
Aalborg Universitet

Almost perfect autocorrelation sequences with small number of pauses for
applications in magnetic resonance

Tekin, Eda; Gnilke, Oliver Wilhelm; Özbudak, Ferruh; Blümich, Bernhard; Greferath, Marcus

Published in:
Cryptography and Communications

DOI (link to publication from Publisher):
10.1007/s12095-023-00659-x

Publication date:
2024

Document Version
Early version, also known as pre-print

Link to publication from Aalborg University

Citation for published version (APA):
Tekin, E., Gnilke, O. W., Özbudak, F., Blümich, B., & Greferath, M. (2024). Almost perfect autocorrelation
sequences with small number of pauses for applications in magnetic resonance. Cryptography and
Communications, 16(1), 109-127. https://doi.org/10.1007/s12095-023-00659-x

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            - Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            - You may not further distribute the material or use it for any profit-making activity or commercial gain
            - You may freely distribute the URL identifying the publication in the public portal -

Take down policy
If you believe that this document breaches copyright please contact us at vbn@aub.aau.dk providing details, and we will remove access to
the work immediately and investigate your claim.

https://doi.org/10.1007/s12095-023-00659-x
https://vbn.aau.dk/en/publications/849fb5df-1591-45e5-8eae-3abc0793efa6
https://doi.org/10.1007/s12095-023-00659-x


Downloaded from vbn.aau.dk on: March 03, 2026



Springer Nature 2021 LATEX template

Almost Perfect Autocorrelation Sequences

With Small Number of Pauses for

Applications in Magnetic Resonance

Eda Tekin1, Oliver Wilhelm Gnilke2, Ferruh
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Abstract

It is well known that it is a challenge to find complex-valued sequences
with perfect autocorrelation over small alphabets. In this work we
present a construction that provides sequences with perfect cyclic auto-
correlation over different alphabets using the value zero only once or
twice in their period. The constructions provide a big variety of peri-
ods also at moderate lengths and the corresponding sequences may
be considered to be of ‘almost’ constant amplitude. These sequences
have applications in NMR spectroscopy with low excitation power.

Keywords: Sequences, Autocorrelation, NMR spectroscopy, Low excitation
power
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2 Almost Perfect Autocorrelation Sequences with Small Number of Pauses

1 Introduction

Sequences with perfect (cyclic) auto-correlation behavior have been a subject
of interest for a long time [1–4]. They enjoy applications in radar, commu-
nication, analysis, imaging and magnetic resonance [1, 5–8]. These sequences
are all constant amplitude, i.e., each symbol in the alphabet has norm 1. This
often makes their technical realization more involved and expensive.

There are applications of sequences with constant amplitude to nuclear
magnetic resonance spectroscopy (NMR) [5, 6, 9–12], magnetic resonance
imaging [11, 12], electron paramagnetic resonance [7, 8], and nuclear
quadrupole resonance [13, 14]. Sequences that have been explored so far are
maximum length binary sequences (MLBS) [9–13, 15, 16], which are also known
under the term m-sequences, and perfect Frank sequences [5–8]. While the
alphabet of an MLBS has only two values, its auto-correlation function suffers
from a constant offset. The lengthy alphabet of Frank sequences, on the other
hand, is difficult to realize technically. On the positive side, evidence has shown
that excitation with constant amplitude sequences requires orders of magni-
tude less peak excitation power than conventional single-pulse excitation [6]
and bears promise for larger excitation bandwidths [6, 11–14].

In this work we propose to loosen the requirement of constant amplitude
by allowing for pauses in the sequence, i.e., we add 0 to the alphabet. This
enables us to construct sequences over binary and quaternary alphabets with
the added pause. We will strive for as few as possible pauses in our sequences
to maximize the energy transfer, i. e., to minimize the peak excitation power.

It is well known that it has been a challenge to obtain new sequences with
perfect autocorrelation over the alphabets A = {±1,±i} and B = {±1}. For
application purposes we construct some sequences with some twists in the
purpose. Namely our aim in this paper is to construct new sequences with
perfect or almost perfect autocorrelation over the alphabets A∪{0} and B∪{0}
and having flexible (and moderate) periods with the property that such a
sequence should take the value 0 only a few times over its period.

Through the paper, q is an odd prime power, Fq is the finite field with
q elements, n ≥ 2 is an integer, Fqn is the degree n extension of Fq and
M = (qn−1)/(q−1).

It has been a challenge to obtain new sequences with perfect autocorrelation
over the alphabets A and B. Ryser’s conjecture [17] states that there are
no circulant Hadamard matrices of order n > 4. No perfect autocorrelation
sequences of length n > 4 and n > 16 are known over the alphabets A and B,
respectively [18]. Furthermore, binary almost perfect autocorrelation sequences
of order n ≤ 452 do exist if and only if n/2 − 1 is a prime power[19]. Thus,
these sequences exist only in very specific lengths.

2 Organisation of the Paper

The paper is organised as follows. In Definition 2, we construct a sequence s1
over the alphabet A ∪ {0}. In Theorem 1 we show that when q ≡ 1 mod 4
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and n ≡ 2 mod 4, s1 has perfect autocorrelation over its period M ; and when
q ≡ 3 mod 4 and n is even, s1 has almost perfect autocorrelation over its
period 2M . Furthermore if q ≡ 1 mod 4 and n = 2, then s1 takes the value
0 only 1 time over its period q + 1. Note that this holds for any q with q ≡ 1
mod 4. Similarly if q ≡ 3 mod 4 and n = 2, then s1 takes the value 0 only 2
times over its period 2(q + 1). Again this holds for any q with q ≡ 3 mod 4.

In Definition 3, we construct a sequence s2 over the alphabet B ∪ {0}.
In Theorem 2 we show that when q is an odd prime power and n ≥ 2 is an
even integer, s2 has almost perfect autocorrelation over its period 2M . Also
if n = 2, s2 takes the value 0 only 2 times over its period 2(q + 1). Note that
as in the case of the sequences s1 above, we obtain sequences s2 for infinitely
many different values of q having different periods and taking the value 0 only
2 times over their periods.

Moreover the possible periods of the sequences s1 and s2 are very flexi-
ble and quite dense including moderate sizes. We refer to Section 2 for some
concrete examples.

The results obtained in Theorem 1 and Theorem 2 have very good prop-
erties for application purposes. Our methods allow us to construct further
sequences as in Theorem 3. However the properties of the sequences in Theorem
3 are not as good as the ones in Theorem 1 and Theorem 2 for application
puposes. In Remark 2, we compare the results of Theorem 1 and Theorem 2
with some other parameters given in Theorem 3.

3 Related Work

In [20], Popovic constructed a sequence s over the alphabet A∪{0} with perfect
autocorrelation when q ≡ 1 mod 4 and n ≡ 1 mod 4. In Remark 3 and
Remark 4, we also compare our sequences with this sequence of Popovic. We
show that this sequence of Popovic takes the value 0 too many times over its
period. Moreover the possible values of the periods in the sequence of Popovic
are very sparse with huge jumps. Hence our sequences s1 and s2 are more
suitable for the applications puposes of this paper. In particular when n = 2,
the number of 0 values in our sequences is independent from q, which is either
1 or 2. On the other hand, Popovic obtains perfect autocorrelation sequences
with alphabet A∪{0} only when q ≡ 1 mod 4 and n ≡ 1 mod 4. The number
of 0 values in the periods in a sequences of Popovic is (qn−1−1)/(q−1), which
always depends on q (and n). Moreover this number grows exponentially as
n increases. The smallest n in the sequences of Popovic is 5. Even for n = 5,
the number of 0 values in Popovic’s sequences is q3 + q2 + q + 1. Then the
smallest value of q in Popovic’s sequences is q = 5, which gives a sequences
having q3 + q2 + q + 1 = 156 number of 0 values over its period of length
781. Moreover the possible period lengths are very sparse with huge gaps in
Popovic’s sequences. The next shortest length with q = 5 is when n = 9. It
gives a sequences of period 488281 and 97656 symbols of its values in a period
is 0. For further information, please see Remark 4.
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In [21], Lee constructed a sequence s over the alphabet A∪{0} with perfect
autocorrelation. When n = 2, the necessary restrictions of Lee requires that
p ≡ 1 mod 4 where p is a prime number. In Remark 5, we also compare our
sequences with this sequence of Lee and give the number of 0 values of our
sequences (either 0 or 1). Even though our sequences intersects with Lee for
some parameters (e.g. p = 29 and n = 2), we obtain different sequences than
in [21]. For application purposes it is important that our sequences have only
a few number of zero values.

4 Preliminaries

Definition 1 For a complex valued sequence u = (u(0), u(1), ..., u(N − 1)), where
N is the period of the sequence, the periodic autocorrelation function is defined as

Cu(τ) =

N−1∑
t=0

u(t+ τ)u(t).

Here, τ represents the phase shift of the sequence. If Cu(τ) = 0 for all τ ̸= 0
mod N then the sequence has perfect autocorrelation. When τ = 0, then for
all sequences u = u(0), u(1), ..., u(N − 1), we have maximum auto-correlation.

Let q be a prime power, n ≥ 2 and Fq be the finite field with q elements.
Tr denotes the trace function from Fqn onto Fq which is defined as

Tr(x) = x+ xq + xq2 + ...+ xq(n−1)

and Norm denotes the norm function from Fqn onto Fq which is defined as

Norm(x) = x
qn−1
q−1 .

5 Our Sequences s1 and s2

In this chapter, we introduce a complex sequence s1 in Definition 2 and give its
periodic autocorrelation in Theorem 1. Next, we introduce a binary sequence
s2 in Definition 3 and give its periodic autocorrelation in Theorem 2.

Definition 2 Let q be an odd prime power, n ≥ 2, < w >= F∗qn , c ∈ F∗qn and

i =
√
−1. Let Tr be the trace map from Fqn onto Fq. Let S be the set of non-zero

squares of Fq, N be set of the non-squares of Fq. For t ≥ 0, let s1(t) be the sequence
defined as

s1(t) =


it, if Tr(cwt) ∈ S∗,

−(i)t, if Tr(cwt) ∈ N,

0, if Tr(cwt) = 0.

(1)

Theorem 1 Let q be an odd prime power, n ≥ 2, M = qn−1
q−1 and s1 be the sequence

given in Definition 2.
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• Case q ≡ 1 mod 4 and n ≡ 2 mod 4: In this case s1 is periodic with
period M . Using this period, for 0 ≤ τ ≤ M −1, the periodic autocorrelation
of s1 is

Cs1(τ) =

{
qn−1, if τ = 0,

0, otherwise.

Note that s1 has alphabet {0,±1,±i}. Furthermore if n = 2, then for any
odd prime power q with q ≡ 1 mod 4, s1 takes the value 0 exactly 1 time
over its period M .

• Case q ≡ 3 mod 4 and n ≡ 0 mod 2: In this case s1 is periodic
with period 2M . Using this period, for 0 ≤ τ ≤ 2M − 1, the periodic
autocorrelation of s1 is

Cs1(τ) =


2qn−1, if τ = 0,

−2qn−1, if τ = M,

0, otherwise.

Note that s1 has alphabet {0,±1,±i}. Furthermore if n = 2, then for any
odd prime power q with q ≡ 3 mod 4, s1 takes the value 0 exactly 2 times
over its period 2M .

Definition 3 Let q be an odd prime power, n ≥ 2, < w >= F∗qn and c ∈ F∗qn . Let
Tr be the trace map from Fqn onto Fq. Let S be the set of non-zero squares of Fq,
N be the set of non-squares of Fq. For t ≥ 0, let s2(t) be the sequence defined as

s2(t) =


(−1)t, if Tr(cwt) ∈ S∗,

−(−1)t, if Tr(cwt) ∈ N,

0, if Tr(cwt) = 0.

(2)

Theorem 2 Let q be an odd prime power, n ≥ 2, M = qn−1
q−1 and s2 be the sequence

given in Definition 3.

• Case q ≡ 1 mod 2 and n ≡ 0 mod 2: In this case s2 is periodic
with period 2M . Using this period, for 0 ≤ τ ≤ 2M − 1, the periodic
autocorrelation of s2 is

Cs2(τ) =


2qn−1, if τ = 0,

−2qn−1, if τ = M,

0, otherwise.

Note that s2 has alphabet {0,±1}. Furthermore if n = 2, then for any odd
prime power q, s2 takes the value 0 exactly 2 times over its period 2M .

Remark 1 Using our methods, it is possible to obtain the periodic autocorrelation
of s1 and s2, and the number of times s1 and s2 take the value 0 over its period for
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other q and n values. However, the cases given in Theorem 1 and Theorem 2 seem
to be the most interesting for our applications.

For the sake of completeness, we give the periodic autocorrelations of s1
and s2 for other cases that we also obtained in the next theorem. We skip the
proof of Theorem 3 since it is very similar to Theorem 1 and Theorem 2.

Theorem 3 Let q be an odd prime power, n ≥ 2 and M = qn−1
q−1 . Let s1 and s2 be

the sequences given in Definition 2 and Definition 3.

• Case q ≡ 1 mod 2 and n ≡ 1 mod 2: In this case s2 is periodic with
period M . Using this period, for 0 ≤ τ ≤ M −1, the periodic autocorrelation
of s2 is

Cs2(τ) =

{
qn−1, if τ = 0,

0, otherwise.

• Case q ≡ 1 mod 4 and n ≡ 0 mod 4: In this case s1 is periodic
with period 2M . Using this period, for 0 ≤ τ ≤ 2M − 1, the periodic
autocorrelation of s1 is

Cs1(τ) =


2qn−1, if τ = 0,

−2qn−1, if τ = M,

0, otherwise.

• Case q ≡ 1 mod 4 and n ≡ 1 mod 4: In this case s1 is periodic
with period 4M . Using this period, for 0 ≤ τ ≤ 4M − 1, the periodic
autocorrelation of s1 is

Cs1(τ) =



4qn−1, if τ = 0,

−4iqn−1, if τ = M,

−4qn−1, if τ = 2M,

4iqn−1, if τ = 3M,

0, otherwise.

• Case q ≡ 1 mod 4 and n ≡ 3 mod 4: In this case s1 is periodic
with period 4M . Using this period, for 0 ≤ τ ≤ 4M − 1, the periodic
autocorrelation of s1 is

Cs1(τ) =



4qn−1, if τ = 0,

4iqn−1, if τ = M,

−4qn−1, if τ = 2M,

−4iqn−1, if τ = 3M,

0, otherwise.
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Remark 2 Here, we list the smallest number of 0 values that a sequence takes over
its period for the cases given in Theorem 3.

• Let q ≡ 1 mod 2 and n ≡ 1 mod 2. If n = 3, then s2 takes the value 0
exactly (q + 1) times over its period M .

• Let q ≡ 1 mod 4 and n ≡ 0 mod 4. If n = 4, then s1 takes the value 0
exactly 2(q2 + q + 1) times over its period 2M .

• Let q ≡ 1 mod 4 and n ≡ 1 mod 4. If n = 5, then s1 takes the value 0
exactly 4(q3 + q2 + q + 1) times over its period 4M .

• Let q ≡ 1 mod 4 and n ≡ 3 mod 4. If n = 3, then s1 takes the value 0
exactly 4(q + 1) times over its period 4M .

Note that using Theorem 1 and Theorem 2, new sequences with only 1 or 2 zero
values can be obtained over a given period. However, under given conditions on q
and n given in Theorem 3, the number of 0 values of s1 and s2 depends on q. As n
increases, the smallest number of 0 values of s1 and s2 also increase exponentially.

In [20], Popovic introduced some sequences with perfect autocorrelation.
Note that when q ≡ 1 mod 4 and n ≡ 1 mod 4, the alphabet of Popovic’s
sequence is {±1,±i}∪ {0}. In the following remarks, we compare the smallest
possible number of 0 values in a sequence in our construction and Popovic’s
construction.

Remark 3 We first give the smallest number of zero values in a sequence given in
Definition 2 and Definition 3. As a result of Theorem 1, we obtain the following. If
q ≡ 1 mod 4 and n = 2, then s1 has perfect autocorrelation and takes the value 0
only 1 time over its period q + 1. If q ≡ 3 mod 4 and n = 2, then s1 has almost
perfect autocorrelation and takes the value 0 only 2 times over its period 2(q + 1).
This indicates that s1 takes the values {±1,±i} remaining q or 2q times over their
periods q + 1 and 2(q + 1) respectively.

Similarly, as a result of Theorem 2, we obtain the following. If q ≡ 1 mod 2 and
n = 2, then s2 has almost perfect autocorrelation and takes the value 0 exactly 2
times over its period 2(q+1). This indicates that s2 takes the values {±1} remaining
2q times over its period 2(q + 1).

Furthermore, since we can choose n as small as required, the lengths of sequences
can be chosen very small. Hence, we can construct new sequences for various
parameters with flexible lengths. For further information please see Section 6.

Remark 4 In Popovic’s construction [20], a complex valued sequence s with perfect
autocorrelation is obtained when q ≡ 1 mod 4 and n ≡ 1 mod 4. As a special case
if n = 5, then a sequence takes the value 0 exactly

1 + q + q2 + q3

times over its period M = 1+ q+ q2 + q3 + q4. For example if q = 5 and n = 5, then
s takes the value 0 exactly 156 times and the values {±1,±i} remaining 625 times
over its period M = 781. if q = 9 and n = 5, then s takes the value 0 exactly 820
times and the values {±1,±i} remaining 6561 times over its period M = 7381. As a
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result, the number of 0’s in our construction is much smaller when compared to the
sequences given in [20].

To obtain a complex valued sequence, since q ≡ 1 mod 4 and n ≡ 1 mod 4 must
be satisfied, using Popovic’s construction we can not obtain new sequences with short
lengths. Two closest lengths are 781 and 7381 given above. As a result, if Popovic’s
construction is used, it can not be obtained various sequences between two lengths.

Remark 5 In [21], Lee constructed sequences over the alphabet A∪ {0} with perfect
autocorrelation when p is a prime number. In that construction, Lee introduced 2
methods using different intermediate mappings. When n = 2, Lee obtained sequences
using his first method only for p ≡ 1 mod 4 (ex. p = 5, 13, 17, 29, · · · ).

Our main aim is to construct sequences with good autocorrelation properties
which has small number of 0 values in their periods. We use different mathematical
techniques constructing our sequences. Thus, we obtain different sequences than the
sequences constructed in [21]. In our construction q is either a prime or a prime
power and we obtain sequences with small number of 0 values for both q ≡ 1 mod 4
and q ≡ 3 mod 4. When n = 2, we obtain sequences s1 with corresponding lengths
and number of 0 values (only 1 or 2) as given in the table below.

q 3 5 7 9 11 13 17 19 23 25 27 29

period of s1 8 6 16 10 24 14 18 40 48 26 56 30

#0 values 2 1 2 1 2 1 1 2 2 1 2 1

As a result, Lee [21] constructed perfect sequences when p is a prime number.
Our sequences intersects with the construction of [21] for some values of q and n (for
example when q = 29 and n = 2). However, using different mathematical techniques
we obtain different sequences than Lee’s [21] for either when q is a prime number
or a prime power. Furthemore, our sequences with good autocorrelation properties
have a few 0 values (only 1 or 2) and this is important for application purposes.

6 Numerical Examples

In this Section, we give some numerical examples of sequences introduced in
Theorem 1 and Theorem 2 for small q and n values using MAGMA program.

Example 1 Let n = 2 and q ≡ 1 mod 4. Using Theorem 1, s1 takes the value 0
only 1 time and takes {±1,±i} remaining q times over its period M = q + 1. In the
following table, we give a list of sequences for some q ≡ 1 mod 4.



Springer Nature 2021 LATEX template

Almost Perfect Autocorrelation Sequences with Small Number of Pauses 9

q s1
5 (0, 1, i,−1, i, 1)

9 (0,−1, i,−1,−i, 1,−i,−1, i,−1)

13 (0,−1,−i, 1, i,−1, i,−1, i,−1, i, 1,−i,−1)

17 (0,−1,−i, 1,−i,−1,−i, 1, i, 1, i, 1,−i,−1,−i, 1,−i,−1)

25
(0,−1, i, 1, i,−1, i,−1,−i,−1, i, 1,−i,
1,−i, 1, i,−1,−i,−1, i,−1, i, 1, i,−1)

29
(0,−1,−i, 1,−i, 1, i, 1, i, 1,−i,−1, i, 1, i,
−1, i, 1, i,−1,−i, 1, i, 1, i, 1,−i, 1,−i,−1)

37
(0, 1, i, 1,−i, 1,−i,−1,−i,−1,−i, 1, i,−1,−i, 1,−i,−1, i,
−1, i,−1,−i, 1,−i,−1, i, 1,−i,−1,−i,−1,−i, 1,−i, 1, i, 1)

41
(0, 1,−i, 1,−i, 1, i, 1, i,−1,−i, 1,−i,−1, i,−1,−i,−1, i, 1,−i,
1,−i, 1, i,−1,−i,−1, i,−1,−i, 1,−i,−1, i, 1, i, 1,−i, 1,−i, 1)

125

(0,−1,−i,−1, i,−1,−i, 1,−i, 1,−i, 1, i,−1, i,−1,−i,−1,−i, 1, i,
1,−i, 1,−i,−1, i, 1, i, 1,−i, 1, i,−1, i, 1,−i,−1, i,−1,−i,−1,−i,
−1, i, 1,−i,−1, i, 1,−i,−1,−i,−1,−i, 1, i,−1, i,−1, i,−1, i,−1,
i,−1, i,−1, i,−1, i, 1,−i,−1,−i,−1,−i, 1, i,−1,−i, 1, i,−1,−i,
−1,−i,−1, i,−1,−i, 1, i,−1, i, 1,−i, 1, i, 1, i,−1,−i, 1,−i, 1, i, 1,
−i,−1,−i,−1, i,−1, i, 1,−i, 1,−i, 1,−i,−1, i,−1,−i,−1)

Example 2 Let n = 2 and q ≡ 3 mod 4. Using Theorem 1, s1 takes the value 0 only
2 times and takes {±1,±i} remaining 2q times over its period M = 2(q + 1). In the
following table, we give a list of sequences for some q ≡ 3 mod 4.

q s1
3 (0,−i, 1,−i, 0, i,−1, i)

7 (0,−i, 1,−i,−1,−i, 1,−i, 0, i,−1, i, 1, i,−1, i)

19
(0, i,−1, i, 1,−i,−1,−i, 1,−i, 1,−i, 1,−i,−1,−i, 1, i,−1, i,
0,−i, 1,−i,−1, i, 1, i,−1, i,−1, i,−1, i, 1, i,−1,−i, 1,−i)

23
(0, i,−1, i,−1, i, 1,−i,−1, i,−1,−i,−1,−i,−1, i,−1,−i, 1, i,−1, i,−1,
i, 0,−i, 1,−i, 1,−i,−1, i, 1,−i, 1, i, 1, i, 1,−i, 1, i,−1,−i, 1,−i, 1,−i)

59

(0, i,−1, i,−1,−i,−1,−i,−1,−i,−1, i, 1,−i,−1,−i,−1, i,
−1,−i, 1, i,−1, i, 1, i,−1,−i,−1,−i, 1,−i,−1,−i,−1, i, 1,
i,−1, i, 1,−i,−1, i,−1,−i,−1,−i, 1, i,−1,−i,−1,−i,−1,
−i,−1, i,−1, i, 0,−i, 1,−i, 1, i, 1, i, 1, i, 1,−i,−1, i, 1, i, 1,−i,
1, i,−1,−i, 1,−i,−1,−i, 1, i, 1, i,−1, i, 1, i, 1,−i,−1,−i, 1,
−i,−1, i, 1,−i, 1, i, 1, i,−1,−i, 1, i, 1, i, 1, i, 1,−i, 1,−i)

Example 3 Let q be an odd prime power, n = 2 be an even integer. Using Theorem 2,
s2 takes the value 0 only 2 times and takes {±1} remaining 2q times over its period
M = 2(q + 1). In the following table, we give a list of sequences for some q ≡ 1
mod 2.

q s2
3 (0,−1, 1, 1, 0, 1,−1,−1)

5 (0, 1,−1, 1, 1, 1, 0,−1, 1,−1,−1,−1)

7 (0, 1,−1,−1,−1, 1,−1,−1, 0,−1, 1, 1, 1,−1, 1, 1)

9 (0, 1, 1,−1, 1,−1,−1,−1,−1, 1, 0,−1,−1, 1,−1, 1, 1, 1, 1,−1)

19
(0, 1,−1,−1,−1,−1,−1, 1,−1,−1, 1, 1,−1,−1,−1, 1,−1, 1,
−1,−1, 0,−1, 1, 1, 1, 1, 1,−1, 1, 1,−1,−1, 1, 1, 1,−1, 1,−1, 1, 1)
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Over a period M , if n = 3 a sequence has q + 1 zeros, if n = 4 a sequence
has q2 + q + 1 zeros, if n = 5 a sequence has q3 + q2 + q + 1 zeros, if n = 6 a
sequence has q4 + q3 + q2 + q + 1 zeros and so on. As n increases the number
of zeros in a sequence over a given period also increase exponentially. Thus,
we skip numerical examples for n ≥ 3.

7 Proof of Theorems

Lemma 4 Let A ⊆ C be a nonempty subset. Let N ≥ 1, u = (u(t) ∈ A : t ≥ 0)
be a sequence such that N is a period of u. For 0 ≤ τ ≤ N − 1, let Cu(τ) be the
N−periodic autocorrelation of u given by

Cu(τ) =

N−1∑
t=0

u(t+ τ)u(t).

Assume further that there exist integers M and a ≥ 2 such that N = aM where M
is also a period of u. For t ≥ 0, let v(t) = u(t) and put v = (v(t) ∈ A : t ≥ 0) be
the same sequence considered with period M . For 0 ≤ τ ≤ M − 1, let Cv(τ) be the
M−periodic autocorrelation of v given by

Cv(τ) =

M−1∑
t=0

v(t+ τ)v(t).

For 0 ≤ τ ≤ N − 1, we have
Cu(τ) = aCv(τ).

In particular, for 0 ≤ τ ≤ M − 1 and 1 ≤ j ≤ a− 1, we have

Cu(τ) = Cu(jM + τ).

For completeness, we present a proof of the following simple Lemma that
gives the number of 0 values of a sequence s1 or s2 over a period.

Lemma 5 The number of 0 values in a sequence s1 or s2 over a given period M =
(qn−1)/(q−1) is

T =
qn−1 − 1

q − 1
.

Proof The number of 0’s in a sequence s1 or s2 for 0 ≤ t < qn − 1 is

| {0 ≤ t < qn − 1 : Tr(cwt) = 0} |= qn−1 − 1.

When M is a period, Tr(cwt+M ) = wMTr(cwt) and

| {0 ≤ t < M : Tr(cwt) = 0} |=| {0 ≤ t < M : Tr(cwt+M ) = 0} | .

As a result, over a period M = (qn−1)/(q−1), the number of 0’s in a sequence is

T =
qn−1 − 1

q − 1
.

□
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For completeness, we present a proof of the following simple Lemma.

Lemma 6 Let M = qn−1
q−1 , s1 and s2 be the sequences given in Definition 2 and

Definition 3. Then the following conditions are satisfied.

• If q ≡ 3 mod 4 and n ≡ 0 mod 2, then 2M = 2( q
n−1
q−1 ) is a period of s1.

• If q ≡ 1 mod 4 and n ≡ 0 mod 4, then 2M = 2( q
n−1
q−1 ) is a period of s1.

• If q ≡ 1 mod 4 and n ≡ 2 mod 4, then M = qn−1
q−1 is a period of s1.

• If q ≡ 1 mod 4 and n ≡ 1 mod 2, then 4M = 4( q
n−1
q−1 ) is a period of s1.

• If q ≡ 1 mod 2 and n ≡ 0 mod 2, then 2M = 2( q
n−1
q−1 ) is a period of s2.

• If q ≡ 1 mod 2 and n ≡ 1 mod 2, then M = qn−1
q−1 is a period of s2.

Proof Let q ≡ 3 mod 4. To show that the sequence s1 is periodic with a period 2M ,
we need to show that s1(t) = s1(t+ 2M) for all t ≥ 0.

• First let Tr(cwt) = 0, then s1(t) = 0. s1(t+ 2M) = 0 since

Tr(cwt+2M ) = w2MTr(cwt) = 0.

• Now let Tr(cwt) ∈ S∗, then s1(t) = it. Since w2M ∈ S∗,

Tr(cwt+2M ) = w2MTr(cwt) ∈ S∗

and s1(t + 2M) = (i)t+2M = (i)2Ms1(t). Then s1(t + 2M) = s1(t) if and

only if n ≡ 0 mod 2 since M = qn−1
q−1 = 1 + q + · · ·+ qn−1 ≡ n mod 2.

• Finally let Tr(cwt) ∈ N , then s1(t) = −(i)t. Then

Tr(cwt+2M ) = w2MTr(cwt) ∈ N

and s1(t + 2M) = −(i)t+2M = (i)2Ms1(t). Similarly s1(t + 2M) = s1(t) if
and only if n ≡ 0 mod 2.

The proofs of the remaining cases are similar. □

For t ≥ 0, let s1(t) ∈ {0,±1,±i} ⊆ C be the element defined as

s1(t) =


it, if Tr(cwt) ∈ S∗,

−(i)t, if Tr(cwt) ∈ N,

0, if Tr(cwt) = 0.

(3)

Let s1 = (s1(t) : t ≥ 0) be the sequence defined using Equation (3). It is clear
that qn − 1 is a period of s1. Note that the (qn − 1)−periodic autocorrelation
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of s1 is given by

Cs1(τ) =

qn−2∑
t=0

s1(t+ τ)s1(t). (4)

For t ≥ 0, let s2(t) ∈ {0,±1} be the element defined as

s2(t) =


(−1)t, if Tr(cwt) ∈ S∗,

−(−1)t, if Tr(cwt) ∈ N,

0, if Tr(cwt) = 0.

(5)

Let s2 = (s2(t) : t ≥ 0) be the sequence defined using Equation (3). It is clear
that qn − 1 is a period of s2. Note that the (qn − 1)−periodic autocorrelation
of s2 is given by

Cs2(τ) =

qn−2∑
t=0

s2(t+ τ)s2(t). (6)

In Lemma 7, we assume that 0 ≤ τ < qn − 1 without loss of generality.

Lemma 7 For 0 ≤ τ < qn − 1, we have

Cs1(τ) =


(i)τ (q − 1)qn−1, if τ ≡ 0 mod 2( q

n−1
q−1 ),

−(i)τ (q − 1)qn−1, if τ ≡ qn−1
q−1 mod 2( q

n−1
q−1 ),

0, otherwise,

and

Cs2(τ) =


(−1)τ (q − 1)qn−1, if τ ≡ 0 mod 2( q

n−1
q−1 ),

−(−1)τ (q − 1)qn−1, if τ ≡ qn−1
q−1 mod 2( q

n−1
q−1 ),

0, otherwise.

Proof Let S1(τ), S2(τ), S3(τ) and S4(τ) be the subsets of F∗qn defined as

S1(τ) = {x ∈ F∗
qn : Tr(cwτx) ∈ S∗ and Tr(cx) ∈ S∗},

S2(τ) = {x ∈ F∗
qn : Tr(cwτx) ∈ S∗ and Tr(cx) ∈ N},

S3(τ) = {x ∈ F∗
qn : Tr(cwτx) ∈ N and Tr(cx) ∈ S∗},

S4(τ) = {x ∈ F∗
qn : Tr(cwτx) ∈ N and Tr(cx) ∈ N}.

Then it follows from equations (3) and (4) that

Cs1(τ) =
∑

x∈S1(τ)

(i)τ −
∑

x∈S2(τ)

(i)τ −
∑

x∈S3(τ)

(i)τ +
∑

x∈S4(τ)

(i)τ . (7)

It follows from equations (5) and (6) that

Cs1(τ) =
∑

x∈S1(τ)

(−1)τ −
∑

x∈S2(τ)

(−1)τ −
∑

x∈S3(τ)

(−1)τ +
∑

x∈S4(τ)

(−1)τ . (8)
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The proof follows immediately using Equation (7) for s1 and Equation (8) for s2
provided we show that

| S1(τ) |=| S4(τ) |=


( q−1

2 )qn−1, if τ ≡ 0 mod 2( q
n−1
q−1 ),

0, if τ ≡ qn−1
q−1 mod 2( q

n−1
q−1 ),

( q−1
2 )2qn−2, otherwise,

and

| S2(τ) |=| S3(τ) |=


0, if τ ≡ 0 mod 2( q

n−1
q−1 ),

( q−1
2 )qn−1, if τ ≡ qn−1

q−1 mod 2( q
n−1
q−1 ),

( q−1
2 )2qn−2, otherwise.

In the rest of the proof, we determine these cardinalities. Let L, L1 and L2 be
Fq−linear maps defined as

L : Fqn → Fq × Fq (9)

x 7→ (Tr(cwτx),Tr(cx)),

L1 : Fqn → Fq (10)

x 7→ Tr(cwτx),

L2 : Fqn → Fq (11)

x 7→ Tr(x).

If wτ /∈ Fq, then ker(L1) ̸= ker(L2) and hence,

dimFq
(ker(L)) = n− 2 and L is surjective.

If wτ ∈ Fq, then ker(L1) = ker(L2) and hence,

dim(ker(L)) = n− 1 and Im(L) = {(wτy, y) : y ∈ Fq}.

Moreover wτ ∈ Fq if and only if τ ≡ 0 mod qn−1
q−1 . Furthermore, we have

• τ ̸≡ 0 mod qn−1
q−1 ⇒ wτ /∈ Fq,

• τ ≡ qn−1
q−1 mod 2

(
qn−1
q−1

)
⇒ wτ ∈ N,

• τ ≡ 0 mod 2
(

qn−1
q−1

)
⇒ wτ ∈ S∗.

Assume first that τ ̸≡ 0 mod qn−1
q−1 . Then L is surjective, dimFq

(ker(L)) = n − 2
and hence

| S1(τ) |=| S2(τ) |=| S3(τ) |=| S4(τ) |= qn−2
(
q − 1

2

)(
q − 1

2

)
.

Next assume that τ ≡ 0 mod 2
(
qn−1
q−1

)
. Then dimFq

(ker(L)) = n− 1 and hence

| S1(τ) |= qn−1 | {(wτy, y) : y ∈ S∗} |= qn−1
(
q − 1

2

)
.

Similarly | S4(τ) |= qn−1
(
q−1
2

)
. Moreover, | S2(τ) |=| S3(τ) |= 0 as there is no

(y1, y2) ∈ Im(L) with y1 ̸= 0, y2 ̸= 0 and y1/y2 ∈ N.
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Finally assume that τ ≡ qn−1
q−1 mod 2

(
qn−1
q−1

)
. Then dimFq

(ker(L)) = n − 1 and

hence

| S2(τ) |= qn−1 | {(wτy, y) : y ∈ S∗} |= qn−1
(
q − 1

2

)
.

Similarly | S3(τ) |= qn−1
(
q−1
2

)
. Moreover, | S1(τ) |=| S4(τ) |= 0 as there is no

(y1, y2) ∈ Im(L) with y1 ̸= 0, y2 ̸= 0 and y1/y2 ∈ S∗. This completes the proof.
□

Using the fact that q is odd, we compute iτ in Lemma 7 explicitly for all
cases in the following Corollary.

Corollary 1 For 0 ≤ τ < qn − 1,

• If τ ≡ 0 mod 4
(

qn−1
q−1

)
, then

Cs1(τ) = (q − 1)qn−1.

• If τ ≡ 2
(

qn−1
q−1

)
mod 4

(
qn−1
q−1

)
, then

Cs1(τ) =

{
(q − 1)qn−1, if n is even,

−(q − 1)qn−1, if n is odd.

• If τ ≡ qn−1
q−1 mod 4

(
qn−1
q−1

)
, then

Cs1(τ) =



−(q − 1)qn−1,
if [n ≡ 0 mod 4 and q ≡ 1 mod 4] or

[n is even and q ≡ 3 mod 4],

−i(q − 1)qn−1,
if [n ≡ 1 mod 4 and q ≡ 1 mod 4] or

[n is odd and q ≡ 3 mod 4],

(q − 1)qn−1, if [n ≡ 2 mod 4 and q ≡ 1 mod 4],

i(q − 1)qn−1, if [n ≡ 3 mod 4 and q ≡ 1 mod 4].

• If τ ≡ 3
(

qn−1
q−1

)
mod 4

(
qn−1
q−1

)
, then

Cs1(τ) =



−(q − 1)qn−1,
if [n ≡ 0 mod 4 and q ≡ 1 mod 4] or

[n is even and q ≡ 3 mod 4],

i(q − 1)qn−1,
if [n ≡ 1 mod 4 and q ≡ 1 mod 4] or

[n is odd and q ≡ 3 mod 4],

(q − 1)qn−1, if [n ≡ 2 mod 4 and q ≡ 1 mod 4],

−i(q − 1)qn−1, if [n ≡ 3 mod 4 and q ≡ 1 mod 4].
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• If τ ̸≡ 0 mod 4
(

qn−1
q−1

)
, then

Cs1(τ) = 0.

Proof First we consider the case τ ≡ 3
(
qn−1
q−1

)
mod 4

(
qn−1
q−1

)
, n ≡ 1 mod 4 and

q ≡ 1 mod 4. Using Lemma 7, we have

Cs1(τ) = −(i)τ (q − 1)qn−1. (12)

As τ ≡ 3
(
qn−1
q−1

)
mod 4

(
qn−1
q−1

)
, we obtain

(i)τ = (−i)
qn−1
q−1 . (13)

Note that q ≡ 1 mod 4 and hence

qn − 1

q − 1
= 1 + q + · · ·+ qn−1 ≡ 1 + 1 + · · ·+ 1 ≡ n ≡ 1 mod 4. (14)

Combining equations (12), (13) and (14) we obtain

Cs1(τ) = −(−i)1(q − 1)qn−1 = i(q − 1)qn−1.

Secondly we consider the case τ ≡ 3
(
qn−1
q−1

)
mod 4

(
qn−1
q−1

)
, n is odd and q ≡ 3

mod 4. As q ≡ 3 mod 4 we have

qn − 1

q − 1
= 1 + 3 + 1 + 3 · · · mod 4 ≡

{
0 mod 4, if n is even,

1 mod 4, if n is odd.
(15)

Since n is odd, using equations (12), (13) and (15) we obtain

Cs1(τ) = −(−i)1(q − 1)qn−1 = i(q − 1)qn−1.

The proofs of the remaining cases are similar. □

Corollary 2 Let s1 be the sequence given in Definition 2. When q is an odd prime
power and n ≥ 2, the results for the periodic autocorrelation Cs1(τ) given in Theorem
1 and Theorem 3 follows immediately using Lemma 4, Lemma 7 and Corollary 1.
For example, when q ≡ 1 mod 4 and n ≡ 2 mod 4, using Lemma 7 and Corollary
1, the periodic autocorrelation of s1 for 0 ≤ τ < qn − 1 is

Cs1(τ) =

{
(q − 1)qn−1, if τ ≡ 0 mod 2

(
qn−1
q−1

)
,

0, otherwise.

Also s1 is periodic with period M = (qn−1)/(q−1). Using this period and Lemma 4,
the periodic autocorrelation of s1 for 0 ≤ τ ≤ M − 1 is

Cs1(τ) =

{
qn−1, if τ = 0,

0, otherwise.

Other results for the periodic autocorrelation Cs1(τ) given in Theorem 1 and
Theorem 3 are obtained similarly.

Corollary 3 For 0 ≤ τ < qn − 1,
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• If τ ≡ 0 mod 2
(

qn−1
q−1

)
, then

Cs2(τ) = (q − 1)qn−1.

• If τ ≡ qn−1
q−1 mod 2

(
qn−1
q−1

)
, then

Cs1(τ) =

{
−(q − 1)qn−1, if n is even,

(q − 1)qn−1, if n is odd.

We skip the proof of Corollary 3, since it is very similar to the proof of
Corollary 1.

Corollary 4 Let s2 be the sequence given in Definition 3. When q is an odd prime
power and n ≥ 2, the results for the periodic autocorrelation Cs2(τ) given in Theorem
2 and Theorem 3 follows immediately using Lemma 4, Lemma 7 and Corollary 3.

8 Conclusion

In this paper we present sequences with perfect and almost perfect cyclic
autocorrelation over the alphabets {1,−1, 0} and {1, i,−1,−i, 0} using the
value zero only once or twice in their period. The constructions provide a big
variety of periods also at moderate lengths and the corresponding sequences
can be considered ‘almost’ constant amplitude.

9 Appendix

In Appendix, we give the periodicity and correlation properties of the sequence
given below, introduced by Popovic in [20].

Definition 4 Let q ≡ 1 mod 4 be a prime power and H be the subgroup of F∗q with

H = q−1
2 . Let n ≥ 2, F∗q =< β > and F∗

qn =< w >. For t ≥ 0 if Tr(wt) ̸= 0, then let
j(t) be the integer such that 0 ≤ j(t) < q − 1 and

βj(t) =
Tr(wt)

Norm(wt)
.

Then the sequence given by Popovic is defined as

s(t) =


1, if j(t) ≡ 0 mod 4,
i, if j(t) ≡ 1 mod 4,
−1, if j(t) ≡ 2 mod 4,
−i, if j(t) ≡ 3 mod 4,

0, if Tr((wt)) = 0.

(16)
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Lemma 8 If n ≡ 1 mod 4, then N = qn−1
q−1 is a period of s. For 0 ≤ τ < qn−1

q−1 the
periodic autocorrelation of s is

Cs(τ) =

{
qn−1, if τ = 0,

0, otherwise.

Proof Since wN ∈ F∗
q , without loss of generality wN = β. To show that N is a

period, we need to show s(t+N) = s(t) for t ≥ 0. Note that

βj(t+N) =
Tr(wt+N )

Norm(wt+N )
=

βTr(wt)

βnNorm(wt)
=

1

βn−1
βj(t).

Since n ≡ 1 mod 4, that is n − 1 ≡ 0 mod 4, we obtain βj(t+N) ≡ βj(t) mod 4.

Thus if n ≡ 1 mod 4, s(t+N) = s(t) and N = qn−1
q−1 is a period.

Let τ = 0, then

Cs(τ) =

N−1∑
t=0

s(t)s(t) =
qn − 1

q − 1
− qn−1 − 1

q − 1
= qn−1.

It remains to prove that if 0 < τ < qn−1
q−1 , then Cs(τ) = 0. Consider v = (s(t) :

t ≥ 0) be the sequence defined by using Equation 16. It is clear that qn − 1 is a

period of v. We need to prove that if wτ /∈ Fq, or equivalently τ ̸≡ 0 mod qn−1
q−1 ,

then Cv(τ) = 0. The (qn − 1)−periodic autocorrelation is

Cv(τ) =

qn−2∑
t=0

v(t+ τ)v(t)

=| A00(τ) | −i | A01(τ) | − | A02(τ) | +i | A03(τ) |
+ i | A10(τ) | + | A11(τ) | −i | A12(τ) | − | A13(τ) |
− | A20(τ) | +i | A21(τ) | + | A22(τ) | −i | A23(τ) |
− i | A30(τ) | − | A31(τ) | +i | A32(τ) | + | A33(τ) | .

Here for 0 ≤ l1, l2 ≤ 3,

Al1l2(τ) = {x ∈ F∗qn : Tr(wτx) ̸= 0, Tr(x) ̸= 0,

Tr(wτx)

Norm(wτx)
∈ βl1H and

Tr(x)

Norm(x)
∈ βl2H}.

For 0 ≤ l ≤ 3, let ⊕ denote addition modulo 4. Put

T0(τ) =

3∑
l=0

Al,l(τ),

T1(τ) =

3∑
l=0

Al,l⊕1(τ),

T2(τ) =
3∑

l=0

Al,l⊕2(τ),

T3(τ) =

3∑
l=0

Al,l⊕3(τ).
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Then for 0 ≤ l ≤ 3,

Tl(τ) =

{
x ∈ F∗qn : Tr(wτx) ̸= 0, Tr(x) ̸= 0,

Tr(wτx)

Norm(wτx)

Norm(x)

Tr(x)
∈ 1

βl
H

}
.

Note that since Tr(wτx) ̸= 0 and Tr(x) ̸= 0,

Tr(wτx)

Norm(wτx)

Norm(x)

Tr(x)
=

Tr(wτx)

Tr(x)

1

Norm(wτ )
,

where 1
Norm(wτ )

is a constant.

Recall that if wτ /∈ Fq, then the Fq−linear map L given by Equation (9) is
surjective and dimFq

(ker(L)) = n− 2. Fix 0 ≤ l ≤ 3 and consider

Tl(τ) =

{
x ∈ F∗qn : Tr(wτx) ̸= 0, Tr(x) ̸= 0,

Tr(wτx)

Norm(wτx)

Norm(x)

Tr(x)
∈ 1

βl
H

}
=

⋃
h∈H

⋃
a∈F∗

q

{
x ∈ F∗qn : L(x) =

(
ah

Norm(wτ )

βl
, a

)}
.

Since L is surjective and dimFq
(ker(L)) = n − 2, for each fixed h ∈ H and a ∈ F∗

q ,
the number of the elements of the set{

x ∈ F∗
qn : L(x) =

(
ah

Norm(wτ )

βl
, a

)}
is qn−2. Also if (a1, h1) ̸= (a2, h2) with h1, h2 ∈ H and a1, a2 ∈ F∗

q , then(
a1h1

Norm(wτ )

βl
, a1

)
̸=

(
a2h2

Norm(wτ )

βl
, a2

)
.

Otherwise a1 = a2 and h1 = h2. Hence,

| Tl(τ) |=| F∗q || H | qn−2 =

(
q − 1

2

)2

qn−2.

Since | T0(τ) |=| T1(τ) |=| T2(τ) |=| T3(τ) |, we obtain

Cv(τ) =| T0(τ) | −i | T1(τ) | − | T2(τ) | +i | T3(τ) |= 0.

Finally, using Lemma 4, when τ ̸= 0 we obtain

Cs(τ) = 0.

□
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