFy and TR 5 (w) € Fpo.

Consider a vector v = (v, ..., vk)T IS IF’;4; we will show that v = AWy 4

2Dy @ 42343 for some AW, 1@ 1Q) ¢ Fq4 and u®, u®@ u® ¢ Y. We first
define the following functions:

@1: Fpa xFpa — Fy

g, (x1) ", (x2) if 7, (x1) # O,
(x1, X2) > { 0 otherwise;

and ¢ : ]Fq4 X ]Fq4 X ]Fq4 — Iqu, where

T 5 (x2) — TTF (xDe1(x1, x2)

2(x1, X2, x3) = (7wp, (x3) — 7, (x1)1(x1, X3)),

g, (x2) — 7, (X1 (X1, X2)
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if wg, (v2) # 7, (V1)@1(v1, v2) and @2(x1, X2, x3) := 0, otherwise.
We will first suppose that the following hold:

(D mg, (v1) #0,
(1) mg,(v2) # 7p, (V@1 (v1, V2),
(11D TR, 5 (v3) # T, 5 (vDe1(v1, v3) + @2(v1, V2, V3).

Let
A = L )
g, (V1)
g, (V1)
g, (v2)
L | Tl
: g (va) |
g, (Vk)
ey 7 2 (V2) = 7E, WDPL V1L, v2) oy — 2 DuSY — g 0y — 2Dy
= P2 - 5
g, (v2) — 7, (V)@ (v1, V2) g, (v — AW ul)
0 0 0
8, (V2) — 7, (V1)1 (V1, V2) 7, (V2) B2 2
o | 83 =7 @D (1, v3) 7, (v3) g (s )
W= mpy(va) — gy (@1 (v va) | T | 7 (va) | T | g, (k(‘)uff)) ’
g, (V) — 7, (V1)1 (v1, v4) 7, (Vk) T4, (A(l)u,il))
A3 = 7F 5 (V3) = 7F , (VD@1 (V1 v3) — ¢2(v1, V2, v3)
=v3 — k(l)ugl) — k(z)ugz) — 7, (v3 — A(l)ugl)
2 1 2
— )»(z)ug ))ﬂl — g, (v3 — A(l)ug ) _ K(z)ug ))ﬂz
O O
0 O
1 : 0
u® =10+ el 7 5 (04) = 75, (D@1 (01, 04) = @2 (V1. v2. v4)
0 F 2 () — F 2 D11, vr) — @2(v1, V2, V)
0 0 0
8 0 0 0
1 0 0 0
— 1 — 1 0, M 1 2, @
=10+ el H]qu(v4) -5 ﬂﬂrqz(k u, ) | — NG F A uy”)
0 7, 5 (k) g, 0 Dugl) mp , 0 Pu?)
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Direct computations show that v = A0y 1@ 3@ 133y Since u, u® e
FX C U and u® e F3 x F’;f C U, we have that pu () < 3.

We now consider the possibility that one or more of the assumptions (I)-(IIT) do
not hold. We will show that the argument holds with some minor modifications.

(I) Suppose that 7g, (v1) = 0.

(a) If there exists an index i € {2,...,k} such that wg, (v;) # 0, repeat the
passages written above replacing vy with v;.

(b) Otherwise, if there does not existany i € {2, ..., k} such that 7g, (v;) # 0, set
2D =y, u® = (1,0,...,07, and replace mg, (v1)~! with the value zero
in the formula for ¢;.

(II) Suppose that g, (v2) = mg, (V1)1 (v1, v2).

(a) If there exists an index i € {3, ..., k} such that

g, (vi) # 7p, (V) @1(V1, Vi),

repeat the passages written above replacing vy with v;.
(b) Otherwise, if there does not exist any i € {3, ..., k} such that

g, (vi) # g, (V)1 (v1, Vi),
then set A2 = vy — A(l)ug), u?® = ©O,1,... ,O)T, replace

(774, (v2) — g, (V1)1 (v1, v3)) !

with the value zero in the determination of A®, u®.
(I Suppose that 7F , (v3) 7 7F , (V@1 (V1, V3) + @2(v1, V2, V3).

(a) If there exists an index i € {4, ..., k} such that
7R 5 (Vi) 7# 7, (VD@1 V1, vi) + @a(vi, v2, vi),

then replace vs with v; in the determination of PN
(b) Otherwise, if there does not exist any i € {4, ..., k} such that

7F , (Vi) # 7F 5 (VD@1 (V1, Vi) + @2 (i, v2, Vi),
then the process has already terminated in the Step (II) and it is enough to set
23 =0and u® = (0,...,0)7.

To conclude the proof, we show that I/ is exactly 3-saturating. Let y1, 2, 3 € ]Fq4

be linearly independent over IFy, and let v = (1, 2, 13,0, ..., O)T € U. Due to the
linear independence of the y; over [F, it is not possible to saturate v with fewer than
3 elements of . O
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The idea of the previous proof above, which is reminiscent of the Gram-Schmidt
algorithm, allows us to obtain a construction that generalizes Proposition 5.13.

Theorem 5.14 Let r,t > 2 and qu = IF,[a], for some a, a root of an irreducible
polynomial of degree t over Fy. For h > 0, the [th+(r — 1)t +1, h+ (r — D)t +1]4r /4

system U defined by:
U= {(u) cu e RU—DFL ) € ]Fh,},
w q q

which has an associated generator matrix given by:

G = [fe-ven[0] 0 JO| 0
o 0 ‘Ih‘alh‘...‘alfllh ’

is rank-((r — 1)t + 1)-saturating. In particular,
Sgrijgth+ (=Dt +1,r =Dt +1) <th+(r — Dt +1.

Proof Let {B1, ..., ,B(rfl)t} - ]qur such that ]qut = ]th + (B1, ..., ,B(rfl),)ﬂ?q. For
any a € Fyn, write a = Zje[(r—l)t] g (@)Bj + TR, (a) for mg;(a) € F, and
TF,, (a) € Fyr.Letk = h+(r—1)t+1and consideravectorv = (vy, ..., vl e ]F’;,,;

we will show that v = 3 (,_1)1y A u'? for some 1) € Fyre and u') € U.
Suppose first that 7rg, (v1) # 0. Define the following:

g, (V1)
77:,31(1)2)
V1 .
A= m, u = M
1

78, (Vo —1)1+2)

78, Vh+(r—1)r+1)

If g, (v1) = 0, then proceed similarly as described in (I) of Proposition 5.13.
Now recursively define A and u® as follows: for £ € {2, ..., (r — 1)1}, we set

i), () i),, ()
NG Ve — Zie[(—l]()‘(l)ue ) = D jere—11 78, (Ve — D) 2 Ou)”)p,

. (
g, (Ve = D ice—1) )\(l)”zl))
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0—1)x1
0¢—1)x1 g, ()\(;) (i))
ﬂﬂk(vZ) - ()\l(l) l) )
78, (Ve+1) Be
© ._ 5 -
u p—t - [ ( ) E)
By (U(r—l)t-H) ie[%zll 7'[,3@()‘1 U ! l)t+])
g, (V(r—1)1-+2) 5, (LD u(r Drs2)
78, (Wht(r—1)141) g, (0. “h+(r eat)
under the assumption that
wp e — Y ADuf’y #£0, fort e [(r — . ©)

iele—1]

If (9) does not hold, then this means that A and u® are not necessary for the
decomposition, and it is possible to proceed to the next step. We proceed in a manner
similar to (II) of Proposition 5.13.

Furthermore, define:

-1 1 j i
MOV e ) = Y, GPul ),

ie[(r—11]
and
OG- x1
1 0((r—l)t-§—1)><1
@),,@
PGS VIES R TF (e —1)1+2) _ 1 Z TR, (A u(r—l)t+2)
T A =D A(r=Dr+1) : ’
. ie[(r—Dr]
. TR, (A. u )
TF Whte(s—1)+1) ' h+t(s D+l
(GVESY
where we assume that
TR t(v(r Di+1) # Z TR x()\(l) Elr) ]),+1)- (10)
ie[(r—1)t]

Finally, if (10) does not hold, then continue as in (IIT) of Proposition 5.13.
In order to prove that U is ((r — 1)t + 1)-saturating, we show that the following
hold:

@) ve = Yjep A Pu for € € [(r — 1],
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Qi) 7, () = 7p, (Zie[i] Mf)u,(j)) = g (Ziem,\(”u,ﬁ”) for ¢ € [(r — 1],
kelb+1,. . th+i(s—D+1),and j € {e,..., (r = Di+1),
(i) D err—1)r41] Ay =y,

Direct computations show that

v
g, (v1)

1
lmuﬁ ) = g, (V1) = v1,

and that, furthermore:
S a0uf =2OuP + 3 (Wu@“)
iele] iefe—1]
i),, @) i), (@)
Vg — Zie[[—l] ()‘(')”z ) - Zje[f—l] g; (UZ - Zie[/] )‘(1)”5 )ﬁj

- @), @ TP
7By (W - Zie[@—l] Au, )

vy — Z )»(i)uéi)

ielt—1]
- 3 (o)
iele—1]
—u= Y (100 Y (10u)
ielt—1] iefe—1]

=vy.

Hence (i) holds. .

We now prove (ii), noting that by construction, 7g, Dy =1, fori < (r — Dt.
Moreover, for £ € [(r — 1)¢], it is straightforward to show that the second equality
in (ii) holds, as A©) € (Bi, Bit1..... Bo—1u)F, + F,2 and u® e ]E"qh+(r_l)’+l for
i < (r — 1)t. Firstly, we have that

g, (V1) 1)
T (A(l)u(l)) = ——"u;’ =mg (v1).
131 k ]Tﬂl (Ul) 1 ﬁl

Consider now £ € {2, ..., (r — 1)t}. By construction, we have that:

g, A(i)u,(([) zﬂﬁl(k(")u,(f))—f-nﬂz Z (A(i)u(i))
ielf] ie[t-1]

= 714, (v0) — Z 8, (Mi)M]((i))JrﬂﬂZ Z (’\U)“;(f))

ie[t—1] ielt—1]
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= Y 1 ((000) + 3w (10u)

ie[t—1] ie[t—1]

=g, (ve),

which implies (ii).
ey . i), (1)
To prove (iii) it remains to show that T, (v) = TR ¢ <Zie[(r—1),+1] )»(’)uk ), for

ke{(r—Dt+1,...,th+1t(s—1)+1}.
By construction, fork € {(r — 1)t +1,...,th +t(s — 1) + 1} we have:

”qu Z )L(i)ul(j) :)L((rfl)t+1)ul(((r—l)t+1)_|_ Z )‘(i>”1(<i)
ie[(r—1i+1] iel(r—1)]

=75, Ve —1)r+1) — > TF ¢ ('41(:))4' > 10
iel(r—1)1] iel(r—1)1]
=7, (V).

Since u® € IF;V_I)[JFHI C U, for £ € [(r — D], and uC—DI+D ¢ Ff,r_l)t X
IFZ, C U we have that p(Ud) < (r — 1)t + 1. Moreover, using the same argu-
ment as in the proof of Proposition 5.13, U is exactly ((r — 1)t 4 1)-saturating

as taking yi, ..., ¥¢—1i+1 € Fye-n+1 be linearly independent over Fy, the vec-
tor v = (Y1, Yo-1)i+1,0, . . ., O)T € U cannot be saturated with fewer than
(r — 1)t + 1 elements of 4. O

Remark 5.15 Let us suppose g > 2. Note that for 7 > 0,

rth + ((r — Dt + 1)2
(r—Dt+1

< sgrisg(r =Dt +14h,(r =D+ 1) <th+ (- Dr+1

and the difference between the upper and the lower bound is

b (R i PR
r—Di+1 (r—=Dt+1

Note that, for r = 2 and & = 1, for all » > 2 the difference is strictly less than 1, so
that

qur/q(Zr, 2r— 1) =2r+1

for g > 2.
In the case ¢ = 2, with a similar argument we get

2r < S22r/2(2r, 2r — 1) <2r + 1.

@ Springer



1200 Journal of Algebraic Combinatorics (2023) 58:1173-1202

Now, clearly s,2r, (2r,2r — 1) cannot be equal to 2r (for any g), since the only
[2r, 2r]gm 4 code is the full space and in this case p = 2r. So, SZZr/Z(Zr, 2r—1) =
2r + 1.

6 Conclusion

For the convenience of the reader, we summarize the main results on sgm / (k, p)
proved in this paper. First, by Theorem 4.3 and Theorem 4.4,

k
[’"—W —m+p <sguigk.p) <mk —p)+p,  forg>2andp > 1,
0

k—1
(m——‘ —m+p < sgmjgk, p) <mk —p)+p, forg=2andp >1,
P

sqgmgtk, 1) =m(k —1) + 1, for all g.
The Monotonicity Theorem (Theorem 4.6) and the Direct Sum Theorem (Theorem 4.8)
state that, for all positive integers m, k, k', p € [min{k, m}], o’ € [min{k’, m},

(a) If p < min{k, m}, then sym ;(k, p + 1) < s54m /4 (k, p).

(b) sgmqk, p) < sgmq(k + 1, p).

(©) If p <m,thensgm/y(k+1, 0+ 1) < sgm;q(k, p) + 1.

(d) I p+ o < minfk + &' m). sgn gk + K, p + ') < sqnjq (k. p) + gm0 (k' p).

The upper bound is sharpened for particular cases: for every r, k > 2, thanks to the
construction using linear cutting blocking sets (Corollary 5.7) we have

Sqr(k—l)/q(k, k—1)<2k+r—2.
Using subgeometries (Theorem 5.14), for ¢, s > 2 and & > 0 we have:
Sgrijg(r =Dt +1+h, r—Dt+1) <th+ (@ —Dt+1.

Finally, we list some cases for which s,m 4 (k, p) is determined, namely:

sqm/q(k, 1)=mk—1)+1, forallm,k > 2,

sgm 14 (k, k) =k, for all m, k > 2,

sqzr/q(3,2):r+2, forr # 3,5 mod 6 and r > 4,

qu’/q(3’ 2)=r+2, for ged(r, (qZS —¢*+ DY) =1,rodd, 1 <s <r,ged(r,s) =1,
5,10,,3:9 =1, forg = p!5h+s p e (2,3}, ged(s, 15) = 1,

5,10,,3. 2 =17, for g = 519+,

5,10,,3.2) =7, for g odd , ¢ = 2,3 mod 5 and for g = 22"+1 > 1,

sqz,/q(Zr,Zr —1)=2r+1, forallr >2.
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