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Abstract- Sideband harmonics of the cascaded H-bridge 

(CHB) inverters, modulated by the phase-shifted pulse-
width modulation (PS-PWM) scheme, will appear with 
unbalanced dc voltages or/and modulation signals in 
different cells. The linear controller to suppress the output 
voltage distortion is destined to be ineffective due to the 
non-linear characteristic of sideband harmonics. Focus on 
this problem, this article proposes a closed-loop harmonic 
suppression method by adjusting the displacement angles 
for the N-cells CHB inverter, with the help of vector 
diagrams and the Hessian Matrix. This method can achieve 
the suppression of the harmonic distortion around any 
multiplicative switching frequency. Displacement angles 
are adjusted continuously in real-time. No complicated 
trigonometric function calculations and optimization 
algorithms are required. The harmonics suppression 
mechanism is also revealed from a vector synthesis point 
of view. The superior harmonic performance achieved by 
the proposed method is verified by the simulation and 
experiment results. 
 

Index Terms—harmonic suppression, harmonic vectors, 
cascaded H-bridge inverter, phase-shifted PWM. 

I.  INTRODUCTION 

MONG varieties of multilevel converters, the cascaded 
H-bridge (CHB) topology, proposed by McMurray in 

1971 [1], is one of the most mature and attractive topologies 
with high flexibility, and scalability [2]. It achieves excellent 
output voltage quality due to a large number of power modules 
and the phase-shifted pulse-width modulation (PS-PWM) 
technique [3]-[4]. The high-quality output voltage can only be 
achieved under ideal conditions with equal dc voltages and 
modulation signals among different cells [5]. Yet, unbalanced 
conditions are far more common in practice owing to 
differences in power management or component parameters in 
each cell. Especially, the imbalance will also be reflected in 
different modulation signals, even if the dc voltages are 
controlled to be balanced [6]-[7]. The non-negligible harmonic 
distortion around the multiplicative switching frequency, 
dispersed under unbalanced conditions and difficult to be 
suppressed, may be result in harmonic pollution and even 
harmonic resonance [8]. 

Modified methods to mitigate the sideband harmonics under 
unbalanced conditions are mainly divided into two groups: 1) 
one specific frequency sideband harmonic elimination based 
on the fundamental period window; 2) the whole harmonic 
group elimination based on the carrier signal period window. 
Variable-angle PS-PWM (VA. PS-PWM) is an attractive way 
to cancel sideband harmonic at one specific frequency [5], [9]-

[13]. Extending the VA. PS-PWM technique to the carrier 
signal period window, named sampling-time based VA. PS-
PWM technique, the elimination of the whole harmonic group 
is achieved [14]. For the harmonic suppression method in [14], 
its limitation that the analytical solution of displacement angles 
exists only when a closed triangle can be formed by the 
harmonic magnitudes, is explored in [15]. The employment of 
an extra battery-fed power cell to overcome the limitation is 
proposed in [16]. Moreover, [17] defines the behavior for the 
CHB converter operations in the invalid region. To improve the 
method aforementioned, a discontinuous pulsewidth 
modulation (D-PWM) is presented to simultaneously work 
with the VA. PS-PWM technique [18]. However, the methods 
in [14]-[18] all focus on the most basic topology with the 
fewest modules, the 3-cells CHB converter. The extension of 
the method to large number of cells is still limited by complex 
inverse trigonometric functions. Although extension of the VA. 
PS-PWM method to be applied to CHB converters with a larger 
number of cells is briefly introduced in [15], it is not 
implemented. 

For the application of the sampling-time based VA. PS-
PWM technique limited by the large number of cells, some 
methods are also investigated to address the issues by several 
literature. The problem is initially solved in [19] by forming 
groups with two or three cells and assigning different roles to 
different cells. In [20], considering that different combinations 
result in different performances, an optimization algorithm 
based on a background task, which contains all possible 
combinations of cells, is adopted to select the best one. The 
improved method in [20] achieves the best harmonic 
performance. The sideband harmonics around both 2fc and 4fc 
(fc represents the frequency of the carrier signal) are suppressed 
for a large extend. The sampling-time based VA. PS-PWM is 
also successfully applied to the discontinuous-PWM method 
for N-cells CHB converters [21].  The proper displacement 
angles in [21] are also obtained by forming groups and 
mathematical search algorithm. Although a superior harmonic 
performance for CHB converters with a large number of cells 
is obtained in [20], only complex mathematical algorithms are 
presented, resulting in unclear harmonic suppression 
mechanism.  

To address this issue, the phasor diagrams are used to 
calculate the generalized phase shifted angles in [22], achieving 
a very clear and no complex mathematical optimization 
algorithm. However, the application range of the method is 
very limited, since the harmonic vectors should satisfy a closed 
polygon [22]. Otherwise, the method will lose the ability to 
eliminate harmonics. And the method in [22] is only suitable 
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for harmonics around 2fc. For sideband harmonics around other 
multiplicative switching frequency, which may lead to 
harmonic resonance and should be minimized, the method in 
[22] will be invalid. Although no worries about this problem 
nevertheless exist in the method proposed in [20], the 
background task is used to obtain the proper angles. But it can 
not cover all the actual complex operational conditions. 

Combining with the vector diagrams, this article proposes a 
closed-loop harmonic suppression method to deal with the 
harmonic distortion produced by the unbalanced operation of a 
N-cells CHB converter. With the insightful derivation process, 
the harmonic suppression mechanism is more clear and 
comprehensive. The sideband harmonic around any 
multiplicative switching frequency can be suppressed to its 
possible minimum, even for conditions when the harmonic 
vectors do not satisfy a closed polygon. The proposed method 
achieves continuous adjustment of the displacement angles. 
The proposed method is applicable for the whole harmonic 
group elimination based on the carrier signal period window. 

The rest of this article is organized as follows. In Section II, 
the system configuration and harmonic characteristics are 
introduced. In Section III, the harmonic suppression principle 
and implement method are elaborated. In Section IV, 
simulation and experimental tests validate the performance of 
the proposed method. Section V concludes this article. 

II.  HARMONIC ANALYSIS 

The topology of the single-phase CHB inverter and its vector 
diagram of output voltages are introduced in Fig. 1. The phase-
shifted pulse-width modulation (PS-PWM) technique is 
adopted. i and N denote the cell number and the total number 
of cells. uabi, Udci, and uab are the output voltage, dc voltage of 
cell i, and the sum of all individual cell outputs. uL, us, and is 
are the inductance voltage, the grid-side voltage, and current, 
respectively. θi is the phase angle of uabi. 
 

 
 Fig. 1 Topology, and vector diagram of the single-phase CHB 
inverter. 
 

The output voltage uabi in cell i generated by the unipolar 
double frequency PWM can be expressed by the classical 
double Fourier series method [23]: 

ab dc 0
1
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i i i i mn

m n
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in which Mi, 0, and θi represent the modulation index, angular 
frequency, and initial phase angle of the modulation signal in 

cell i; hmn
i  and Hmn

i is the sideband harmonic at 
[2mc+(2n+1)0] and its magnitude; m and n are indices to 
account for carrier and baseband. J2n+1 is the Bessel function of 
(2n+1) order; c is the angular frequency of the carrier signal. 

Defining hm
i  as the sum of sideband harmonics hmn

i  around 
the center frequency 2mc: 

 - -1
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Based on the characteristic of the Bessel Function in (5), the 
sideband harmonic magnitudes Hmn

i  in (3) satisfy the 
relationship shown in (6): 
 

 ( ) ( 1) ( )n
n nJ J      (5) 

 ( 1)=i i
mn m nH H     (6) 

 

Combining with (2) ~ (4), (6), and the characteristics of 
trigonometric functions, the sideband harmonics summation in 
(4) for cell i can be regarded as the harmonic at 2mc: 
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m m i m mh a m t m a m t      (7) 

 

in which, am
i  is the disturbance variable expressed as (8), 

according to the Jacobi-Anger expansion. |am
i | is the harmonic 

envelope. γm
i  is the phase angle of the harmonic hm

i : 
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Furthermore, Fig. 2 describes the sideband harmonic 
summation hm

i , disturbance variable am
i , and the harmonic 

envelope |am
i |. 

 

 
Fig. 2 Relationship of the sideband harmonic summation hm

i , 
disturbance variable am

i , and the harmonic envelope |am
i |. 

 

Since all cells are connected in series, the sideband 
harmonics summation around 2mc in the total output voltage 
and its envelope can be expressed as 

 c
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Evidently, according to (8), the disturbance variables am
i  in 

all cells are identical at any moment, only when the CHB 
inverter operates under ideal conditions. As shown in Fig. 3 
before 0.02s, the harmonic hm in (11) can be canceled 
completely. It is benefiting from the uniform distribution of the 
harmonic vectors in the space as elaborated in Fig. 4 (a), with 
the displacement angle ϕi defined as 
 

 
1

i

i

N
 
   (13) 

But the harmonic hm can not be ignored, as shown in Fig. 3 
and Fig. 4 (b), due to different disturbance variables a1

i  caused 
by errors of dc voltages or modulation signals among cells.  
 

 
Fig. 3 The modulation signals, the sum of harmonics and its envelope. 
 

        
(a) balanced  condition                        (b) unbalanced condition 

Fig. 4 Vector diagram of harmonics for 4-cells CHB inverter at time tc. 

III. HARMONIC SUPPRESSION 

A. Harmonic Suppression Principle 

For the N-cells CHB inverter, taking the harmonic hm
i  in cell 

i as the reference, the sum of other individual cell outputs, 
except for cell i, is defined as 
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where, Hm
ex,i and γm

ex,i are the envelope and phase angle of hm
ex,i, 

respectively; k represents the k-th cell, except for the i-th H-
bridge, (k=1, 2, …, N, k≠i). 

The harmonic envelope Hm of the sideband harmonics 
summation around 2mc in the total output voltage uab can be 
rewritten as 
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Combining with (15) and (16), the harmonic envelope Hm 
can also be expressed as 
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in which, 〈hm
 i , hm

ex, i〉 represents the included angle between the 
harmonics hm

 i  and hm
ex, i, 〈hm

 i , hm
ex, i〉∈[0,π]. The included angle 

〈hm
 1, hm

ex, 1〉 is shown in Fig. 5 at time tc, considering a 4-cells 
CHB inverter. 
 

 
Fig. 5 The included angle 〈hm

 1, hm
ex, 1〉 at time tc. 

 

From (17) and Fig. 5, the harmonic envelope Hm depends on 
the included angle 〈hm

 i , hm
ex, i〉 , which is related to the 

displacement angle ϕi. The possibility to suppress the sideband 
harmonics is provided by applying proper displacement angles. 
It should be highlighted that the phase angle γm

ex,i of hm
ex, i can be 

regarded as a constant reference at the instant of operation. 
From Fig. 5, the value of the included angle 〈hm

 i , hm
ex, i〉 tends to 

π, the smaller the harmonic envelop Hm is. 
To analyze the influence of displacement angles ϕi (i=1, 

2, …, N) on the harmonic envelope Hm in (17) mathematically, 
the Hessian Matrix in (19) is deduced. The Hessian Matrix in 
(19) is evidently negative semi-definite and positive definite at 
〈hm

 i , hm
ex, i〉∈[0,π/2] , and (π/2,π]  (i=1, 2, …, N), respectively. 

Correspondingly, the harmonic envelope Hm in (17) is a convex 
function and concave function. And the maximum and 
minimum values exist respectively at 〈hm

 i , hm
ex, i〉ൌ0 and 〈hm

 i , 
hm

ex, i〉ൌπ . Hence, the harmonics can be controlled to the 
smallest providing that the displacement angles in all the cells 
satisfy: 
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Considering a 3-cells CHB inverter, the harmonic envelope 
variation H1 at different simulation instants (t1~t7), with phase 
differences varying is shown in Fig. 6. The harmonic will  
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(a) ϕ1=π/18.                                               (b) ϕ1=π/9.                                (c) ϕ1=π/6.                                             (d) ϕ1=2π/9. 

Fig. 6 The harmonic envelope H1 for different values of phase angle differences. 
 

decrease with the phase angle differences approaching π, even 
if the displacement angle ϕ1in cell 1 is different. Therefore, the 
sideband harmonics summation hm around 2mc can be 
suppressed with the displacement angles satisfing (18). 

In addition, the fact that only the sum of harmonics hm 
around 2mc is minimized should be important to highlight. 
Not all the sideband harmonics hmn at [2mc+(2n+1)0] around 
2mc achieve the control of the minimum magnitude. 

For some situations that only one specific harmonic hmn 
should be eliminated, its harmonic suppression principle is 
similar to that of the sideband harmonics summation. The 
suppression of the harmonic at [2mc+(2n+1)0] can achieve 
with the displacement angles in all the cells satisfying: 
 

 ex,, ,   =1,2,...,i i
mn mnh h i N   (20) 

 

where, Hmn
ex,i and γmn

ex,i represent the magnitude and phase angle 

of hmn
ex,i, which is defined as the sum of individual cell output 

voltage harmonic at  [2mc+(2n+1)0], except for cell i. 

B. Implementation of the harmonic suppression scheme. 

The sideband harmonics suppressing method in the 
stationary frame is proposed in this subsection. 

The function f(ϕi) is defined as 
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To suppress the harmonic hm, displacement angle ϕi in each 
cell should satisfy (22), by substituting (18) into (21):  
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Combining (9) and (21), the derivative of the function f(ϕi) 
with respect to ϕi can be expressed as 
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As shown in (23), there is a positive correlation between f(ϕi) 
and ϕi , and a negative one, when ሺγm
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in which, ϕi is the initial displacement angle expressed in (13); 
KC denotes the parameters of the controller; g(ϕi) is the function 
related to ϕi: 
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Based on the displacement angle adjustment method in (24), 
Fig. 7 describes the angle adjustment of each cell to suppress 
the harmonic h1 around 2c for a 4-cell CHB inverter. It can be 
evidently noticed that the displacement angle ϕi should increase, 
when the phase difference (γ1

i െ  γ1
ex,iሻ>0 , (df(ϕi)/dt<0). 

Otherwise, ϕi should decrease. The included angle 〈hmn
 i , hmn

ex, i〉 
can be controlled to approach π. 
 

  
(a) adjustment of cell 1                           (b) adjustment of cell 2 
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(c) adjustment of cell 3                           (d) adjustment of cell 4 

Fig. 7 Adjustment of each cell for a 4-cells CHB inverter. 
 

Moreover, even more noteworthy, for some conditions when 
the harmonic vectors can not form a closed polygon, as shown 
in Fig. 8, the proposed method is also effective. The harmonic 
hm in Fig. 8 reaches the minimum when the largest harmonic 
vector is opposite to others. So hm can be suppressed by 
adjusting the phase difference to satisfy (24). 
 

 
Fig. 8 Harmonic vectors achieve no closed polygons. 
 

For another unfavorable condition when (γm
i െ  γm

ex,iሻ=0 and 

m=N/2 (cells number N is even), the harmonics vectors hm
 i  in 

each cell are the same or opposite direction in space. The 
flexibility of the angles adjustment results in the difficulty to 
obtain the proper angles directly by constructing a closed 
polygon. Fig. 9 shows the vector diagram of harmonic h2

i  
around 4c (m=2) for a 4-cell CHB inverter. Evidently, 
controlling the included angle to approach π can also achieve 
based on the displacement angle adjustment method in (24).  
 

 
Fig. 9 Adjustment of cell 3 to suppress harmonic h2 around 4c. 
 

The harmonic component hm
 i  in (7) can be written as (26) 

in the stationary: 
 

 +i i i
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Hence, the harmonic hm in the output voltage of the CHB 
inverter can be expressed as 
 

 ex, ex,( ) ( )i i i i
m m m m m m mh h jh h h j h h             (29) 

 

Combining with (14), (26), (29) and the characteristics of 
trigonometric functions, the function f(ϕi) in (22) and (23) can 
also be written as 
 

 
ex, ex,

2 2 ex, 2 ex, 2

( )

           [( ) ( ) ][( ) ( ) ]

i i i i
i m m m m

i i i i
m m m m

f h h h h

h h h h

   

   

  

  
  (30) 

 

 ex, ex,d ( )
2 [ ]

d
i i i ii
m m m m

f
m h h h h

t
   

     (31) 

According to (25), (30), and (31), the flow chart and control 
diagram of the proposed closed-loop harmonic suppression 
method is described in Fig. 10: 1) Obtaining the output voltages 
of the CHB inverter and the i-th H-bridge: uab, uabi, (or Udci, uri, 
ϕi). 2) The sum of sideband harmonics hm and hm

i   selected for 
suppression are extracted by the band-pass filter or calculated 
based on (7), (8), and (11). 3) As the pivotal step, the second-
order generalized integrator (SOGI) is adopted to obtain the 
harmonic component in αβ frame, hm

α , hm
β , hm

ex,iα, hm
ex,iβ. 4) It is 

also important to notice that, the displacement angle 
compensation Δϕi is obtained by the proportional integral (PI) 
and proportional resonant (PR) controller based on (30), since 
[g(ϕi) f(ϕi)] contains dc components and even harmonics. And 
then the new displacement angles ϕ'i are obtained in real-time 
by adding the angle compensation Δϕi into the initial angle ϕi. 

IV.  EXPERIMENTAL RESULTS 

To verify the feasibility of the proposed harmonic 
suppression method, a scaled-down experimental platform for 
a 4-cells inverter, shown in Fig. 11, is built. The digital signal 
processor TMS320F28335 is used as the microcontroller. The 
sideband harmonics summation around 2mc, and one 
dominant specific harmonic are minimized. Parameters are 
shown in TABLE I. simulations for a 6-cells CHB inverter and 

 

 
Fig. 10 The control diagram of the proposed closed-loop harmonic suppression scheme. 
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scaled-down experimental tests for a 4-cells CHB inverter are 
performed.  
 

 
Fig. 11 The experiment platform. 
 

TABLE I 
SYSTEM PARAMETERS 

Parameters Value 
Switching frequency fc/Hz 500 

The inductance of AC side Ls/mH 6 
The resistance load of AC side Rs/Ω 56 

The DC-link capacitor C/mF 3.3 
 

TABLE III lists the dc voltages and modulation indices for 
the 6-cells CHB inverter. Harmonic spectrums comparison 
with the conventional PS-PWM (Con. PS-PWM) and the 
proposed method are shown in Fig. 12. Sideband harmonics h1 
(m=1) around the center frequency 1kHz (2fc) and sideband 
harmonic h1(-1) (m=1, n=-1) at 950Hz, which has the largest 
amplitude around 2fc, are selected to be suppressed. The 
proposed method evidently shows a good harmonic 
suppression performance. 
 

TABLE II 
SCENARIOS OF UNBALANCED CONDITION 

case DC voltages Udci/V Modulation indices Mi/p.u. 
I [50 45 53 48 57 43] [0.83 0.95 0.85 0.97 0.80 0.93] 
II [35 32 30 33 30 110] [0.98 0.98 0.90 0.97 0.95 0.73] 

 

 
Fig. 12 Suppression of harmonics h1 and h1(-1) for case I. 
 

Fig. 13 shows the harmonic spectrums comparison of 
sideband harmonics h3 and h32, whose vector diagrams are 
similar to Fig. 9. Obviously, the proposed method is effective 
to suppress the harmonics h3 and h32. It verifies the 
effectiveness of the proposed method to suppress the selected 
harmonics.  

The higher harmonics around 2kHz (2fc), 3kHz (6fc), 4kHz 
(8fc), and 5kHz (10fc) are increased a bit when the harmonics 
h1 and h1(-1) are minimized in Fig. 12. But they do not have a 
negative impact on the output voltages, since the higher 
harmonics are easily mitigated by the filter inductor. However, 
from Fig. 13, although harmonics h3 and h32 are minimized by 
the proposed method, the lower sideband harmonics around 
1kHz (2fc) increase. This drawback results in application limits 
when the proposed harmonic suppression method is used to 
minimize higher harmonics. Only when the higher harmonics 
are necessary to be eliminated and the lower harmonics have 
no great negative impact on the systems or can be filtered out, 

the proposed method can be adopted to suppress the selected 
higher sideband harmonics. 
 

 
Fig. 13 Suppression of harmonics h3 and h32 for case I. 
 

To verify the effectiveness of the proposed harmonic 
suppression method for conditions when no closed polygons 
satisfy the harmonic vectors, the relatively unfavorable 
operating condition in case II is a good case in point. The 
magnitudes of sideband harmonics h10

i  (1050Hz, m=1, n=0) in 
each cell can be calculated by (3). Similar to Fig. 8, the 
harmonic vectors form no closed polygons. But the proposed 
method can also effectively minimize the sideband harmonics 
h1 and h10, as shown in Fig. 14.  
 

 
Fig. 14 Suppression of harmonics h1 and h10 for case II. 
 

Experimental tests on 4-cells CHB inverter are additionally 
conducted to verify the proposed harmonic suppression method. 
TABLE III lists the three cases: different dc voltages (Case III), 
different modulation indices (Case IV), dc voltages and 
modulation indices both different (Case V).  
 

TABLE III 
SCENARIOS OF UNBALANCED CONDITION 

case DC voltages Udci/V Modulation indices Mi/p.u. 
III [40 35 58 50] [0.95 0.95 0.95 0.95] 
IV [45 45 45 45] [0.85 0.93 0.89 0.78] 
V [40 60 35 50] [0.90 0.85 0.95 0.80] 

 

Fig. 15 ~ Fig. 16 describe the harmonic spectrums of the 
output voltages and the envelope of the harmonics to be 
suppressed. Considering different dc voltages (Case III) and 
different modulation indices (Case IV), sideband harmonics 
around 1kHz (2fc) are selected to be mitigated, since they are 
the dominant harmonics shown in Fig. 15(a) and Fig. 16(a). 
Comparing the harmonic spectrums with the Con. PS-PWM 
and the proposed method, the proposed method is visibly 
effective to suppress the selected harmonics in Fig. 15(b) and 
Fig. 16(b). From Fig. 15(c) and Fig. 16(c), the sideband 
harmonic at 950Hz, which is selected to be mitigated in Case 
III, can also be suppressed, and the sideband harmonic at 
1050Hz in Case IV does likewise. The sideband harmonics 
envelop H1 and the sideband harmonic h1(-1), h10 in Fig. 15(d) 
and Fig. 16(d) illustrate the effectiveness of the proposed 
method more clearly. 

Furthermore, Fig. 17 and Fig. 18 describe the harmonic 
spectrums considering dc voltages and modulation indices both 
different  (Case V). The lower harmonics around 1kHz (2fc) 
and the selected sideband harmonic at 850Hz are evidently 
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(a)                                                           (b)                                                            (c)                                                             (d) 

Fig. 15 Harmonic spectrums and harmonic envelop comparison for Case III. (a) Con.PS-PWM. (b) Harmonic suppression around 1kHz (h1). (c) 
Harmonic suppression at 950Hz (h1(-1)). (d) Harmonic envelops. 
 

            
(a)                                                           (b)                                                            (c)                                                             (d) 

Fig. 16 Harmonic spectrums and harmonic envelop comparison for Case IV. (a) Con.PS-PWM. (b) Harmonic suppression around 1kHz (h1). (c) 
Harmonic suppression at 1050Hz (h10). (d) Harmonic envelops. 
 

              
(a)                                                           (b)                                                            (c)                                                             (d) 

Fig. 17 Harmonic spectrums and harmonic envelop comparison for Case V. (a) Con.PS-PWM. (b) Harmonic suppression around 1kHz (h1). (c) 
Harmonic suppression at 1050Hz (h10). (d) Harmonic envelops. 

 
minimized by the proposed method. Moreover, sideband 
harmonics around 2kHz (4fc) are also the dominant harmonics. 
And the vector diagrams of these harmonics are similar to Fig. 
9. Fig. 18 illustrates clearly that the proposed method is 
effective to minimize the sideband harmonics around 2kHz 
(4fc). Hence, the proposed harmonic suppression method is 
suitable for the suppression of sideband harmonics summation 
and one specific sideband harmonic around any multiplicative 
switching frequency. 
 

   
(a)                                                         (b) 

Fig. 18 Harmonic spectrums and harmonic envelop around 4fc for Case 
V. (a) Harmonic suppression around 4fc (h2). (b) Harmonic envelops. 
 

Fig. 19 shows the displacement angles based on the proposed 
method for the three cases in real-time. The displacement 
angles achieve continuous adjustment. The displacement 
angles are evidently regulated to the steady-state by the 
proposed harmonic suppression method. 

V. CONCLUSIONS 

From the theoretical analysis and the experimental 
verification in this article, the following conclusions can be 
drawn: 

1) In unbalanced conditions, the harmonic distortion around 
the selected multiplicative switching frequency can be 
suppressed by the proposed closed-loop harmonic suppression 
method in real-time. The one specific sideband harmonic also 
can be suppressed effectively. 

2) The proposed harmonic suppression method for CHB 
inverters is not limited by cell number. 

3) The proposed method is suitable for conditions when the 
harmonic vectors do not satisfy a closed polygon. 

4) Benefiting from the continuous adjustment of the 
displacement angles, the proposed method is effective for 
complex operations.  
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