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Abstract: This paper addresses the pointing acquisition phase of the Laser Interferometer
Space Antenna (LISA) mission as a guidance problem. It is formulated in a cooperative game
setup, which solution is a sequence of corrections that can be used as a tracking reference to align
all the spacecraft’ laser beams simultaneously within the tolerances required for gravitational
wave detection. We propose a model-free learning algorithm based on residual-feedback and
momentum, for accelerated convergence to stable solutions, i.e. Nash Equilibria. Each spacecraft
has 4 degrees of freedom, and the only measured output considered are laser misalignments with
the local interferometer sensors. Simulation results demonstrate that the proposed strategy
manages to achieve absolute misalignment errors < lurad in a timely manner.

Copyright © 2023 The Authors. This is an open access article under the CC BY-NC-ND license

(https://creativecommons.org/licenses/by-nc-nd/4.0/)
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1. INTRODUCTION

The Laser Interferometer Space Antenna (LISA) is a
highly complex space mission from NASA and ESA, aim-
ing at detecting and characterizing gravitational waves
(GWs). It is the result of the coordinated efforts of three
spacecraft maintaining frequency-stabilized laser links be-
tween each other, resulting in an equilateral triangle for-
mation as illustrated in Fig. 1. Detection of GWs is
enabled by the monitoring of frequency fluctuations of
the lasers, produced by space-time ripples altering the
distance between proof masses —the interferometer arm
length— located inside each spacecraft. The barycentre of
the formation follows an heliocentric orbit lying in the
ecliptic plane, with radius of 1AU and 20 degrees behind
the Earth, and the interferometer arm length is 5-10%km.
This design has been meticulously chosen to allow for
observations of gravitational radiation within a spectrum
not reachable by its ground-based predecessor, the Laser
Interferometer Gravitational-wave Observatory (LIGO).
While LIGO is capable of detecting frequencies that are
limited between 10 Hz and 10 kHz, LISA has the potential
of complementing those observations by detecting GWs
with frequencies ranging between 10~% Hz and 1 Hz.

The detection mode of GWs —or science mode— is the last
of several intricate phases of the mission, most of which
present very demanding requirements. The one studied
in this paper is referred to as Pointing Acquisition and
Tracking (PAT) mode, namely, the task of aligning the
local interferometer detectors with the lasers received from
the other two spacecraft companions, while satisfying the
remarkably low pointing tolerances required to engage sci-
ence mode. To that end, every spacecraft is equipped with
two identical optical assemblies (OAs) as payload, each of
which contain, among others, the proof mass, a telescope,
a laser source and laser interferometer detectors. The OAs
have the telescopes pointing in a particular configuration

Fig. 1. 2-D geometry of the problem with overemphasized
angles. It illustrates the constellation —inertial- frame
(blue), and the spacecraft’ moving frames (black). The
red lines represent the directions of the laser beams,
¥" the global state (yaw) and v’ the target global
state (target yaw) of spacecraft S;.

that makes both of the lasers emitted by a spacecraft
form an angle of 60 degrees by default. To account for the
small drifting of the spacecraft throughout the heliocentric
orbit that slightly deforms the equilateral formation, one
of the telescopes is assumed to have an extra degree of
freedom (see /' in Fig. 2). The laser interferometer de-
tectors consist of a charge-coupled device (CCD) and a
quadrant photodiode (QPD); the former used for signal
acquisition with a field-of-view of 155urad, and the latter
for fine pointing with a field-of-view of lurad. Precise
measurements of the misalignments between the local and
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the received laser beams can be determined based on these
sensor readings by employing the well-known method of
differential wave-front sensing (Heinzel et al. (2004)).

A preliminary pointing phase precedes PAT mode, in
which Star Trackers (STRs) are first utilized to point the
spacecraft. Due to multiple sources of uncertainty, the final
pointing error of this phase is estimated in the LISA (2000)
technical report to be within a 9urad half-cone. Since the
nominal laser beam is spanned by a smaller cone, two main
strategies are usually considered (Diehl, 2009) to deal with
this uncertainty cone (UC) in the PAT phase: 1) defocusing
of the laser beam to cover the UC and 2) scanning of the
UC. Maghami et al. (2005) developed an attitude control
policy based on beam-defocusing, achieving the desired
pointing accuracy, however, with no specification of time
duration. Cirillo and Gath (2009), on the other hand,
studied the scanning method and developed a control
strategy to establish the laser links within a 70 min
interval, approximately, for a 15urad UC. Albeit, both
strategies perform one link acquisition at a time.

In this paper, we propose an algorithm based on beam-
defocusing for a simultaneous laser acquisition and fine-
pointing, showing that fast and accurate convergence can
potentially be achieved. As stated in the internal report
LISA (2009), defocus of the laser beam is, additionally,
considered to be more robust than scanning. Note that
simultaneity of these operations imply that all spacecraft
must use their lasers and detectors at the same time. While
the detection of the received laser is deemed nonviable
if the local lasers are always on, this inconvenient could
be avoided by emitting pulses, rather than a continuous
laser wave. The repetition rate must be chosen to ensure
receiving a pulse when the local laser is not emitting, and
part of the travel time that each pulse takes to reach the
opposite spacecraft —16 seconds for a 5-106km interferom-
eter arm length— can be used to build up energy between
pulses. At every detection of a pulse, the strategy described
in this paper can be adopted to guide each spacecraft in
unison. Alternatively, this methodology has the advantage
of being combinable, by performing an initial scanning step
to further reduce the UC and posteriorly defocusing the
laser, or just as a high-precision pointing algorithm.

1.1 Contribution

The main contribution is Algorithm 1, designed to provide
a tracking reference to the spacecraft’ controllers for a fast,
simultaneous and accurate alignment of the laser beams
into the interferometer detectors. It is based on the work
by Tatarenko and Kamgarpour (2019) with the addition
of two extra terms: the so-called momentum (Qian, 1999)
and residual-feedback (Zhang et al., 2022). We propose to
include these in the context of game theory in order to
improve the learning rate of equilibria.

We show the performance of Algorithm 1 for the laser
acquisition and pointing problem in the LISA mission
introduced in the previous section. The problem has been
formulated as a cooperative game enabled by the suggested
pulsed laser strategy, and successfully solved for 1000
realizations with different initial conditions.
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1.2 Notation

Let ||z|| :== V&Ta be the Euclidean norm of a vector
x, and define the closed ball of dimension d and ra-
dius r as B? := {x ¢ R? J\wH < r}, with U(Bg)
the uniform distribution over BZ. Similarly, let S3—! :=
{ € R? : ||| = r} denote the sphere of radius r,
and U(S¢7') the uniform distribution over S¢~. For an
arbitrary compact set ©, we define a projection operator
e (z) = argmingcgl|f — z||. For a vector x € IR" we
write @ = [zl,.. 2ttt ,x"]T. Consider an
inertial frame C := {¢,ix,iy,iz} fixed in the barycentre
of the constellation, and three moving spacecraft frames
Si = {si,is,%,1,}, where i € I, = {1,2,3}, fixed in
each spacecraft. We chose i, pointing in the bisector of
the two local lasers in their default configuration, 7, to be
orthogonal to the plane spanned by the axes of the local
lasers, and 7, completing the right-hand-rule.

2. PROBLEM FORMULATION

An essential aspect of this problem is that the misalign-
ments between laser beams are in the order of urad—nrad.
This fact can lead to numerical complications if the prob-
lem is not formulated properly. Employing the CCDs and
QPDs as sensing devices is not only motivated by the high-
precision requirements, but also by the fact that it enables
the derivation of a relative formulation that, in turn, will
allow us to center our states around zero, reducing the
scale of the units to prad and avoiding numerical issues.

2.1 System Model

We start by considering three spacecraft with local moving
frames S;, where ¢ € Iy = {1, 2,3}, in triangular formation
as represented in Fig. 1. Each spacecraft has a state vector
x' = xi(t) = [oi(t) ©i(t) i) £(t)]T € R* the first
three elements denoting Euler angles that describe the
inertial orientation of S;, and an element ¢(¢) describing
the angle between both local lasers. For convenience, we
consider the constellation frame C as inertial. It follows
naturally to define the initial conditions of the spacecraft
x} = x'(0) = [af o} ¥i €5]T € RY, at the beginning of
the laser acquisition phase. In order to adhere to a relative
state formulation, the following relation becomes practical.
x' =) +ox', i€ I, (1)
where dx’ := dx’(t) = [6a’(t) 5 (t) ' (t) 60'(t)]T € R
are small deviations from the initial condition. Let us
group the three relative state vectors into a full state vector
Sz (t) = [6xT 0227 62377, or just §z, for compactness.
Determining a full model for dx lies out of the scope of this
paper. We will assume, nonetheless, that each spacecraft
has its own internal controller with actuation resolution in
the order of nanoradians. The spacecraft’ states will then
evolve according to their closed-loop dynamics denoted by
the function f,
ox = f(éil:,’u,kfl), te [tkflatk) (2)
which has piecewise-constant reference vectors wup :=
w(ty) = [ur” Wl w7, with ul, := u'(ty) € U* C R?,
as inputs. Using a constraint box for the references with
b € IR, we have that

Ul =[-b,b)*, Viel, (3)
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Fig. 2. Constellation frame C (blue) and the spacecraft
frame S; (black). The green angle illustrates &t
i.e. an attitude change wrt its initial attitude (gray),
and the yellow angle represents 6¢¢, a change in the
telescope position wrt its default 60deg configuration.

Considering the system behaviour under the closed-loop
dynamics presented above, we make the following fair
assumption about the internal controller.

Assumption 2.1. Taking the system (2), we assume that
the states dx at time t € [ty_1,tx) will converge to the
reference u,_1 with a constant time 7, € R>( such that,

i [l32(t) — we | < exp (“‘”) Y

Te

Additionally, we build the guidance system so that it
provides references at a slower pace than the closed-loop
convergence rate (4), which supports the next assumption.

Assumption 2.2. Let the guidance system provide refer-
ence samples every time period of T, := t —tr—1 € Rxo
with 74 > 1. Then, if Assumption 2.1 holds, it follows
that
-
l6(t) ~ weal] < exp (2 ). )
c
which indicates that 0xy, =~ wgk_1, where 0xy := dx(ty).

2.2 Objective Functions

Let us introduce the objective functions h’:U —R>q of u
that each spacecraft S; aims to minimize, where U = U x
U? x U3 denotes the set of joint references. Each function
h' penalizes the total misalignment measured by both
detectors on each spacecraft. Provided that all spacecraft
receive two beam pulses, then A’ is designed to be zero
only when the misalignment between both local sensors
and their received beams is also zero. We define another
function y;; : U" x U9 = IR>¢ as a model for the individual
misalignment measured by each individual sensor. Given
the relation between dxj and ui_; from Assumption 2.2,
we propose the objective function to be

h(ug—1) = Z wy;;(wj,_y,w),_y), Vi€ . (6)

jer?
We normalize the objectives with a scalar weight w € IR
using the worst achievable value of h? to avoid numerical

issues. Herein, the worst misalignment corresponds to the
size of the UC, i.e. 9urad.
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Note that this setup is clearly a cooperative game that will
be denoted as T'(3, {h'}, {U"}), given that each spacecraft
can be deemed an agent trying to minimize a common
objective, i.e. the sum of all the individual objectives A’.
However, any arbitrary spacecraft S; can only observe its
local objective h? by means of its own sensors. Moreover,
any reference u’ € U’ selected by this spacecraft will have
an impact on the objectives of the other two spacecraft.

We proceed to determine an expression for y;; that rely
first on the relative states dax, and later on u. To that end,
let ' € IR* be some desired inertial state to be attained by
each spacecraft and its maneuverable telescope, for which
all the lasers are perfectly aligned.

Remark 2.1. Note that the target attitude vectors & de-
pend on the actual position and orientation of all the
spacecrafts. Errors in these quantities are unknown to each
spacecraft and yield to non-equilateral triangle formations.

It follows to define the initial error, dxzi € R*, of spacecraft
S; from its target &’.

Sz =z' — ). (7)

It is evident, then, that both quantities, ' and dz}, are
unknowns. Additionally, notice that in order to achieve
such a triangular formation, the difference between the
relative states of any pair of spacecraft S; and S;, with
(i,5) € {i,j € Is : i # j}, has to result in a constant, but
unknown, angle vector &;; € R™.

T =x — @, (8)
which value depends on the spacecraft pair involved.

Remark 2.2. Since the triangular formation might not
be equilateral, see Remark 2.1, the relative vector &;; is
unknown.

Based on the previous equations, we propose the follow-
ing function that models the misalignment of the beam
emitted by §; and measured by S; at discrete time ¢y.

Yij(@p, ) = [[(@) — 23) — @4, (9)
As expected, the measured misalignment y;; is zero only
when the difference between the inertial states of the
spacecraft pair is equal to the target vector &;;, and
positive otherwise. Saturation on y;; when it exceeds 9urad
is disregarded, since it would be required to switch to
another guidance scheme governed by other sensors if the
states were to overshoot outside of the UC. We continue
to modify (9) due to its dependency on inertial variables.
Replacing (1), (7) and (8) to express y;; in terms of relative
states, leads to the final measurement equation,

yi; (0}, 62 ) = ||(d2), — o) — (6 — dap),
which according to Assumption 2.2,
Yij (5:82, 5$i) ~ Yij (u’IL‘c—la u?c—l)

i . L)
= (o — g _y) — (62 — ),

Observe that, in practice, we only obtain values for the
measurement y;;, and the model (10) is just intended for
simulation purposes.

This concludes the description of the game I'(3, {h}, {U'}).
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3. EXTREMUM SEEKING

Throughout this section, we will use the words spacecraft
and players indistinctly. First, we will show that the game
I'(3,{h'},{U"}) has at least one Nash Equilibrium (NE),
i.e. a stable solution w* which satisfies

Ri(u™,w™ ™) < hi(u',u™™), u' U’ Viel,. (11)
Afterwards, we will present a payoff-based strategy in
which each spacecraft S; at time ¢, computes an update
uj, based on their most recent reference, uj_,, and the
value of their objective, h'(ug_1).

3.1 FEuxistence of Nash Equilibria

To show the existence of a NE in the game I'(3, {h'}, {U}),
we first put forward the following theorem.

Theorem 1. (Proposition 2.2.9 in Facchinei and Pang
(2003)) Consider a game T'(N,{q'},{A}) with N € Z~y.
Let a’ € A?, with A* C IR™ be compact and convez, and ¢*
be continuously differentiable. If each function ¢*(a’,a™?)
is convex in a' for every fired a=?, then the set of Nash
equilibria is nonempty and compact.

In the game I'(3, {h'}, {U*}) studied in this paper, we have
U' c IR*, defined as (3), being convex and compact. Fur-
thermore, all functions h? are continuously differentiable,
and Vi € I, it holds that A’ (ui,u_i) is convex in u’
for a fixed u™%, with y;; modeled as in (10). Therefore,
Theorem 1 states that the set of Nash equilibria for the
game I'(3, {h'}, {U?}) is nonempty and compact.

8.2 Learning of Nash Equilibria

In order to seek a NE, we propose a strategy inspired by
the work of Tatarenko and Kamgarpour (2019). In their
work, a gradient estimate of the objectives of each player
is obtained using a randomization technique. We assume
that at time t; each spacecraft randomly selects —or mizes—
their strategy according to the following

up = i+ ik o~ U (ST) (12)
where pi € IR?* is the mean values of the reference ul,
with an update equation that will be discussed later in
this section, and r; € IR is a time varying exploration
parameter. Afterwards, each spacecraft obtains a gradient

estimate gi € IR* based on the residual-feedback method
introduced first in Zhang et al. (2022) as follows

i 4 i i
9k = (h*(ur) = h*(ug-1)) C-
One of the key properties of gi is the fact that
; aﬁi(ﬂk)
Eqi|gh| = —=—=
Ck[gk] au}€
where A is a smooth version of h? obtained by averaging

the function h® with a uniform random variable &, over
the unit ball. That is

Bi(”’k) = E’;‘k[hi(ﬂk +ri€y)], Ep~U (3%2) )
which is a standard result in zeroth-order optimization (see

(13)

Y

W N =

Chen et al. (2022); Flaxman et al. (2005)). In other words, 7

the value g4 is an unbiased estimator for the gradient of the
smoothed version h’. Using two function evaluations for
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the estimator g% in (13) was shown by Zhang et al. (2022)
to reduce the variance of the estimates, which provides
faster convergence than the case of using one function
evaluation as done by Tatarenko and Kamgarpour (2019).

After introducing the gradient estimate g};, the reference
u}, for each spacecraft is calculated using (12) in which g,
is determined according to

Wi, = HU; (u’;v—l — Ne—1Gh_1 T P (H?c—1 - HZ—Q)) , (14)
where 7, € IRyg is a time-varying step size and the
term p (“271 - u}%Q) represents a momentum term with
parameter p € [0,1). Our introduction of the momentum
term in (14) leads to a faster convergence for the seeking

scheme to a NE. See Qian (1999) for additional details
regarding momentum in gradient descent algorithms. The
set U} = [—bi b};]él in (14) is time-dependent, with bounds
k=B, + (1%, 0<p<1,
where by € IR is the initial size chosen for the box
constraint and b the final, coinciding with the original
constraint in (3). This time dependency on the box con-
straints is introduced to help avoiding violent changes in
the references at the beginning of the phase, which can
cause overshooting outside the UC. Note that we also
propose a uniform distribution for ¢}, instead of a nor-
mal distribution as done by Tatarenko and Kamgarpour
(2019), since it has a finite support as opposed to the
normal distribution. This ensures the boundedness of u
which is more suitable for the restriction (3) to hold. The
summary of the seeking strategy used by each spacecraft
S; is provided in Algorithm 1.

Remark 3.1. It is easy to check that T'(3,{h'},{U%})
is a convexr and monotone game. The structure present
by n-player conver and monotone games rules out the
existence of non-Nash equilibria (Rosen (1965)) and thus,
a gradient-play strategy will converge to a NE (Mazumdar
et al. (2020)). Moreover, gradient-bandit strategies have
been proposed and shown to converge to a NE in monotone
games, see Tatarenko and Kamgarpour (2019) and Gao
and Pavel (2022). In this paper, we demonstrate empirical
convergence of our gradient-bandit algorithm to a NE. Yet,
a more comprehensive theoretical analysis and proof are
necessary for a complete understanding of the algorithm’s
behavior.

Algorithm 1: NE seeking for spacecraft S;,i € I

Parameters: v, > 0, a, > 0 such that r; = ~,./(k)%,
Yn >0, a, > 0 such that n, =, /(k)*,
0<p<l,0<pB<1l,and e > 0.

Input: initial pf = p* ; = 0.

Output: uz

k=0
while ||hf(uy) — hi(up—1)|| > € do
k+—k+1,

Obtain the measurements y;;, Vj € I/ and compute
ht (ug,_1) from (6).

Compute g};_l using (13).

Compute p} using (14).

Compute u} using (12).

Set ul = pi.
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Misalignments
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Histograms for the measurement at ¢*

i
8= Real.lzatlons 1300
=g —Median
54 —Worst misalignment < lurad | 200
2y [110-90 percentile range ]
S, 100
0 - ! 0
0 20 40 t* 60 80 0 0.5 1
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0 : ' 0
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S 9 _|100 F
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Time [min] yo3 [prad]

Fig. 3. Simulation of 1000 realizations with different initial conditions inside the UC. Each realization is simulated for
5000 iterations, and t* marks the time at which the worst realization reaches the field of view of the QPD, i.e. all
misalignments are bellow 1urad. The histograms illustrates the misalignments measured at time ¢*.

4. SIMULATION RESULTS

The following is a description of the simulation setup ' to
test the performance of Algorithm 1.

All three spacecraft lie inside an UC of 9urad, and thus
we randomize the initial conditions dxg such that between
any spacecraft pair it holds that ||dzf — dz}|| < 9urad.
In accordance with Assumption 2.1, the states have been
propagated using a first-order system

S (t) = %(’%—1 — 6xz(t)),

c

t € [th—1,tr). (15)
The convergence time of the controller is defined to be
7. = 1s. Given that optical measurements are spaced in
time by 16 seconds —due to the interferometer arm length—
then the guidance system can provide reference updates
every 7, = T, + 16 = 17s. For this time rate, it is fair to
consider that 7, > 7. and, thus, that Assumption 2.2 also
holds.

A total of 1000 realizations have been drawn for the initial
conditions dxg. Instead of picking a value for the stopping
parameter € in line 2 of the algorithm, each of the initial
states have been numerically propagated for K = 5000
iterations using (15). At each iteration k, Algorithm 1 is
used to update the references uy, corresponding to time
ty = k74. For convenience, a time increment At = 7, has
been chosen, so that a new reference update is computed
at each iteration. Equivalently, we have At = 7, = 1
and 7. = 1/At = 1/17. The initial bound for the time-

1 Code of Algorithm 1 available at https://github.com/aitor-rg/
LISA-pointing-game

dependent constraint U,i is calculated from the initial
conditions, ug = 0, as

o = 0.3(1 — h*(0)).
The remaining parameters required for the algorithm are
selected as follow: a, = 0.2, a, = 0.5, v, = 0.58, 7, =
4.5, p=0.93, 8 =0.01, w=1/9? and b = 4.5.

Table 1. Average misalignments at time t*, the
time when the worst realization is below 1urad,
using Algorithm 1 and Algorithm 17,

Misalignment | Algorithm 1 | Algorithm 17
y12 [prad 0.0794 4.10
Y13 [prad 0.0804 4.25
Y23 [prad 0.0843 4.54

The results of the Monte Carlo simulation are displayed in
two fashion. In Fig. 3, we show the lasers misalignments
between spacecraft, y;;, for each realization. The robust-
ness of the algorithm against different initial conditions is
exhibited, by showing the convergence of each trajectory as
a function of time, and their settling misalignment at time
t* in a histogram. Time t* correspond to the time at which
the worst realization enters the field of view of the QPD,
and thus, all misalignments are below 1urad. We also show
the 10-90 percentile range of the realizations in the blue
shaded area, and the median in darker blue. Additionally,
Table 1 provides details of the mean value of the misalign-
ments at t*. Moreover, these values are compared to the
results obtained using a version of Algorithm 1 without
momentum and residual-feedback terms. We refer to this
as Algorithm 17. Note that for such a case, the results are
severally degraded in accuracy if simulated for the same
period of time.
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Finally, the time taken to converge inside the field of view
of the QPD, < lurad, for the worst case is 51.57min.

5. CONCLUSION

This work presents a guidance scheme for the LISA point-
ing acquisition phase, which commands three spacecraft
at once to establish interspacecraft laser links for GWs
detection. The guidance scheme is rooted in notions of
game theory, which have been extended to deliver the
main contribution of the paper, Algorithm 1, i.e. a new
algorithm for learning of Nash Equilibria in cooperative
games. The convergence of this algorithm to a NE is
shown empirically and future work is needed to establish
a rigorous proof of the algorithm’s convergence properties.

The proposed methodology is based on the idea of de-
focusing the laser beam which, as opposed to the main
scanning strategies in the literature, do not rely on ground
communication during the acquisition process. It is a fully
autonomous system, and it does not require changes or
additional mechanisms. Each spacecraft is assumed to
have micro-thrusters providing three rotational degrees of
freedom, and an extra degree of freedom is considered for
one of the two telescopes. Simulation results show that the
algorithm is robust against initial conditions lying inside
the uncertainty cone, and the worst misalignment between
the laser and the interferometer detectors is < lurad.
This means that the laser still is inside the field of view
of the quadrant photodiode, which provide good margins
of error. The time duration of the pointing acquisition
—reaching below lurad— for the worst simulated case is
51.57min, below 1 hour.

Moreover, a new idea has been put forward on how to
manipulate the lasers during this phase. It is suggested
that the lasers should emit pulses, rather than a contin-
uous wave, in order to enable the emission and reception
of optical information simultaneously between the three
spacecraft. However, more technical work is needed on the
laser front to ensure sufficient signal to noise ratio when
defocusing the laser beam, as well as when emitting optical
pulses. A certain scope for future work is the inclusion of a
full dynamical model of the spacecraft with disturbances.
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