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Abstract: In variational quantum algorithms (VQAs), the most common objective is to find
the minimum energy eigenstate of a given energy Hamiltonian. In this paper, we consider the
general problem of finding a sufficient control Hamiltonian structure that, under a given feedback
control law, ensures convergence to the minimum energy eigenstate of a given energy function. By
including quantum non-demolition (QND) measurements in the loop, convergence to a pure state
can be ensured from an arbitrary mixed initial state. Based on existing results on strict control
Lyapunov functions, we formulate a semidefinite optimization problem, whose solution defines
a non-unique control Hamiltonian, which is sufficient to ensure almost sure convergence to the
minimum energy eigenstate under the given feedback law and the action of QND measurements.
A numerical example is provided to showcase the proposed methodology.

Copyright © 2023 The Authors. This is an open access article under the CC BY-NC-ND license

(https://creativecommons.org/licenses/by-nc-nd/4.0/)
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1. INTRODUCTION

In variational quantum algorithms (VQAs), the objective
is to optimize a parameterized quantum circuit with re-
spect to some cost function (see, e.g., Cerezo et al. (2021)
for a recent survey of VQAs). Two important examples in-
clude the variational quantum eigensolver (VQE) and the
quantum approximate optimization algorithm (QAOA), in
which the goal is to find the minimum energy eigenstate
of a given Hamiltonian. If this Hamiltonian encodes the
solutions to a combinatorial optimization problem, then
the QAOA can be used to solve this combinatorial op-
timization problem, making the QAOA of broad interest
within many branches of, e.g., the technical sciences and
economy.

VQAs are hybrid algorithms, where part of the algorithm
(the quantum circuit) is run on the quantum computer,
and another part (the optimization of the circuit parame-
ters) is run on a classical computer. One of the bottlenecks
in the VQA framework is the classical optimizer, which is
needed to update the circuit parameters. Generally, this
problem is highly non-convex, making it difficult to find
optimal parameters. For a recent control-inspired perspec-
tive on VQAs, see, e.g., Magann et al. (2021, 2022). In
particular, Magann et al. (2022) propose using ideas from
Lyapunov control as replacement for the classical opti-
mization routine, by viewing the circuit parameters as the
control signal of a discrete-time quantum dynamical sys-
tem. This approach is, however, only ensured to converge
to the optimal solution under some harsh assumptions
known from quantum control theory.

Lyapunov-based control for quantum systems has been
studied extensively over the last two decades. For pure
quantum systems governed by the Schrédinger equation,
Grivopoulos and Bamieh (2003) provide several results
detailing sufficient assumptions to ensure convergence to
a target pure state for a Lyapunov function quadratic in
the state. Likewise, Mirrahimi et al. (2005) provide similar
results for convergence to a target trajectory based on a
Lyapunov function defined in terms of the state error. In
continuation of this, Kuang and Cong (2008) provide a
unifying view of different choices of Lyapunov functions.
In Beauchard et al. (2007), an implicit Lyapunov scheme
is used to control systems that are locally un-controllable.
These results are extended to mixed states by Altafini
(2007) and Wang and Schirmer (2010a,b). Here, it is shown
that under the same assumptions as for the pure-state
case, convergence to the (unique) state that minimizes a
given Lyapunov function cannot be ensured from arbitrary
mixed states (for a recent overview, see, e.g., Chapter 8 in
(D’Alessandro, 2021)). As will be elaborated on shortly,
we show, as part of the contribution of the present work,
that this issue can be alleviated by introducing quantum
measurements in the loop.

As projective von Neumann measurements collapse the
quantum state, closed-loop control may seem difficult to
achieve. However, by entangling the system of interest to
an ancillary probe system and subsequently performing a
projective measurement on just the probe system, one can
achieve an indirect or generalized form of measurement
that results in a less-severe back-action on the primary sys-
tem. One particular form of this generalized measurement
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is known as a quantum non-demolition (QND) measure-
ment, which is characterized by commuting with a partic-
ular observable/operator of interest (Amini et al., 2012).
Repeatedly applying QND measurements then induces a
stochastic process on the space of quantum states. By
means of a quantum filter, it is possible, based on the QND
measurement outcomes, to estimate the quantum state on-
line. The use of QND measurements thus paves the way
for actual measurement-based state-feedback control of
quantum systems. There is a vast literature on continuous-
time QND measurements (see, e.g., Belavkin (1999)), but
in this paper we limit ourselves to the discrete-time case. In
the present work, our main motivation for including QND
measurements is the property that they will purify the
state along the trajectory, making it possible to converge
to a pure state from any mixed state.

Feedback control with discrete-time QND measurements
was investigated by Dotsenko et al. (2009) and Mirrahimi
et al. (2009) with a particular experimental setup, com-
monly referred to as the photon box experiment, as case
study, where QND measurements are used in combination
with Lyapunov-based control to stabilize a desired pure
quantum state. These results were later extended and
generalized by Amini et al. (2011, 2012, 2013) to account
for delays in the system and to provide concrete design
rules for the Lyapunov function to ensure convergence.

In all of the above studies, the control problem has been
posed as designing a control law that ensures convergence
to a known target state, which, in the Lyapunov-based
case, mostly reduces to designing a suitable Lyapunov
function. In this paper, however, we reverse this design
philosophy to fit the VQA framework and pose the follow-
ing problem: Given a fized energy (Lyapunov) function,
can we design a quantum system that ensures convergence
(from any initial state) to the state which minimizes this
energy function? This problem statement, in the case of
VQE and QAOA, is equivalent to ask: Can we design a
quantum circuit and a feedback control law (i.e., circuit
parameter update rule) that ensures convergence to the
minimum enerqy eigenstate of a given Hamiltonian?

The contribution of the present work is therefore as
follows: In the present work, we investigate whether the
use of discrete-time QND measurements can improve the
convergence properties when aiming to stabilize the system
in the state which minimizes a given energy function.
In particular, our main contribution is the formulation
of a semidefinite program (SDP), whose solution will be
used to construct a sufficient control Hamiltonian (or,
equivalently, parameterized quantum circuit in the VQA
setting) that ensures (based on the results from Amini
et al. (2013)) that the measurement-induced process with
a particular control choice will converge to the minimizer of
an arbitrary but known energy function. These results thus
pave the way towards better design choices of quantum
circuits in VQAs.

The rest of the paper is organized as follows. In Section 2,
we establish our definitions and notational conventions,
and recall the main results from existing literature on
Lyapunov-based quantum control in the measurement-free
case as well as in the QND measurement case. In Section
3, we provide our main result in the form of an SDP, whose
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solution will be used to construct a control Hamiltonian for
the problem at hand. In Section 4, we provide a numerical
example, and, lastly, in Section 5 we discuss perspectives
and future work.

2. BACKGROUND

Denote the state space H = CV with orthonormal basis
F ={In) }ne{o,....nmax} and let the space of density opera-
tors be denoted by X = {p € CN*N | p > 0,Tr(p) = 1}
with N = npax + 1. We will in the following represent all
operators in the F basis.

In the following, we first present some basic results from
closed quantum systems without measurements, followed
by a discussion on results for quantum systems driven by
QND measurements.

2.1 Closed quantum systems without measurements

In the continuous-time setting, the control input wu(t)
enters the dynamics through the Schrédinger equation

P(t) = —i(Ho +u(t)H)¥(t), ¥(0)=vo, (1)

or, given in the density formalism,

p(t) = —i[Ho + u(t)H1,p(t)],  p(0) =po,  (2)
where [A, B] := AB — BA is the commutator of operators
A and B. Here, Hy is the drift Hamiltonian, i.e., the
Hamiltonian governing the unforced dynamical system,
and H; is the control Hamiltonian. Both are assumed to
be time-invariant. We will throughout the paper assume
Hy and H; to be non-commuting, i.e., [Hy, H1] # 0.

Let P denote the operator of which we want to minimize
the energy and let V(p) = Tr(Pp) be our Lyapunov
function. In the setting of VQAs, this operator P can,
for instance, represent the energy levels of a molecule
for which we want to find the ground state (as in the
VQE), or it could represent the possible solutions to a
combinatorial optimization problem (as in the QAOA).
We now introduce our first assumption.

Assumption 1. The matrices P and Hj are diagonal in the

basis F with eigenvalues po,...,pn,.. and ho,...,hn_ ..,
respectively.

The problem is then to design a state-feedback law u(p)
that stabilizes the state p at p* = arg min,cx Tr(Pp).

It is easily shown that the derivative of V(p) along trajec-
tories is given by

VV - p=—iTe([P,Hilp(t))u(t). (3)
Thus, choosing the control law as
u(t) =ik Tr([P, Hl]p(t)) (4)

for k > 0 will ensure that the Lyapunov function is non-
increasing along trajectories, i.e., VV - p < 0. By LaSalle’s
invariance principle, the state p(¢) then converges to the
largest invariant subset of {p € X | VV - p = 0}.

It is well-known (see, e.g., Grivopoulos and Bamieh
(2003); Altafini (2007); Wang and Schirmer (2010a,b);
D’Alessandro (2021)) that the following three assump-
tions, together with Assumption 1, are sufficient to ensure
that the largest invariant set is exactly given by density
matrices diagonal in the F basis. These assumptions are
as follows:
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Assumption 2. The spectrum of P is non-degenerate, i.e.,
p; # p; for all 7 # j.

Assumption 3. The drift Hamiltonian Hj is strongly reg-
ular, ie., (A, — Aj) # (A — Ap) for all (4,7) # (k,1) with
); denoting the i’th eigenvalue of Hy. In other words, the
eigenvalue gaps of the drift Hamiltonian H are distinct.

Assumption 4. The control Hamiltonian H; is fully con-
nected, meaning all off-diagonal entries of H; are non-zero,

ie., H7 #0 for all i # j.

In this paper, we will, however, consider discrete-time
systems of the form

pra1 = U(ug) prU (ug)T, (5)
where k € N is the (discrete) time index and U(u) is a
unitary operator parameterized in terms of control signal
u. In particular, we consider U(u) of the form
Ulu) = e~ oith, (6)
where Hy and H; denote the drift and control Hamilto-
nian, respectively, similarly to the continuous-time case.
This model can be seen as the result of applying two
unitary gates Uy = e *Ho and Uj(u) = e 1% in a
quantum circuit, similarly to a QAOA circuit, or it can
be seen as a (rough) piece-wise constant discretization of
a continuous-time system with unit discretization time. In
our work, we will stick to the first interpretation to avoid
making assumptions on when the time discretization is
valid. For an interpretation of the latter case, we refer to
Magann et al. (2022).

Discrete-time systems of this form are rarely studied in
the literature (see, e.g., Magann et al. (2021)), so in the
following we will first establish that Assumptions 1-4,
together with a feedback law similar to (9), are in fact also
sufficient to ensure convergence to p* in the discrete-time
case.

We will make use of the same Lyapunov function as above.
In discrete-time, we want to ensure that V'(p) is decreasing
between time steps, i.e., V(pr+1) — V(px) < 0.

By using a first-order approximation of the exponential
terms, i.e.,
e Hogithiu — o=iHo(T _ i 4) 4+ O(u?), (7
we get
Vipr+1) = Vipr)

— TI.(Pe—iHoe—iHlukpke—iHoe—iI'huk) _ ’I‘I'(Ppk)

= Tr(Pe_iH0 (pr + ilpk, Hluk])eiHO) — Tr(Ppy) + O(u})

=— iTr([P, Hl]pk)uk +0(u?),

(8)
where we in the last equality used the fact that P and Hy
commute and the relation Tr(P[p, H]) = — Tr([P, H1]p).

As in the continuous-time case, we can pick the control
law

u = ik Tr([P, Hilpy) 9)
with k > 0 to ensure that V(pg+1) — V(px) < 0. For
the first-order approximation to be valid, x should be
sufficiently small. A rigorous analysis of this is out of scope
for the current work, but we refer to Magann et al. (2022)
for a comparable analysis in terms of discretization time.
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It thus remains to characterize the largest invariant subset
of W= {peX|V(ppt1) — V(pr) = 0}. For any p € W
being a stationary point of V(p), we have from (8) and (9)
that the control v must be zero. Thus, for ¥V C W to be
an invariant subset of YW, we must have that any p € V
must stay (for all time k) in V under the action of the
unforced dynamics, i.e., U(0)kpU(0)* € V for all k € N.
For U(0) = e~*Ho we thus have the condition

—ir Tr ([P, H1]p) = —ik Tr([P, Hl]e_iHOkﬁeiHok) =0.

(10)

Using the fact that P and Hy are diagonal with diagonal
elements po, ..., pn,.,. and ho,..., hy .., respectively, we
have

0= Tr([P, Hl]e—iHokﬁeiHok)
- (ane“hf—hm e 1,
5,J,m
— ppethi=hidk 5 L n)n) |@><J|>

(11)

= Tr [ S (py — po)ei Ok p, s Hy i)
L,J

= (p; —pi)e’ Mk p, T (Hy li)j])
2%}
= >y = p)e NG, (| Hali)
2%
As p and H; are Hermitian, we can reduce the above to

Re | S (p; — pi)e "5, ; GIHLi) | = 0.

i<j

(12)

From here, it is clear that if

e p; # p; for all i < j (Assumption 2),

o (hj — hi) # (hx — hi) (mod 2) for all (¢,7) # (k,1)
(Assumption 3, but modulo 27),

e and (j|Hy|i) # 0 for all ¢ # j (Assumption 4),

then the only solution is the trivial one, i.e., p; ; = 0 for
all 4+ < 7, which is equivalent to p being diagonal. We
remark that Assumption 3 ensures linear independence of
the complex exponential functions f; ;(t) := e'(hi=hit for
t € R, but for discrete time k € N, we need to adjust
the assumption to be stated in modulo 27 due to the
periodicity of the exponential function and the discrete
time index.

Note that, as the evolution of the state is unitary, the
spectrum of py is preserved, meaning that p; and py are
isospectral for any k. This implies that if pg is a pure state,
then py is also pure, and if py is a mixed state, then py is
also mixed.

Hence, to conclude, under Assumptions 1-4, the largest
invariant subset of {p € X | V(pr+1) — V(pr) = 0} is the
set of all diagonal p (or, equivalently, those p that commute
with Hy and P). However, under unitary evolution, the
only reachable subset is the set of p isospectral to py. Thus,
for a fixed pg, the state p; will under feedback law (9)
converge to the set
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{peX|[p,P]=0, spec(p)=spec(po)}- (13)
Remark 1. If Assumption 2 is not satisfied, i.e., that the
spectrum of P is degenerate, the limit set is still given as
(13), but the condition [p, P] = 0 no longer implies that p is
diagonal. In particular, the invariant set is now extended to
contain the states that are spanned by the eigenvectors of
P corresponding to the degenerate eigenvalues. However,
if the minimum eigenvalue of P is unique, and the initial
state pg is not contained in the invariant set, then, because
V(p) is decreasing, the state will eventually converge to the
minimum state.

When pg is a pure state, the invariant set contains exactly
the N eigenstates of P. Furthermore, with the spectrum
of P being non-degenerate, the Lyapunov function V(p) =
Tr(Pp) has N critical points consisting of one maximum,
one minimum and N — 2 saddle points, located at the N
eigenstates of P. Thus, when pg is pure, V(pr+1) — V(pr)
is strictly decreasing everywhere except on these critical
points, and as saddle points are only stable from a set
of initial conditions with zero measure, convergence to
p* = argmin, V(p) is ensured almost everywhere, i.e., py
will converge to p* from every pure initial state py except
a set of zero measure.

When py is a mixed state, the situation is more com-
plicated. Because the spectrum of pg is preserved, it is,
first of all, not possible to reach the pure state p* that
minimizes V' (p) if po is not pure. For generic states, i.e.,
states with a non-degenerate spectrum, convergence to
p*mixed = argmian{pGX\spcc(p):spcc(pg)} V(p) is, however,
still ensured, but for general mixed states with degenerate
spectra, this is not the case. For further details, we refer
to Wang and Schirmer (2010a,b).

Thus, to summarize, the feedback law (9) cannot ensure
convergence to p* in the general mixed state case. In
Magann et al. (2022), the authors use the feedback law
(9) to determine parameters in the QAOA algorithm with
some success, although they suffer from not adhering to
the hard assumptions on H; (Assumption 4). In the fol-
lowing, we show how we can alleviate this problem by in-
troducing quantum non-demolition (QND) measurements
in the loop. The main motivation for the use of QND
measurements is the property that they will purify the
state along the trajectory, making it possible to converge
to a pure state from any mixed state. In addition to the
advantageous properties in terms of convergence, the QND
measurements have the additional benefit of providing
information about the current state, which, together with
a simple quantum filter, provides a state estimate that can
be used directly in the state-feedback control.

2.2 Quantum systems with QND measurements

Let a generalized quantum measurement M be constituted
by measurement operators { M, },,(1,....m} adhering to the
completeness relation

I=> MiM,.
"

Let the post-measurement state after observing outcome

T
1 be denoted by M, (p) = %, where outcome p
piip
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occurs with probability p, = Tr (M ;M #p). The measure-

ment M thus induces a Markov process

Pr+1 =My, (pr) (14)
on the space of density operators with initial state py € X.

Quantum non-demolition (QND) measurements are a spe-
cial case of the generalized measurements, where all mea-
surement operators M,, are simultaneously diagonalizable.
In particular, we will assume that they are diagonal in our
preferred basis F, i.e.,

M, =" cunln)nl,

Z |c\in =1forallneF. (15)
neF m

QND measurements have several interesting properties.
Because the measurement operators are diagonal in the
F-basis, they commute with many important operators
we have already introduced, namely, P and Hy. Because
of this property, the Hilbert-Schmidt inner product (trace)
between any diagonal operator A and a QND-induced
Markov process {p} is a martingale, i.e.,

E[Tr(Apis1) | pi) — Tr(Apy) = 0. (16)

Furthermore, as has also been proved in several places
(see, e.g., Amini et al. (2011, 2012)), the process (14)
converges almost surely to an eigenstate {|n}n|},cr of
{M,} with the probability of converging to state |a)}n|
given by Pr[n = n] = Tr(|a)n| po).

When introducing QND measurements, we will consider
the controlled Markov process

i1 = Ulur)My, (pr)U (uk)' (17)

As in Section 2, the unitary operator U(u) could have
several forms. In the following, we will stick to the form
U(u) = e~ *H1%_ Note that we have disregarded the drift
Hamiltonian Hy here. Recall that, in the measurement-free
case, the main contribution of Hy is in the characterization
of the largest invariant set, where it ensures that the
invariant set only contain states (mixed or pure) that
commute with Hy. With QND measurements included
in the process, this is no longer needed, as the QND
measurements will serve the same purpose, except that
they limit the invariant set to contain only pure states
that commute with {M,}, meaning mixed states are no
longer invariant.

For the model (17), the feedback law (9), together with
the assumptions 1-4 from Section 2, are no longer suf-
ficient to ensure convergence to p* = arg minp V(p). In
the measurement-free case, the fact that all the non-
minimizing eigenstates are saddle points of V(p) ensure
that the system converges to the minimum. However,
because the QND measurements by themselves will drive
the state towards a (random) eigenstate of P, the previous
argument on saddle points no longer hold.

In the following, we will discard Assumptions 3 and 4, and
instead introduce the following standard assumption (see,
e.g., Amini et al. (2011, 2013)) on the QND measurement
operators, which may be seen as the counterpart to As-
sumption 2 on the drift Hamiltonian.

Assumption 5. For all ny # no, there exists a u such that
| |2 # |Cu7n2|2 (with ¢, as defined in (15)).
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This assumption ensures that the measurement statistics
are unique for each eigenstate of {M),}, which in turn is
sufficient to ensure that the only invariant states under M,
Vu are the pure eigenstates themselves (see, e.g., (Amini
et al., 2011, Theorem 3.1) for the proof).

In Amini et al. (2011, 2013), the authors propose the
Lyapunov function

€
Velp) = Te(pP) = 5 > ((nlpln))? (18)
and the feedback law
ur = argmin E [‘/E(pk_l,_l) | pk,u} , (19)

wE[—u,u]
where € > 0 ensures that V. (p) |u:0 is a super-martingale,
ie., E [Vg(pk_ﬂ) | pr = p,u = 0] — Ve(p) < 0. Conse-
quently, because 0 € [—u, 4], we have that V.(p) |u:uk
under the control law (19) is also a super-martingale.

For any control Hamiltonian H;, we associate the matrix
R with elements (Amini et al., 2013)

R (10 AT i
TG - s, =5
which is characterized by having non-negative off-diagonal
entries and non-positive diagonal entries. Considering the
control Hamiltonian as representing the connectivity of an
underlying graph, the matrix R bears resemblance to the
Laplacian matrix from graph theory.

In Amini et al. (2011, 2013), the authors show that if the
vector ¢ := diag(P) (i.e., the vector of diagonal elements
of P) is the solution to the linear systems of equations

(20)

Ro =\, (21)

for some vector \ satisfying
Ay <O0forn#n* and Ay =— Z An >0, (22)

n#En*
then
d2E [V, = ,
[Ve(prsr) | pr = [n)n|, u] L (23)
du? w0

This means that E [V.(pr41) | pr = [n)¥n|,u] has a strict
maximum at u = 0 for n # n* and a strict minimum for
n = n*. Consequently, the feedback law (19) will give
ur 7 0 whenever pp # p* and give up = 0 only when
pr = p*. This, together with the fact that V. (p) is a super-
martingale, can be used to prove almost sure convergence
to the state |n*)n*|, as presented in Amini et al. (2013).

From (Amini et al., 2013, Theorem 2), we thus have the
following proposition.

Proposition 1. Consider the Markov process (17). If P =
diag(o) with o being a solution to (21) and (22), then,
with the feedback control law (19), the closed-loop system
converges almost surely to p* = argmin, V(p).

Remark 2. If we consider a model with drift Hamiltonian
Hy, we have that Proposition 1 still holds, and the R
matrix will now be given by R;; = 2| (i|Hye *fo[j)| —
20; ; (i|H?e~"0|j). When constructing the control and
drift Hamiltonian from R, there will now be considerable
freedom in the choice of Hy.

To summarize, when introducing QND measurements in
the quantum system, we have been able to discard As-
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sumptions 3 and 4, but at the cost of having to adhere to
Assumption 5 and a slightly more complicated control law.
An additional benefit is also that we ensure convergence
to a pure state, regardless of the spectrum of py.

3. CONSTRUCTING CONTROL HAMILTONIANS
BASED ON P

We now return to the original problem, namely, given a
fized matriz P and energy (Lyapunov) function V(p) =
Tr(Pp), can we design a quantum system that ensures
convergence to the state which minimizes V(p)? So far,
we have established sufficient conditions on P and U(u)
to ensure convergence to the minimum eigenstate for QND
systems. In the following, we will use these conditions to
construct a Hamiltonian structure that ensures conver-
gence to the minimum of an arbitrary but known P matrix.

In particular, for o = diag(P), for which the n*’th element
0+ 18 the minimum, we want to find a matrix R such that
Ro = X for some A adhering to A\, < 0 for n # n* and
Aps = —Zn;én* An > 0. Given the matrix R, we can,
based on (20), find a (non-unique) control Hamiltonian
H, with matrix elements

Hy:{u2amm,i¢g

0, =]

where the square root of R;; may be chosen to be
either positive, negative, or imaginary, as long as H; is
Hermitian.

(24)

For finding a suitable matrix R, we want to minimize the
term ||[Ro — A|| for some suitable norm. The set of valid
R matrices is the set of negative semidefinite matrices
with non-negative diagonal elements and non-positive off-
diagonal elements and whose column sum (and row sum,
by symmetry) is zero, i.e., the set

R={ReR™ |R<0, Y Ri;=0,

Ri;<0 Vi, Ri;>0 Vi<j}, (25)

which is a convex cone. We thus formulate the following
convex optimization problem:

min  ||Ro — Al (262)
st. RER, (26D)
)\n < -7, N 7é n*a (26C)
An > V25 n= n*a (26d)

where 71,72 > 0 are hyper-parameters that can be tuned
to avoid having A = 0 as a solution.

For the ¢1-norm, this problem is a standard semidefinite
program (SDP), and for the ¢3-norm, this can be shown
to be equivalent to a second-order cone program (SOCP)
(Boyd and Vandenberghe, 2004). In both cases, the prob-
lem can be solved using standard tools, e.g., YALMIP
(Lotberg, 2004) with any of the built-in SDP solvers.

We note that the set of (R, \) that satisfies (21) is an open
set, and the SDP (26), for fixed parameters, gives just a
single solution. We also note that the solution (R*, \*)
to the SDP may not necessarily give |[R*o — \*|| = 0.

One should therefore check that A\ := R*o satisfies the
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condition (22); if this is not satisfied, one could adjust the
hyper-parameters in the SDP and test the new solution.
The posed SDP may thus, equivalently, be interpreted as
a feasibility problem: If (26) has a feasible solution (in the
sense that it satisfies condition (22)), then there exists a
system of the form (17) with feedback law (19) that can
stabilize the state at p* = arg min, Tr(Pp).

To promote solutions with specific, desirable properties, in
particular sparse solutions, we can add different regulariz-
ing terms. Here, sparsity in R corresponds to a low number
of edges in the underlying graph of the control Hamilto-
nian. To promote sparse solutions, we minimize the cardi-
nahty of R (or the £y-pseudo-norm of the vectorized R, i.e.,
||vec || . However, including this term in the objective
function Wlll result in a non-convex problem. Instead, we
will use the convex envelope, namely, ||vec(R)||1 (Boyd
and Vandenberghe, 2004), resulting in the SDP

mir/{ al|Ro — M| + az|vec(R)|, (27a)
st. ReWR, (27b)
)\n < —7, "N 7é n*a (27C>
An 272, n=n", (27d)

with a; being hyper-parameters.

There are many possibilities in forming the SDP to specific
needs. For example, to control the scaling of the numerical
values, a constraint like Tr(R) < f for 8 > 0 could be
added. One could also include different constraints on R to
enforce particular structures, e.g., constraining individual
elements to be zero to get a structure that lends itself to a
decomposition in terms of elementary qubit gates. We will,
however, not investigate these possibilities further here.

To summarize, the full synthesis procedure is as follows:

(1) Given diagonal matrix P with o the vector of diagonal
elements, solve the SDP (27) to find R*.

(2) Check that A = R*o satisfies A, < 0 for n # n* and
Ans = — D ongnr An > 0. If not, return to point 1 and
adjust the hyper-parameters.

(3) Construct a (Hermitian) control Hamiltonian Hj
using (24).

(4) Using the feedback law (19), the state pi of system
(17) almost surely converges to p* = argmin, V(p).

4. A NUMERICAL EXAMPLE

In this section, we provide a numerical example showcasing
the methodology from Section 3. We consider a system
with dimension N = 8 and with the P matrix with
diagonal elements given as shown in Figure 1. As can be
seen, the minimum is at n* = 3.

We solve the SDP (26) in MATLAB using YALMIP (Lofberg,
2004) with Mosek (MOSEK ApS, 2022) as SDP solver.
In the following, we show the results for two cases: The
solution to problem (26) with v = 1 and the solution to the
sparsity-promoting problem (27) with v = 1,7 = ag = 1.
We observed no noticeable difference in the structure
of R when comparing solutions to the problems with
the /1-norm and f3-norm, although the numerical values
were slightly different. The results shown here have been
obtained using the /5-norm.
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Fig. 1. The diagonal elements of P used in the example.

In Figure 2, the resulting R matrix is shown for both the
non-sparse and sparse solution. Additionally, the resulting
values of A are shown in Figure 3. We note that the
objective function at our solution is |[R*o — A*||, ~ 0 in
both cases.

) R matrix.

b) Sparse R matrix.

Fig. 2. The elements of the R matrix resulting from the
solution to the SDP from the example.

30
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< 10 :
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—10 \ \ \
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Index n

Fig. 3. The elements of vector A resulting from the numer-
ical example.

As can be seen, the resulting matrix differs in the two
cases, where it is clear to see that the sparsity-promoting
SDP results in a sparse solution.

In Figure 4, the resulting control Hamiltonian H; is shown,
where we have chosen all entries to be real. In terms of
connections between basis states, it can be seen that the
sparse solution only has connections to the basis state that
minimizes P, i.e., n* = 3. The control Hamiltonian thus
clearly does not satisfy Assumption 4 from Section 2, but,
as previously stated, this was never a requirement in the
QND system.

We also note that the the numerical values in both
cases are in the interval [—1, 1]. To promote solutions
with numerically larger values, it is possible to adjust
the optimization problem in terms of the parameter -y
or by adding additional constraints, e.g., an inequality
constraint on the trace such as Tr(R) < g for 8 < 0.
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) Hi matrix.

b) Sparse Himatrix.

Fig. 4. The elements of control Hamiltonain H; con-
structed in the example.

For the QND measurements, we use a parameterization
similar to that of the photon box experiment (Amini et al.,
2012), namely,

My =3 cos(d + n6) [n)n],
— 3" sin(6o + n6) [n)in],

n
1 _
s and 0 = 7.

(28)

where we pick ¢g =

In Figure 5, the mean trajectory of 100 realizations as well
as sample trajectories of 10 realizations are shown with
the resulting control Hamiltonians. All realizations are

initialized with po = £ [0X0| + 7} (ZZ (|Z>)) (El (<z|)),
i.e., a mixed state with probability 1/2 of being in |0)0]
and probability 1/2 in uniform superposition over all basis
states.

In the feedback law (19), we observed no noticeable
difference between having € = 0 or € being a small number,
which agrees with the observations made in Amini et al.
(2013). Thus, in the simulations shown here we have ¢ = 0.

Likewise, as in Amini et al. (2013), we use a quadratic ap-
proximation of the nonlinear optimization problem in the
feedback law (19) to speed up computations. In particular,
we solve the quadratic program

1

up = arg min <Tr<[[H1,P],H1] pk)
u€[—u, u)
€

=S (Gl ) )

with @ = 0.1.

—iTr([Hy, Plpr)u  (29)

As can be seen from Figure 5, the state converges to the
state p* = |a)7| in almost all cases within the first 1000
iterations. Comparing the non-sparse and sparse solutions,
it can be seen that, on average, they are almost identical.

5. DISCUSSION AND FUTURE WORK

Relating our results to VQAs, it would be necessary
to adhere to the constraints of the quantum hardware.
For instance, given a control Hamiltonian Hj, can we
efficiently describe the resulting unitary operation in terms
of elementary quantum (qubit) gates? This is already a
well-established research area within quantum simulation
(see, e.g., Section 4.7 in Nielsen and Chuang (2010) for an
introduction). In particular, if the Hamiltonian is sparse
in the Pauli basis, it can be efficiently represented using
elementary qubit operations.
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Likewise, QND measurements can in general be realized
by entangling an ancillary qubit to the principal quantum
circuit in a proper way, and then perform a projective
measurement on the ancillary qubit. However, such an
operation would have to be repeated in the circuit for
every time instance k. Alternatively, one could investigate
hardware solutions, where QND measurements are cheap,
e.g., in optical quantum computing (Munro et al., 2005).

In the present work, we have assumed the state pp to
be known perfectly at every time instance k in order
for us to compute the feedback control. In practice, this
is not a valid assumption. However, using the known
QND measurement outcomes, it is possible to estimate
the state at time k using an observer / quantum filter. As
shown in Amini et al. (2013), such observers are robust
to uncertainties in the initialization of the filter, and the
state feedback based on the state estimate from the filter
will ensure convergence under a very mild assumption on
the initial state estimate. Although not shown here, we
observed similar convergence in our numerical example
when basing the state feedback on such a state estimate.

Another option is to adopt an approach similar to that
of Magann et al. (2022), where the necessary quantity in
the feedback law is estimated based on several experiments
of each time step. In particular, if we consider the coeffi-
cients from the quadratic optimization problem (29), i.e

Tr([Hl,P}pk) and Tr([[Hl,P},Hl] pk), as the expecta-

tion values of the observables [Hy, P] and [[Hl,P},Hl],
respectively, we can compute a sample estimate of these by
measuring these observables many times. This, however,
requires the time evolution from k to k + 1 to be repeated
many times, as the state is collapsed after each measure-
ment of the observable. Note also that this assumes that
the aforementioned observables can be expressed in terms
of easy-to-measure observables on the quantum computer,
e.g., in terms of Pauli gates. The posed SDP can easily
be adjusted to accommodate such structures by including
additional constraints on R, which, as long as they a linear,
will preserve the convexity of the problem.

In our work, we also observed that measurement-free
systems with drift (i.e., non-zero Hy), as presented in
Section 2, also converge to the minimum eigenstate using
the methodology presented in Section 3. In particular, we
conjecture that Assumption 4 can be relaxed in this case,
which might be of particular interest to the aforementioned
approach by Magann et al. (2022). In future work, we will
investigate this in a more rigorous manner.

Finally, it should be noted that the methodology as
presented here will not be directly applicable in VQA
situations in its current form. The motivation for using,
e.g., the QAOA in the first place is the intractability of
using classical computers to solve the problem of finding
the minimum eigenvalue. Here, we use the P matrix
explicitly in our synthesis of R, which would be intractable
for problems of any relevant size. In future work, this will
have to be addressed. However, in its current form, one
can use the presented methodology to perform analyses of
small-scale instances of specific VQA problem formulations
and investigate whether (part of) the structure is the same
regardless of the problem size (see, e.g., Streif and Leib
(2020) for results suggesting such relations).
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Fig. 5. The mean trajectory (dark-colored) of 100 realizations, and trajectories of 10 realizations (light-colored), shown
both for the non-sparse (==) and sparse (==) control Hamiltonians.
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