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Non-orthogonal moving frame for the kinematics of
parallel pointing mechanisms

Shaoping Bai

Abstract—A non-orthogonal frame is proposed in this work
as an alternative representation of moving frames, which can
describe naturally and conveniently orientations of the mobile
platform of parallel pointing mechanisms. Fundamentals of non-
orthogonal bases are presented, upon which a non-orthogonal
frame is established utilizing two body-attached vectors and their
bivector. Properties of the non-orthogonal frame are analyzed
geometrically and algebraically. With the alternative representa-
tion, we revisit the kinematics of parallel pointing mechanisms.
Efficient and robust kinematic formulations are obtained and
demonstrated with examples.

Index Terms—Kinematics, parallel pointing mechanisms, non-
orthogonal frame, Jacobian of pointing, spherical parallel ma-
nipulators

I. INTRODUCTION

ROTATION matrix is a classic mathematical tool to trans-
form coordinates within two coordinate frames and to

describe rigid-body rotation. According to Euler’s Theorem,
a rigid-body rotation, or simply a rotation, is represented by
a 3 × 3 proper orthogonal matrix. Many types of parameters
can be used to express rotation matrix, such as Euler angles,
Euler parameters, natural invariants, etc.[1], [2], [3], [4]. For
all representations, at least three parameters are needed.

While rotation matrix is widely used in kinematics and
robotics, a limitation to represent spatial rotation is noted
for mechanisms with lower mobility, namely, with rotation
of 1-DOF (degree-of-freedom) or 2-DOF rotations. Ideally,
the rotation matrix for these type of mechanisms should
correspondingly have 1 or 2 parameters to match the number
of DOF. Unfortunately, any aforementioned representation of
rotation matrix contains parameters, for example, three Euler
angles, that are more than needed. Parameter redundancy
exist, i.e., the number of variables in constraint equations
is more than the number of DOFs. The redundancy implies
issues such as low efficiency and robustness, which calls for
new formulations for mechanisms with fewer mobility, in
particular, spherical pointing mechanisms (PPM) in this study.

The PPMs are mechanisms to generate 2-DOF rotation with
respect to desired longitude and latitude [5], [6]. Pointing

Manuscript received: September 4, 2022; Revised: November 21, 2022;
Accepted: December 28, 2022.

This paper was recommended for publication by Editor Lucia Pallottino
upon evaluation of the Associate Editor and Reviewers’ comments.

The work is partly supported by Independent Research Fund Denmark(DFF)
through VIEXO project.

S. Bai is with Department of Materials and Production, Aalborg University,
Aalborg 9220, Denmark (email: shb@mp.aau.dk).

Digital Object Identifier (DOI): see top of this page

mechanisms have a wide range of applications, such as five-
axis machining tools [7], solar panel tracker [8], micro as-
sembly cell [9], robotic wrist [10], antennas tracking [6], etc.
Some recent designs can be found in [11], [12], [13]. The
PMMs are essentially spherical parallel manipulators. Unlike
most spherical parallel manipulators (SPM) of 3-DOFs [14],
[15], [16], [17], the PPMs carry their mobile platforms for 2-
DOF rotation while involving rotations in all three axes [9].
When the rotation of the mobile platform is described by Euler
angles or the similar, parameter redundance exists.

In this work, we propose a representation of moving frame
by means of non-orthogonal basis, which provides a natural
alternative to describe uniquely and effectively the orientation
of a moving rigid body. A non-orthogonal frame (NOF) is
established with two body-attached vectors and their bivector.
The NOF formulation leads to a system of constraint equations
with minimum parameters. This enables efficient equation
solving and kinematic analysis, as revealed in this paper.
The work is based on the author’s previous work [18] with
substantial extensions including (1) systematic treatment of
the non-orthogonal moving frame, (2) pointing workspace
and velocity analysis, (3) Jacobian matrices. Moreover, the
method is extended to a 2-DOF PPM derived from a 3-DOF
SPM, along with examples and comprehensive performance
comparisons.

The balance of the paper is organized as follows. Section II
introduces the NOF, established with non-orthogonal bases.
Properties of the NOF are analyzed. In Sections III and IV,
we revisit the kinematics of two PPMs, namely, a five-bar PPM
and a PPM derived from 3-DOF SPM. In Sec. V, numerical
examples are included to show the efficacy of the NOF. The
work is discussed in Sec.VI and concluded in Sec.VII.

II. ALTERNATIVE COORDINATE FRAME WITH A
NON-ORTHOGONAL BASIS

In this work, we attempt to establish a body attached frame
with a non-orthogonal basis in R3. Some fundamentals of non-
orthogonal bases can be found in Appendix A for readers’
information [19].

A. Representation with non-orthogonal frames

A moving frame can be represented by either orthogonal or
non-orthogonal bases. With non-orthogonal bases considered,
there are many choices for the moving body frame. As our
objective is to use minimum parameters for the moving frame,
we thus select two non-parallel unit vectors from a moving
body and their bivector. Refer to Fig. 1, we assume that two
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Fig. 1. A non-orthogonal moving frame with two vectors and their bivector

unit vectors e1 and e2 are known. A non-orthogonal frame
(NOF) can hence be established with e1, e2 and e3 = e1×e2.
They are linearly independent and form a basis of R3.

With the NOF, any vector n ∈ R3 can be expressed as

n = µe1 + νe2 + λe3 (1)

or
n = Mn⋆ (2)

with
M = [e1, e2, e3], n⋆ = [µ, ν, λ]T (3)

where µ, ν and λ are dimensionless parameters. In this
formulation, M is the matrix corresponding to the NOF, or
NOF matrix in short. n⋆ is a vector containing coordinates
associated with vector n, which is referred as the set of
alternative coordinates.

The inverse of the NOF matrix is readily obtained from the
reciprocal vectors of ei. Let ei, i = 1, 2, 3 be the reciprocal
vectors, as defined by eq. (69), and M̌ be the reciprocal matrix,

M̌ = [e1, e2, e3] (4)

We can readily show that

M̌TM = I (5)

where I stands for the 3× 3 identity matrix. We thus have

M−1 = M̌T (6)

The alternative coordinates can hence be found by

n⋆ = M−1n = M̌Tn (7)

The alternative coordinates can also be found geometrically.
By premultiplying both sides of eq. (1) with eT1 , eT2 , and eT3
separately and solving the equations, we obtain

µ = k(cosβ1 − cosβ2 cosα) (8a)
ν = k(cosβ2 − cosβ1 cosα) (8b)
λ = kp (8c)

where k = 1/ sin2 α, p = (e1×e2)
Tn. α ∈ [0, π] is the angle

made by n1 and n2, while β1 and β2 are angles made by
n and e1, n and e2, respectively. These geometric identities
show that the alternative coordinates are determined purely
from geometric relations of three vectors. They are invariants
and hence frame independent.

B. Geometric and algebraic properties of NOF

The NOF is an alternative to the conventional orthonormal
bases representation, or rotation matrix. Relationships between
the NOF and the rotation matrix are thus revealed.

Algebraically, a rotation matrix Q in n-dimensions is a n×n
special orthogonal matrix, namely,

QTQ = I; det(Q) = 1 (9)

Matrix Q can also represent the orientation of a mobile
platform (MP), which stands for the transformation from the
base frame, denoted by B, to the MP attached body frame,
denoted by A. In such a case, frame A is selected to be
coincident with the base frame B at the initial posture.

For the NOF matrix, it has to be noted that both conditions
of (9) are not satisfied. Instead, we have det(M) = sin2 α.

Matrix M can be converted to Q, and vice versa, as
described presently.

Let Q = [ex, ey, ez]. Vectors for the NOF frame are then
expressed as

ei = ci1ex + ci2ey + ci3ez = Qci, i = 1, 2, 3 (10)

where cij , j = 1, 2, 3 are real coefficients. We thus have

M = Q[c1, c2, c3] = QC (11)

where C is a matrix mapping the conventional rotation matrix
to the NOF. The mapping matrix can be found algebraically
as

C = Q−1M = QTM (12)

It is known that for any vector s in the base frame B, when
expressed in frame A, the following relation holds,

s = Qs′ (13)

where s′ is the local vector of s.
On the other hand, the same vector can be expressed in the

NOF with alternative coordinates, noted by s⋆, as

s = Ms⋆ = QCs⋆ (14)

from which we find a useful identity

s′ = Cs⋆ (15)

As can be seen form the above equation, the ordinary local
coordinates and the alternative coordinates are related by the
mapping matrix C too.

The differential kinematics with the NOF has a similar form
as the rotation matrix. Taking time derivatives on both sides
of eq. (11) yields

Ṁ = Q̇C (16)

As Q̇ = ω̃Q, the equation becomes

Ṁ = ω̃QC (17)

where the sign ‘∼’ on top of a vector denotes the skew
symmetric matrix derived from the vector. Finally, we have

Ṁ = ω̃M (18)

which remains the same form as the Poisson equation of the
rigid-body rotation.
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(a)

(b)

Fig. 2. A spherical pointing mechanism centered at point O, (a) kinematic
parameters, (b) an equivalent 5-bar mechanism (not drawn to scale), where
ρ = π − γ.

III. NOF FOR A FIVE-BAR 2-DOF SPHERICAL PPM

With the NOF introduced, we revisit the kinematics of a
2-DOF PPM shown in Fig. 2a. Without loss of generality,
we assume its mobile platform is a cone with its half angle
specified by γ, which is generated by sweeping OA1 about
OO′, with O being its apex and OO′ parallel to the point
vector. Moreover, OA2 lies on the conical surface for a
symmetric shape of the mobile platform.

The PPM is essentially a five-bar spherical linkage, as
shown Fig. 2b. This five-bar PPM has two limbs. The first limb
of single curved link B1A1 has a dimension of α1, the second
limb of two curved links B2C2 and C2A2 having dimensions
of α2 and α4, respectively. The two revolute joints B1 and
B2 on the fixed base are described by unit vectors u1 and
u2, while the two revolute joints A1 and A2 on the moving
platform are described by unit vectors v1 and v2, respectively.
The unit vector parallel to the axis of the revolute joint C2 is
denoted by w2. The pointing direction is denoted by a unit
vector p = [x, y, z]T , its magnitude unity implying

g(x, y, z) = x2 + y2 + z2 − 1 = 0 (19)

For pointing mechanisms, the pointing direction is convention-
ally expressed with spherical coordinates, namely, longitude
and latitude, which describe uniquely the pan and tilt motion
of the mechanism. Let ϕp and φp be the longitude and the

latitude, or more exactly, the angles of pointing, then

p =

 cosφp cosϕp
cosφp sinϕp

sinφp

 , ϕp ∈ [−π, π], φp ∈ [−π
2
,
π

2
]

(20)
Spherical coordinates have coordinate singularity with φp =
±π/2. Care has to be taken as ϕp will then not uniquely
determined from pointing vectors in Cartesian coordinates.

A. Kinematic constraint equations

A NOF is established at the mobile platform with p, v1, and
their bivector p × v1, as shown in Fig. 2b. The NOF matrix
is

M = [p,v1,p× v1] (21)

We start our formulation from the first limb B1A1. The link
rotates about a fixed axis for an angle θ1,

v1 = R1v10 (22)

where v10 is the unit vector parallel to the initial position
of OA1. Moreover, matrix R1 describes the rotation of link
B1A1 about OB1. Using natural invariants of the rigid-body
rotation, matrix R1 takes the form [20]

Ri = uiu
T
i + sin θiũi + cos θi(I− uiu

T
i ), i = 1, 2 (23)

For the second limb, curved link B2C2 rotates about the
axis OB2, the unit vector w2 is expressed as

w2 = R2w20 (24)

where w20 is the unit vector parallel to OC2 at the reference
position and R2 is a rotation matrix defined by eq. (23).

We now need to express the unit vector v2. Conventionally,
we have to use the rotation matrix of the mobile platform
expressed with either Euler angles or the joint angles θ1 and
ϕ1. In any case, intermediate variables have to be included.
With the NOF matrix, we can directly express v2 as

v2 = Mv⋆
2, v⋆

2 = [µ2, ν2, λ2]
T (25)

which is free of intermediate variables.
The first constraint equation is hence formulated upon

vector v1,
vT
1 p = cos ρ (26)

The second constraint equation is formulated for the second
limb,

wT
2 v2 = cosα4 (27)

Equations (26) and (27) stand for the system of constraint
equations of the 2-DOF pointing mechanism. The system
contains two input angles and the unit pointing vector p. In
other words, the system uses minimum number of parameters,
namely, only two, for the 2-DOF mechanism. The system
allows us to solve directly the forward position problem for
any specified angles of θ1 and θ2, or the inverse position
problem with a specified pointing vector.

The inverse and forward position problems admit different
numbers of solutions, as revealed presently.
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Equation (27) is first expanded as,

wT
2 [µ2p+ ν2v1 + λ2(p× v1)] = cosα4 (28)

that is
wT

2 [(µ2I− λ2ṽ1)p+ ν2v1] = cosα4 (29)

which is rewritten as

qTp = cosα4 − ν2w
T
2 v1 (30)

where
q = µ2w2 + λ2(v1 ×w2) (31)

It can be seen that both eqs. (26) and (30) are linear
equations of p. As p is a unit vector subject to eq. (19), the
Bezout number of the whole system of constraint equations
is equal to 2. The forward position problem thus admits
maximum two real solutions.

In the inverse problem, the pointing vector p is given.
Eq. (26) can be written in the form of

A1 cos θ1 +B1 sin θ1 + C1 = 0 (32)

which admits two solutions of θ1. Equation (27) can then be
written in terms of θ2 similar to eq. (32). Two solutions of
θ2 will be found for each value of θ1. The inverse position
problem thus admits four solutions.

In summary, the five-bar PPM of general kinematic struc-
ture admits maximum two forward and four inverse real
solutions.

B. Jacobian matrices

The Jacobian matrix of the pointing mechanism is readily
obtained from the two constraint equations (26) and (27).

Differentiating both sides of eq. (26) yields

vT
1 ṗ+ pT v̇1 = 0 (33)

Note that
ṗ = ω × p; v̇1 = θ̇1 × v1 (34)

we have
vT
1 (ω × p) + pT (θ̇1 × v1) = 0 (35)

where θ̇1 = θ̇1u1. The above equation is finally rewritten as

vT
1 (p× ω)− pT (u1 × v1)θ̇1 = 0 (36)

Similarly, differentiating eq. (27) yields

ẇT
2 v2 +wT

2 v̇2 = 0 (37)

With
ẇ2 = θ̇2 ×w2, v̇2 = ω̇ × v2 (38)

where θ̇2 = θ̇2u2, eq. (37) is rewritten as

(θ̇2 ×w2)
Tv2 +wT

2 (ω × v2) = 0 (39)

or
wT

2 (v2 × ω)− vT
2 (u2 ×w2)θ̇2 = 0 (40)

Equations (36) and (40) are written in a matrix form

JAω = JBθ̇, θ = [θ1, θ2]
T (41)

where

JA =

[
vT
1 p̃

wT
2 ṽ2

]
∈ R2×3 (42)

JB =

[
pT (u1 × v1) 0

0 vT
2 (u2 ×w2)

]
∈ R2×2 (43)

which is the velocity equation of the 2-DOF PPM.
Assuming JB invertible, the input velocity for any given

angular velocity ω of the mobile platform can be calculated
by

θ̇ = J−1
B JAω (44)

However, eq. (41) does not allow us to find uniquely the angu-
lar velocity of the mobile platform for given joint velocities.
An additional equation is thus needed.

Referring to the first limb of the manipulator, we have

ω = θ̇1u1 + ϕ̇1v1 (45)

where ϕ1 is the angle of rotation at the passive joint A1.
Premultiplying both sides with u1 × v1 yields

(u1 × v1)
Tω = 0 (46)

Equation (41) is now expanded with eq. (46) as

JAω = JBθ̇ (47)

with

JA =

[
JA

(u1 × v1)
T

]
∈ R3×3, JB =

[
JB

0

]
∈ R3×2

(48)
which yields

ω = Jrθ̇, Jr = J−1
A JB ∈ R3×2 (49)

x

y

z

O

.

s

t

Fig. 3. Projection of velocity into the spherical tangential space.

We are able to find velocity of the mobile platform for any
given velocities at active joints, or vise versa. An outstanding
issue is then to find the pointing velocity, i.e., the changing
rates of the pointing angles.

Differentiating both sides of eq. (20) with respect to time
yields

ṗ = Aϕ̇p (50)

where
ϕp = [ϕp, φp]

T , A =
∂p

∂ϕp

∈ R3×2 (51)
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On the other hand

ṗ = ω × p = −p̃ω = p̃TJ−1
A JBθ̇ (52)

thus
Aϕ̇p = p̃TJ−1

A JBθ̇ (53)

Equation (53) is an overdetermined system, as both ϕ̇p and
θ̇ are two-dimensional, while their coefficient matrices are 3×
2. It is desirable to convert it into a determined system. We
notice that ṗ lies in the space spanned by orthogonal vectors
et and es tangential to the unit sphere, as shown in Fig. 3.
We thus can project the vector from the 3D Cartesian space to
the 2D tangent space. To this end, we premultiply both sides
of eq. (53) with eTt and eTs separately, which leads to

NAϕ̇p = Np̃TJ−1
A JBθ̇ (54)

or
Jϕϕ̇p = Jθθ̇ (55)

where

Jϕ = NA ∈ R2×2; Jθ = Np̃TJ−1
A JB ∈ R2×2 (56)

with

N =

[
eTt
eTs

]
; et =

p× z

||p× z||
; es = p× et (57)

where z is the unit vector for the z axis. The velocity of
pointing is finally obtained as

ϕ̇p = Jpθ̇; Jp = J−1
ϕ Jθ ∈ R2×2 (58)

So far, we have formulated completely velocity equations
for the PPM, i.e., eq. (58) to calculate the changing rate of
pointing angles and (49) for the angular velocity of the mobile
platform. To distinguish two Jacobian matrices, we refer Jr as
the Jacobian of rotation and Jp as the Jacobian of pointing.

IV. NOF WITH A PPM DERIVED FROM 3-RRR SPM
The new method is extended to a 2-DOF PPM derived

from 3-RRR SPM, as shown in Fig. 4, by fixing one input
link, for example, link B3C3. The unit vectors ui, vi, and
wi, for i = 1, 2, 3, are parallel to the axes of all joints.
Moreover, the dimensions of the proximal links and the distal
links, connected to the mobile platform, are angles α1 and α2,
respectively. Angles θi are measured from the z-ui plane.

With the NOF and alternative coordinates, we are able to
establish kinematic constraint equations more efficiently. To
this end, we take the NOF matrix as M = [p,v3,p × v3],
with which we have

vi = Mv⋆
i , i = 1, 2 (59)

Vector v3 is rotated about w3 for ψ, which satisfies

p · v3 = cosβ (60)

where β defines the shape of the mobile platform, as shown
in Fig. 4. We thus have a system of three equations, namely,
eq. (59) and (60), with only one intermediate variable ψ.
Compared with the conventional formulations [21], [22], as
outlined in Appendix B-B, which includes five equations, the
NOF formulation has a smaller and simpler system of kine-
matic constraints, implying a big advantage of computation
efficiency.

Fig. 4. A 2-DOF PPM derived from 3-RRR SPM with regular pyramid shape
base and mobile platforms.

V. EXAMPLES

We include numerical examples to demonstrate the advan-
tages of the kinematics with the NOF.

A. Position Analysis

The first example is position analysis of the five-bar
PPM. In this example, the geometry is specified by u1 =
[1, 0, 0]T , u2 = [0, 1, 0]T , and {α1, α2, α3, α4, γ} =
{π/2, π/3, 13π/36, π/3, 7π/18} radians. We let p =
[0.3551, 0.0719, 0.9320]T . From eqs. (26) and (27), four in-
verse kinematic (IK) solutions are immediately found, as listed
in Table I. Figure 5 displays all four configurations of the
pointing mechanism for the four IK solutions.

TABLE I
INVERSE KINEMATIC SOLUTIONS (UNIT: RAD.)

No. 1 2 3 4
θ1 −2.8441 −0.4516 −0.4516 −2.8441
θ2 3.1173 1.1362 −1.2694 −1.7049

We further assign joint angles (θ1, θ2) = (2.67, 3.35)
rad for forward kinematic (FK) problem. Using
eqs. (26) and (27) combining (19), two FK
solutions p = [−0.5796, 0.6402, 0.5039]T , and
p = [0.0376, 0.7307, 0.6816]T were obtained. The number of
solutions is consistent with our formulation.

To facilitate the workspace analysis of the five-bar PPM,
we rewrite the two constraint equations (26) and (27) in the
following form

Ai cos θ1 +Bi sin θ1 + Ci = 0 (61)

where coefficients Ai, Bi, Ci, i = 1, 2, are functions of ϕp and
φp. Moreover, A2, B2, C2 are also functions of θ2. The two
equations and sin2 θ1 + cos2 θ1 = 1 lead to

A1
2C2

2 −A1
2B2

2 −A2
2B1

2 +A2
2C1

2 +B1
2C2

2

+2(A1A2B1B2 −A1A2C1C2 −B1B2C1C2) +B2
2C1

2 = 0
(62)
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(1) (2)

(3) (4)
Fig. 5. Graphic display of the IK solutions, where figure numbers are
corresponding to the solutions in Table I. In the figure, red curves are moving
links, while the blue circle stands for the mobile platform, with a pointing
vector in green normal to it.

This is an implicit equation of ϕp, φp and θ2 and can be used
to analyze either analytically or graphically the workspace of
the PPM. For example, by substituting half-angle identities:

cos θ2 =
1− u2

1 + u2
; sin θ2 =

2u

1 + u2
(63)

a quartic of u will be obtained. Root analysis of the polynomial
can yield the workspace. Alternatively, the workspace can be
displayed graphically. Figure 6 shows the pointing workspace
of the mechanism. It was obtained with two steps. At first,
we generate the surface of eq. (62) in 3D space; we then
project the surface into the ϕp − φp plane, which gives the
feasible workspace. As we can notice, this PPM is not able to
point all directions. It is noted that the workspace of a PPM
with γ = α3 = 90 deg is able to reach the entire pointing
workspace instead, which is not shown due to space limit.

B. Velocity analysis

With the velocity equations (45) and (58), the velocities of
the five-bar PPM are further simulated. The joint trajectory is
specified as θ1 = 3.07 + 0.1 sin(0.04πt), and θ2 = 2.67 −
0.02t in radians, for t = 0..50 s, their derivatives giving their
velocities.

Using eq. (49), the angular velocity of the mobile platform
is readily obtained, as shown in Fig. 7a, while the pointing
velocity in terms of changing rates of pointing angles, calcu-
lated from eq. (58), is shown in Fig. 7b. Simulation with MSC
Adams yielded the same results.

Fig. 6. Pointing workspace of the five-bar PPM, where blank areas are not
reachable.

(a)

(b)
Fig. 7. Velocity analysis of the five-bar PPM, (a) three components of the
mobile platform angular velocity, (b) changing rates of pointing angles.

C. 3-RRR PPM

Another example is included for the 3-RRR PPM.
The design parameters are given as (α1, α2, γ, β, θ3) =
(π/4, π/2, π/4, π/3, 7π/12) rad. Table II lists the com-
plete solutions to forward kinematic analysis for given an-
gles (θ1, θ2) = (7π/12, π/3) rad, while Table III pro-
vides eight solutions to the inverse problem with p =
[0.4143, 0.1401, 0.8993]T .

D. Performance comparison

The new formulation with the NOF brings computational
advantage to the PPM kinematics. To reveal its computational
efficiency, tests were conducted for both inverse and forward
kinematic problems. In particular, 20 inverse and forward
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TABLE II
EIGHT SOLUTIONS OF THE UNIT POINTING VECTOR p

[−0.8289,−0.4414,−0.3435] [0.4143, 0.1401, 0.8993]
[−0.3606, 0.9029,−0.2338] [0.8559,−0.3971,−0.3313]
[−0.0200, 0.9624,−0.2710] [0.6967,−0.2490,−0.6727]
[−0.7734,−0.6312, 0.05774] [−0.0164, 0.0392, 0.9991]

TABLE III
EIGHT SETS OF JOINT ANGLES θ1 AND θ2 (UNIT: RAD.)

0.064, 0.602 0.064, 2.241 2.991, 0.602 2.991, 2.241
−1.978,−1.740 −1.978, 1.046 1.832,−1.740 1.832, 1.047

position problems were created separately with data generated
randomly within a given workspace. The performance of the
NOF formulation is compared with the approach presented in
[9] for the five-bar PPM, and with the conventional formula-
tions presented in [21], [22] for the 3-RRR SPM.

As aforementioned, the five-bar PPM admits 2 FK and 4 IK
solutions, while the 3-RRR SPM admits 8 solutions for both
problems. This means the total numbers of solutions for the
four cases are 40, 80, 160, and 160, respectively, upon which
the average time for finding single solution is found.

The test results are listed in Table IV. They were obtained
with Maple 2019 running on a 64-bit pc with 4-core 1.8Hz
CPU. As can be seen in the table, for both the IK and
FK problems, the NOF formulation improves significantly
computation efficiency. Moreover, the NOF formulation shows
superior performance in IK solutions, as it takes less than
one tenth of the computation time of other methods. This can
be readily explained by the fact that the NOF formulation
does not require solving eq. (72) for the orientation of the
mobile platform, which reduces the complexity of the system
of equations, thus saves computation time.

The new formulation has also advantage to avoid spurious
solutions. While the inverse problem of the five-bar PPM
admits four solutions, the formulation in [9] can lead to 8
solutions, four of which are spurious as they point to the
opposite direction. These spurious solutions are introduced by
eq. (72), with which a unit vector of opposite direction to
the given one satisfies the equation too. The same problem of
spurious solutions exists with the formulation of 3-RRR PPM.
In this light, the new formulation is not only efficient, but also
robust due to avoiding spurious solutions.

VI. DISCUSSION

While non-orthogonal bases are widely adopted in physics
for modeling purpose [19], [23], they are rarely used in
robotics. The purpose of this work is to explore the application

TABLE IV
AVERAGE TIME USED FOR FINDING SINGLE SOLUTION

Five-bar PPM 3-RRR PPM
NOF LCE NOF MCCE

IK 0.003 s 0.033 s 0.011 s 0.186 s
FK 0.012 s 0.319 s 0.003 s 0.014 s
LCE: loop-closure equation [9]
MCCE: multi-chain constraint equations [21], [22]

of non-orthogonal bases as a natural selection of moving
frames. As shown in this study, the NOF leads to a small
system of constraint equations with minimum variables. The
number of variables is equal to two for the five-bar PPM, and
three for the 3-RRR PPM. In comparison, the conventional
formulations of kinematic constraint equations, as given in
Appendix B, have three and five variables, respectively. The
NOF formulation hence allows efficient solutions to both for-
ward and inverse kinematic problems, as shown in numerical
examples.

The new formulation is applicable to 2-DOF spherical par-
allel manipulators with mobile platforms involving rotations
in all three axes. Application of such an approach in single
DOF mechanisms can be found in [24]. For designs involving
rotations in two axes, like the 2-RRR SPM [10] and slider
type 2-DOF SPM [11], the rotation matrix requires only two
angles of rotation, thus conventional formulations suffice.

In this work, we focus on the new and efficient formulation
of kinematic equations. While examples are included to show
its advantages in both position and velocity analyses, we do
not look into the singularity in this work, as the topic has been
intensively studied in literature [25].

VII. CONCLUSIONS

In this work, a new method of alternative rotation represen-
tation of moving frames using a non-orthogonal frame (NOF)
is proposed. In the work, we introduced the NOF and analyzed
its algebraic and geometric properties. Identities for transfor-
mation between the NOF and the conventional orthonormal
frame were derived. All these theoretical works provide a
framework of applying the NOF in the kinematics of PPMs.
Examples of the five-bar PPM and 3-RRR PPM demonstrate
successfully the application of the NOF formulation.

A major contribution of this work is the NOF formulation
for PPMs. With a natural selection of bases, the NOF leads to
an elegant formulation of kinematic constraint equations with
minimum parameters, which is computational efficient and
robust. Moreover, the NOF formulation allows both graphical
and analytical workspace analysis to get an overview of the
pointing workspace. These advantages of the NOF formulation
will be beneficial for PPM design and control.

APPENDIX A
NON-ORTHOGONAL BASIS

Consider a set of n linearly independent vectors {ek}, which
are not orthogonal. Any vector v ∈ Rn can be represented
uniquely

v =
∑

vkek (64)

where vk are components of v. The components can be
calculated by resorting to the reciprocal basis {ek} of the
original basis. The reciprocal basis consists of reciprocal
vectors which satisfy

ei · ej = δij (65)

where δij is the Kronecker delta function. The reciprocal
vectors are found as

ek = (−1)k+1e1 ∧ . . . ∧ ĕk . . . ∧ en/V (66)
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where the breve indicates that the term ek is left out in the
wedge product. Moreover, V = ||e1 ∧ . . . ∧ ek . . . ∧ en||.

By computing the inner product of {ek} with the vector v,
one gets the components

vk = v · ek (67)

In the vector space of R3, eq. (64) becomes

v = v1e1 + v2e2 + v3e3 (68)

with
vi = v · ei; ei = ej × ek/V (69)

where (i, j, k) is a cyclic permutation of (1, 2, 3) and

V = ||e1 ∧ e2 ∧ e3|| = e1 · (e2 × e3) (70)

APPENDIX B
CONVENTIONAL FORMULATIONS

A. Five-bar PPMs

This conventional formulation based on loop-closure equa-
tion is adopted from [9]. Referring to the PPM of general
structure shown in Fig. 2, the loop closure equation is given
as

(Z(θ1)S(α1)Z(ϕ1)S(α3)z) · (S(α0)Z(θ2)S(α2)z) = cosα4

(71)
where Z(·) and S(·) stand for matrices of rotation about z
and x axis, respectively. α0 is the dimension of the curved
link B1B2. As our interest is the pointing vector, an additional
equation is included,

p× (Qp0) = 0 (72)

where p0 is the pointing vector at the reference configuration,
Q is the MP rotation matrix, which can be expressed with
Euler angles [9] or as function of θ1 and ϕ1 (Fig. 2). Two of
the three scalar equations (72) have to be selected for solutions.

In total, we have a system of three scalar equations. In the
inverse problem, the unknowns are θ1 and θ2, and intermediate
variable ϕ1. In the forward positional problem, unknowns are
the unit vector p and intermediate variable ϕ1.

B. 3-RRR PPM

Refer to Fig. 4, three constraint equations can be obtained:

wi · vi = cosα2, i = 1, 2, 3 (73)

Vectors vi are expressed through rotation matrix Q of the
mobile platform [3], i.e.

vi = Q(ϕ)vi0 (74)

where ϕ is the vector of three Euler angles and vi0 the unit
vector parallel to the initial position of OAi.

In addition, eq. (72) is also needed, of which two scalar
equations are selected for solutions. In total, a system of
five equations is established. They are used to solve inverse
problem, with the unknowns of the pointing angles and Euler
angles. On the other hand, the forward problem can be solved
by the approached reported in [22].
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