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An Optimal Synchronization Control Method of
PLL Utilizing Adaptive Dynamic Programming
to Synchronize Inverter-Based Resources With
Unbalanced, Low-Inertia, and Very Weak Grids

Masoud Davari , Senior Member, IEEE, Weinan Gao , Senior Member, IEEE,
Amir Aghazadeh , Graduate Student Member, IEEE, Frede Blaabjerg , Fellow, IEEE,

and Frank L. Lewis , Life Fellow, IEEE

Abstract— When it comes to integrating inverter-based
resources (IBRs) into modern grids with varying characteristics
like unbalanced systems, low-inertia networks, or very weak
grids, synthesizing the synchronization control method (SCM)
of the IBR’s phase-locked loop can be a challenging task. This
paper provides a unique solution to enhance the three-phase
IBR’s SCM using the adaptive dynamic programming (ADP)
method based on reinforcement learning. By making the SCM
more intelligent and self-learning, IBRs can be easily integrated
into diverse grids. To this end, this article investigates the
synchronization process’s detailed dynamics, including all
incorporating disturbances and parameters required for the
first step in designing the ADP method. Afterward, this research
synthesizes an optimal controller using an ADP method. It is a
data-driven and practically sound approach to the problem under
investigation. The new methodology is based on the adaptive
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optimal control employing measurement feedback to control
the output regulation problem of uncertain synchronization
process dynamics via the internal model principle. The proposed
SCM design deploys an ADP learning methodology to tackle
uncertain parameters and unknown disturbance signals to
synchronize IBRs during transients, thereby enhancing IBRs’
synchronization in challenging conditions of modern power
systems with unbalanced, low-inertia, and very weak grids. For
comparison purposes, this paper applies a robust controller based
on the well-established µ synthesis approach (benefiting from the
well-known D-K iteration process). Comparative simulations are
performed; experiments are conducted to reveal the effectiveness
and practicality of the ADP-based optimal SCM proposed in this
paper.

Note to Practitioners—As different nations strive to combat
global warming and accelerate decarbonization, power and
energy systems are undergoing a significant shift. Inverter-
based resources are being used as an essential component to
achieve these goals. However, studies have revealed that designing
synchronization control methods of the inverter-based resources’
phase-locked loop in unbalanced, low-inertia, and very weak
grids is challenging due to the need for accurate dynamic
models and other factors. This study revisits the synchronization
process’s detailed dynamics. It also proposes a novel adaptive
dynamic programming strategy using intelligent self-learning
approaches to the synchronization control method associated
with inverter-based resources. This method utilizes an optimal
control to synthesize the adaptive dynamic programming control
strategy for the inverter-based resources’ synchronization pro-
cess. Besides, it employs measurement feedback to control the
output regulation problem of uncertain dynamics of inverter-
based resources’ synchronization process via the internal model
principle. As a result, this paper makes this process data-
driven. It utilizes a learning methodology using adaptive dynamic
programming to address uncertain parameters and unknown
disturbance signals associated with the dynamics derived and
formulated for the problem under investigation. Thus, the pro-
posed method applies to controlling inverter-based resources’
synchronization process even in cases with slow parameter
variations caused by different factors. It can compensate for
all functional disturbance signals affecting the dynamics of the
systems. In fact, unlike traditional methods that need an exact
dynamic model of the inverter-based resources’ synchronization
process to design and tune the controller to achieve a proper
transient response, the proposed control system trains itself and
does so. This study’s simulations and experiments reveal that the
above points give the proposed approach a competitive edge over
the existing methodologies.

1545-5955 © 2024 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See https://www.ieee.org/publications/rights/index.html for more information.
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Index Terms— Adaptive dynamic programming (ADP), D-K
iteration process, grid synchronization, inverter-based resources
(IBRs), µ-synthesis-based robust controller, phase-locked loop
(PLL), reinforcement learning, synchronization control method
(SCM), voltage-source (or voltage-sourced) converter.

NOMENCLATURE

A. Variables of the Grid-Connected IBR
H Inertia constant.
i⃗ Space-phasor of the ac-side filtered current with

the amplitude and phase of idq and (ρPLL + δ1) in
the dq-frame, respectively.

i⃗Grid Space-phasor of the grid current.
i⃗Load Space-phasor of the PCC load current with the

amplitude and phase of iLoad-dq and (ρPLL + δ3)

in the dq-frame, respectively.
J Moment of inertia.
L f-AC Inductance of the of the IBR’s ac-side filter.
LGrid Inductance of the ac-side grid’s Thevenin

equivalent.
LGWQ Grid-weakness-quantifying parameter based on

grid inductance and IBR’s ac-side filter inductance.
ωGrid Grid angular frequency.
ωPLL Angular frequency generated by the

synchronization process.
Rf-AC Resistance of the of the IBR’s ac-side filter.
RGrid Resistance of the ac-side grid’s Thevenin

equivalent.
ρGrid Grid angle.
ρPLL Angle generated by the synchronization process.
SCCR short-circuit capacity ratio.
VDC IBR’s dc voltage filtered by the dc-side filter.
v⃗PCC Space-phasor of the PCC voltage with the

amplitude and phase of vPCC-dq and ρPLL in the
dq-frame, respectively.

v⃗t Space-phasor of the IBR’s ac-side boundary
(terminal) voltage with the amplitude and phase of
vt-dq and (ρPLL + δ2) in the dq-frame, respectively.

v⃗th Space-phasor of the grid-side Thevenin voltage
with the amplitude and phase of vth-dq and
(ωGridt + θ0) in the dq-frame, respectively.

B. Variables of the ADP-Based Control
ϵ Stopping criterion of Algorithm 1.
j Learning iteration.
K ∗ Optimal feedback control gain.
K j State-feedback control gain learned at iteration j .
Pj Value of the learned P at iteration j .

I. INTRODUCTION

INVERTER-BASED resources (IBRs) are enabling power
electronic devices to integrate renewables and battery sys-

tems into all sections of current and future power and energy
systems [1], [2], [3], [4], [5], [6], [7], [8], [9], [10], [11],
[12]. In different studies, scholars have shown that current-
controlled, grid-connected three-phase IBRs (hereinafter called
grid-connected IBRs), while highly beneficial to modern

microgrids and commercial power systems, may encounter
issues related to synchronization in unbalanced, low-inertia,
and very weak grids. These problems can lead to instabil-
ity and subpar transient performance, ultimately hindering
their effectiveness (see [13], [14], [15], [16] and references
therein).

In order to solve synchronization challenges, new kinds of
phase-locked loops (PLLs) based on the synchronous reference
frame (SRF) have been proposed. They deploy filters in differ-
ent parts of the PLL structure (see [17] for details about PLL
structures). Still, altering the structure of the synchronization
process, e.g., PLL, via adding filters in various sections is not
within the scope of this article, as this matter cannot drastically
help address the challenges considered in this article, i.e.,
optimal design, stability, and transient performance. Instead,
the synchronization control method (SCM) of the synchro-
nization process of “three-phase” IBRs is solely covered in
this research. Indeed, the synchronization process dynamics,
induced and governed by its controller, are among the game
changers in the issues associated with IBR’s integration into
different grids. In this direction, a brief review of the state-
of-the-art research conducted is conducted below. Hereinafter,
the word “SCM” refers to the “three-phase” IBR’s SCM.

A. Brief Literature Review of Recent Developments in SCM

Different scholars have studied various types of SCMs.
Some studies have not considered weak-grid conditions during
the control design process, while some have taken care of
them when synthesizing the controller (see [17] and refer-
ences therein). Also, for grid integration studies considering
grid stiffness, an index known as short-circuit ratio (SCR)
[or equivalently short-circuit capacity ratio (SCCR)] is intro-
duced. The SCCR index is defined as the ratio of the grid
short-circuit capacity at the point of common coupling (PCC)
to the rated power of IBR [14]. It should be mentioned
that in weak and very weak conditions (i.e., low values of
SCCR close to 1), SCM enormously creates instabilities for
IBRs. It is because—in this condition—SCM significantly
increases the undesirable interaction between itself and grid
impedance [14].

Since the standard vector control strategy is among the
controllers frequently utilized in the power converter industry,
a vast range of controllers has been investigated. They have
been deployed to improve the performance of vector-controlled
IBRs integrated into a weak or very weak grid. An improved
current control strategy with additional voltage angle and
magnitude compensations has been suggested in [18]. A robust
vector control of the IBRs integrated into weak grids consid-
ering synchronization process dynamics has been addressed
in [14] and [19]. As the SCM effect has not been considered
in conventional methods to tune the parameters of current
controllers [i.e., proportional-integral (PI) controllers] of an
LC L-type grid-connected IBR, new design guidance has been
presented in order to reduce the negative impact of SCM
on the current control in [20]. A simple small-signal distur-
bance compensation control method, which can be visualized,
has been employed to mitigate the problem described above
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without modifying the parameters of the synchronization
process in [21], requiring an accurate synchronization pro-
cess’s dynamic model.

Numerous studies have examined ways to mitigate instabil-
ity problems during the synchronization process by adjusting
parameters and creating controllers for the vector control
strategy. For example, the authors in [22] and [23] have
explored different methods, including reducing the SCM gains.
Although these methods effectively reduce SCM’s negative
impact, converter performance constraints limit their func-
tioning [24]. Similar to [20], a new controller design has
been addressed in [25]. However, instead of the current
controller parameter adjustment, the parameters of SCM have
been tuned—thus requiring the system dynamics. In order to
integrate fast-switching IBRs (based on the silicon carbide
technology) into weak grids, a new control design has been
proposed by taking into account the fact that the bandwidth
of the synchronization process might not linearly increase
with an increase in that of the current loop [26]. In [26], the
parameters of the synchronization process have been tuned by
considering the coupling between the synchronization process
and the current loop; nevertheless, the current controllers have
been adjusted independently.

An impedance-compensated SRF synchronization process
with phase angle correction has been investigated in [27].
This method compensates for the angle of the synchronization
process according to the impedance which is either measured
or estimated. As detailed in the methodologies introduced in
[20], [22], [23], [24], [25], [26], [27], they fully or partially
require the model of the synchronization process dynamics.

Scholars have also investigated a symmetrical structure
for the synchronization process. It has been proposed
in order to enhance the stability of converter integration
into weak grids and remove the frequency-coupling effect
[28]. The approach SCM introduced in [28] has simpli-
fied the whole system and made it a simple single-input,
single-output system facilitating stability analysis. Although
the methods stated earlier effectively enable grid-connected
IBRs and inverters to be integrated into weak grids, their
designs are still “model-based” according to the proposed
methodologies.

The authors of [29] have introduced an SCM based on
repetitive learning. While SCM enables grid-connected IBRs
to integrate into a weak grid with distorted voltages, it has yet
to be optimally synthesized—as no optimal control design con-
straints have been involved in the design process. An enhanced
synchronization process that is able to reject disturbances with
a fast transient response has been proposed in [30]. Albeit this
synchronization process shows promising results in different
cases and its performance has been examined via simulations,
it still requires the dynamic system model; additionally, it is
not based on any optimal control design. In order to address
the latter, the authors of [31] have proposed one of the latest
optimal controllers based on the linear quadratic regulator
(LQR) approach. Yet, the LQR-based methodology introduced
therein is based on the precise dynamic model of PLL. As a
result, any uncertainty in the dynamic model will eventually
result in a non-optimal response.

According to the literature review of SCMs conducted and
detailed above, having the SCM dynamic model is necessary.
It includes the operating point of the IBR, PCC load condi-
tions, and grid characteristics, i.e., grid impedance (type and
value) and grid inertia. The last one matters as low-inertia
IBRs are integrated into the fully integrated power and energy
systems of modern microgrids more and more. Additionally,
those parameters and factors are inherently uncertain and
sometimes almost unmeasurable—meaning the optimal opera-
tion and control of the synchronization process may not always
be achievable.

Furthermore, simple adaptive control methods cannot be the
most suitable option to tackle all the earlier issues simultane-
ously since the rate of change in the factors mentioned above is
genuinely different. Another reason is that those characteristics
may not be easily measured or estimated fast enough to be
incorporated into the control. For example, operating point
changes abruptly happen to meet the load demand, and grid
impedance type/value is almost unmeasurable or changeable
(because of line maintenance, etc.). Indeed, no existing SCM
is independent of the IBR’s system model and can train itself
by data without any information on the system model to have
the desired performance. Last but not least, all the studies cited
above may lose synchronization during the transients caused
by the low moment of inertia in girds dominated by IBRs.

B. Proposed Contributions

The reinforcement learning algorithms derived from
machine learning in the field of artificial intelligence have
become popular in various disciplines, including power
electronics. These algorithms are useful in enabling engi-
neers to analyze and control power electronic systems more
efficiently—much like how humans learn and reason. Con-
sequently, some data-driven control approaches based on
reinforcement learning are required for SCM. Simultaneously,
the optimality of the control design should be considered.
To this end, the following are the significant contributions of
this article.

1) To the best of the authors’ knowledge and according to
the most recent online literature reviewed above, it pro-
poses a novel adaptive dynamic programming (ADP,
also known as approximate dynamic programming)
algorithm to equip SCM with reinforcement learning for
the first time. The ADP-based control methodology—a
data-driven yet practically sound approach—is currently
utilized in many applications, e.g., power engineer-
ing [2], [32], [33], [34].

2) It proposes a dynamic model of the conventional
synchronization process employed in different IBR
applications. The proposed model incorporates all of the
factors impacting the synchronization process dynamics.
To this end, precisely identifying all the parameters and
frequency contents of the relevant disturbance signals is
crucial to analyzing the required control theories in this
research.

3) It introduces an optimal control based on the ADP
method for SCM without precise information on the
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dynamic model, thereby providing a way to solve the
adaptive and optimal control problem for an SCM in a
successive iterative fashion. Therefore, it is unnecessary
to have all the parameters of the dynamic model of the
synchronization process known or measurable.

4) It proposes a design approach based on the adaptive
optimal control to solve a disturbance rejection prob-
lem for the uncertain dynamics of the synchronization
process via the internal model principle. In this regard,
it combines ADP with the internal model principle for
SCM to tackle all grid conditions.

5) It presents the SCM design procedure with uncer-
tain parameters and unknown disturbance signals. This
consideration matches the proposed SCM problem for-
mulation to the practical aspect of a synchronization
process. In this regard, by reinforcement learning, the
proposed ADP learning strategy deploys a value iteration
independent of an initial stabilizing control policy.

This article’s structure is as follows. Section II mathemat-
ically models the detailed dynamics of the synchronization
process, considering all parameters and impactful disturbances
for all cases. It is worth mentioning that the synchronization
process dynamics are required in the methodology detailed
in Section III, as it is necessary to know how to design a
model-based optimal controller first. Section III elaborates
on the proposed controller’s principles, considering what an
SCM requires. Section IV demonstrates the simulation results
(generated by the proposed ADP-based control), comparative
outcomes (produced by the robust controller based on the
famous technique of µ synthesis using D-K iteration process),
and experimental outcomes. Finally, Section V concludes the
contributions.

II. SYSTEM UNDER STUDY

In order to synthesize the data-driven SCM proposed in
this paper, the first step is to design a model-based optimal
controller. To this end, a detailed dynamic model of the syn-
chronization process is necessary. In this regard, all parameters
impacting the IBR’s synchronization process—including the
grid impedance; the ac-side filter dynamics; and the operating
point linked to active power and reactive power, the angle of
the synchronization process, and that of the actual grid—must
be considered. This matter has not been thoroughly studied
enough in the literature as current scholarly studies have not
brought all factors into one comprehensive enough dynamic
model.

Consequently, this section elaborates on the detailed dynam-
ics of the synchronization process. In this regard, all impactful
parameters and signals affecting the dynamic model are
extracted. To this end, Subsection II-A details the synchro-
nization process dynamics, and Subsection II-B provides the
model validation.

A. Detailed Dynamic Model

Fig. 1 shows the detailed structure of a grid-connected three-
phase IBR employed in modern grids. The following equations

describe its dynamics in the space-phasor domain.
v⃗PCC = LGrid

d i⃗Grid

dt
+ RGrid i⃗Grid + v⃗th

d i⃗
dt
= −

Rf-AC

L f-AC
i⃗ +

1
L f-AC

v⃗t −
1

L f-AC
v⃗PCC

i⃗Grid = i⃗ − i⃗Load,

(1)

where v⃗PCC is the space-phasor of the PCC voltage repre-
senting vPCC-a, vPCC-b, and vPCC-c; LGrid and RGrid (making
the impedance ZGrid) are the inductance and resistance of
the ac-side grid’s Thevenin equivalent, respectively; L f-AC and
Rf-AC are the inductance and resistance of the IBR’s ac-side
filter, respectively; i⃗Grid is the space-phasor of the grid current
representing iGrid-a, iGrid-b, and iGrid-c; i⃗ is the space-phasor of
the ac-side filtered current representing ia , ib, and ic; v⃗th is the
space-phasor of the grid-side Thevenin voltage representing
vth-a, vth-b, and vth-c; v⃗t is the space-phasor of the IBR’s ac-
side boundary (terminal) voltage representing vt-a, vt-b, and
vt-c; and i⃗Load is the space-phasor of the PCC load current
representing iLoad-a, iLoad-b, and iLoad-c.

All of the parameters and signals expressed in (1) are shown
in Fig. 1. It is worth mentioning that the impedances/signals
with a prime symbol of “′” in Fig. 1(a) [i.e., in i⃗ ′Grid (for
i ′Grid-a, i ′Grid-b, and i ′Grid-c), v⃗′

th (for v′th-a, v′th-b, and v′th-c), and
Z ′Grid (for L ′Grid and R′Grid)] are the related impedances/signals
referred to the step-up transformer’s grid-side winding. There-
fore, i⃗Grid (for iGrid-a, iGrid-b, and iGrid-c), v⃗th (for vth-a, vth-b,
and vth-c), and ZGrid (for LGrid and RGrid) are their counterparts
referred to the step-up transformer’s converter-side winding.

By substitution, (1) is expressed as

v⃗PCC = −
Rf-ACLGrid

L f-AC
i⃗ +

LGrid

L f-AC
v⃗t −

LGrid

L f-AC
v⃗PCC

− LGrid
d i⃗Load

dt
+ RGrid i⃗ − RGrid i⃗Load + v⃗th. (2)

If LGWQ is defined as LGrid
Lf-AC

(i.e., LGWQ ≜ LGrid
Lf-AC

),

LGWQ quantifies the grid weakness based on its impedance
divided by the ac-side filter inductance and is here-
inafter called grid-weakness-quantifying parameter. The grid-
weakness-quantifying parameter LGWQ can be regarded as the
counterpart parameter of the inertia constant H quantifying the
grid inertia. Therefore, (2) becomes

(1+ LGWQ)v⃗PCC = (RGrid − Rf-ACLGWQ)i⃗ − RGrid i⃗Load

+ LGWQv⃗t − LGrid
d i⃗Load

dt
+ v⃗th. (3)

Now, if all of the space-phasors are defined by their coun-
terparts in the dq-frame, one obtains

v⃗PCC = vPCC-dqe jρPLL

i⃗ = idqe j (ρPLL+δ1)

v⃗t = vt-dqe j (ρPLL+δ2)

i⃗Load = iLoad-dqe j (ρPLL+δ3)

v⃗th = vth-dqe j (ωGridt+θ0),

(4)

where vPCC-dq and ρPLL represent the amplitude and phase of
v⃗PCC, respectively; idq and (ρPLL+δ1) represent the amplitude
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Fig. 1. (a) General structure of grid-connected IBRs and (b) current control and SCM showing how its dynamics impact the IBR’s dynamics in modern
grids with different grid impedance and inertia; Lf-AC represents the inductance of the IBR’s ac-side filer.

and phase of i⃗ , respectively; vt-dq and (ρPLL+δ2) represent the
amplitude and phase of v⃗t , respectively; iLoad-dq and (ρPLL +

δ3) represent the amplitude and phase of i⃗Load, respectively;
and vth-dq and (ωGridt+ θ0) represent the amplitude and phase
of v⃗th, respectively. It is noteworthy that the subscript “PLL”
is employed to show that the phase generated is the outcome
stabilized by an SCM in a commonly known PLL as the
synchronization process. Afterward, using (3) and (4), one
reaches (5) as follows.

(1+ LGWQ)vPCC-dqe jρPLL

= (RGrid − Rf-ACLGWQ)idqe j (ρPLL+δ1)

− RGridiLoad-dqe j (ρPLL+δ3)

+ LGWQvt-dqe j (ρPLL+δ2)

− LGrid
d(iLoad-dqe j (ρPLL+δ3))

dt
+ vth-dqe j (ωGridt+θ0). (5)

Before continuing the remaining mathematical manipula-
tions, two angles should clearly be differentiated hereinafter.
One is the angle generated by the synchronization process
[which must follow the grid angle in transients (as much as
possible) and steady state (for the final value in the time
response)], and the other one is the grid angle. In this regard,
ρPLL defines the former, and ρGrid expresses the latter to
describe and encompass all of the required signals precisely.

In order to design a controller, a mathematical error sig-
nal is defined as follows, thereby helping synthesize SCM
effectively.

eρ ≜ (ωGridt + θ0)− ρPLL

= (ωGridt + θ0 − ρPLL)

= (ρGrid − ρPLL)

= −(ρ0 + ρ̃PLL − ρ̃Grid), (6)

where ωGridt + θ0 is the grid angle which ρGrid expresses;
“ ·̃” shows the variation of a given signal around an operating
point indicated by the subscribe 0 hereinafter; ρ0 is the angle
generated by the synchronization process for one operating
point; ρ̃PLL is the variation of the angle generated by the
synchronization process around ρ0; and ρ̃Grid is the variation of
the grid angle caused by the limited value of the grid inertia—
which gets impacted by low-inertia grids.

Then,

dρGrid

dt
−

dρPLL

dt
=

dρ̃Grid

dt
−

dρ̃PLL

dt
⇒ ωGrid − ωPLL = ω̃Grid − ω̃PLL.

(7)

Now, if ωGrid ≜ ω0+ω̃Grid, which is considering the frequency
fluctuations in low-inertia grids, one can conclude that

ωPLL = ω0 + ω̃PLL − ω̃Grid. (8)
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TABLE I
PARAMETERS OF FIGS. 1 AND 9

Considering that the variations of the variables with Tilde
are not significant, the following trigonometric approximations
are valid and are able to capture the linearized dynamics
effectively.

cos(ρ0 + ρ̃PLL − ρ̃Grid) ≈ cos(ρ0)− sin(ρ0)(ρ̃PLL − ρ̃Grid),

and
sin(ρ0 + ρ̃PLL − ρ̃Grid) ≈ sin(ρ0)+ cos(ρ0)(ρ̃PLL − ρ̃Grid).

(9)

After combining (5)–(9), (10)–(12) are obtained accord-
ingly. They are able to describe the detailed PLL dynamics
considering all variables or disturbance signals impacting
the IBR’s synchronization process—e.g., filter parameters,
resistive and inductive parts of the grid impedance, grid
frequency, and local load’s and IBR’s operating points—as
detailed in (10) formatted in a single column.

B. Model Validation

Fig. 1 is simulated (with the parameters reported in Table I)
for model validation in this subsection. To this end, the
commonly known active/reactive power control [based on the
current-controlled methodology using the pulse width modu-
lation switching scheme] is used so that PPCC tracks PPCC-ref
and QPCC tracks QPCC-ref with a reasonable bandwidth; in
this regard, id reaches id-ref and iq reaches iq-ref. Based on the
operation of a grid-connected IBR using the method mentioned
above (which benefits from a decoupled active/reactive power
control through the synchronization process), the reference sig-
nals of id-ref and iq-ref are described as 2PPCC-ref

3vPCCd
and −2QPCC-ref

3vPCCd
,

respectively. Equations (10)–(12), as shown at the bottom
of the page, (written in the one-column format) describe
the dynamics derived in this research. In order to validate
them, two model validation test cases have been examined
as follows.

1) Model Validation Test Case I: First, the grid-connected
IBR’s active/reactive power is set to 10 kW/5 kvar, the active
power is increased by 10% at t = 2.0 s (while the reactive
power is set to the last value), and the active power is increased
by 5% at t = 2.5 s (while the active power is set to the
last value). Fig. 2(a) shows the nonlinear and linear models’
results of the model validation Test Case I and reveals good
agreement between the simulations, thereby validating the
derived dynamic model.

2) Model Validation Test Case II: Second, the reverse
process is carried out for the active power, so it is decreased
by 10% at t = 3.0 s (while the reactive power is set to the
last value). Fig. 2(b) shows the nonlinear and linear models’
results of the model validation Test Case II and displays
good agreement between the simulations, thereby validating
the derived dynamic model.

ρ̃PLL(s) =
1+ LGWQ

B(s)
ṽPCC-q(s)−

sin (δ1)(RGrid − Rf-ACLGWQ)

B(s)
ĩd(s)−

cos (δ1)(RGrid − Rf-ACLGWQ)

B(s)
ĩq(s)

+
(LGrid sin (δ3))s + (RGrid sin(δ3)+ ω0LGrid cos (δ3))

B(s)
ĩLoad-d(s)

+
(LGrid cos (δ3))s + (RGrid cos(δ3)− ω0LGrid sin (δ3))

B(s)
ĩLoad-q(s)

−
LGWQ sin (δ2)

B(s)
ṽt-d(s)−

LGWQ cos (δ2)

B(s)
ṽt-q(s)+ ρ̃Grid(s),

≜
N1

B(s)
ṽPCC-q(s)+

N2

B(s)
ĩd(s)+

N3

B(s)
ĩq(s)+

N4s + N5

B(s)
ĩLoad-d(s)+

N6s + N7

B(s)
ĩLoad-q(s)

+
N8

B(s)
ṽt-d(s)+

N9

B(s)
ṽt-q(s)+ ρ̃Grid(s), (10)

where

B(s) = (LGrid sin(δ3)iLoad-q0 − LGrid cos(δ3)iLoad-d0)s − Vth cos(ρ0) ≜ B1s − B2, (11)

in which

Vth cos(ρ0) = (1+ LGWQ)VPCC-d0 − (RGrid − Rf-ACLGWQ)(cos(δ1)id0 − sin(δ1)iq0)

+ RGrid(cos(δ3)iLoad-d0 − sin(δ3)iLoad-q0)

− LGWQ(cos(δ2)Vt-d0 − sin(δ2)Vt-q0)− ω0LGrid cos(δ3)iLoad-q0 − ω0LGrid sin(δ3)iLoad-d0 (12)
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Fig. 2. Model validation results of (10): (a) Model Validation Test Case I and (b) Model Validation Test Case II.

III. PROPOSED CONTROL DESIGN

This section develops an adaptive optimal control algorithm
based on the ADP and the internal model principle for
SCM. In this regard, a remarkable advantage is that the
system dynamics are not required to be known accurately
for optimal controller design. It is noteworthy that know-
ing how to design a model-based optimal controller is first
needed, as detailed in this section. To this end, first, the
synchronization process’s dynamic model is described in
the state-space representation. Then, a model-based opti-
mal controller is designed. Finally, a model-free adaptive
optimal control is synthesized and provided as a solution
to SCM.

A. State-Space Model of the PLL Dynamics

Taking the Laplace inverse transform of (10), the following
is obtained.

B1( ˙̃ρP L L(t)− ˙̃ρGrid(t))+ B2(ρ̃P L L(t)− ρ̃Grid(t))

= N1ṽPCC-q(t)+ N2 ĩd + N3 ĩq + N4
˙̃iLoad-d(t)+ N5 ĩLoad-d(t)

+ N6
˙̃iLoad-q(t)+ N7 ĩLoad-q(t)+ N8ṽt-d + N9ṽt-q. (13)

Let the state be x(t) = ρ̃P L L(t) − ρ̃Grid(t) and the input
be u(t) = ṽPCC-q(t) to follow the standard SCM. Therefore,
a continuous-time state-space model describes the differential
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equation, as expressed in (14).

ẋ(t) = Acx(t)+ Bcu(t)+ d1 + d2(t)+ d3(t), (14)

where Ac ≜ − B2
B1

, Bc ≜ N1
B1

, d1 ≜ 1
B1

(N2 ĩd + N3 ĩq +

N8ṽt-d+N9ṽt-q), and d2(t) ≜ 1
B1

(N4
˙̃iLoad-d(t)+N5 ĩLoad-d(t)+

N6
˙̃iLoad-q(t)+ N7 ĩLoad-q(t)).
In case there are any unbalanced conditions in PCC volt-

ages, the load current’s dq-components of ĩLoad-d(t) and
ĩLoad-q(t) will include sinusoidal signals in the angular fre-
quency of 2ω0. Since there is a chance that it happens (when
the PCC voltage gets unbalanced), it is obvious that d2(t)
is also a sinusoidal signal in that frequency (i.e., 2 f0) or
equivalently in the angular frequency of 2ω0. One can define
it as d2(t) = d21 sin(2ω0t)+ d22 cos(2ω0t).

The disturbance of d3(t) is included in order to consider a
ramp function or sawtooth wave. The internal model principle
requires the controller to include d3(t) for either ramp function
or sawtooth wave. They are required because of the nature of
the reference signal induced by the integral of the angular
frequency (for ramp function) or the voltage-controlled oscil-
lator (commonly known as VCO) included after the integrator
component (for the sawtooth wave) to get the synchronization
angle from the block diagram of the synchronization process.
In this regard, suppose that the period of the sawtooth wave
is T3 (i.e., 1

60 s in power systems) and its slope is d31
(i.e., 2π

1
60
= 120π rad/s in power systems). Therefore, for

any n = 0, 1, 2, · · · , the time derivative of d3(t), i.e., ḋ3(t),
is described as

ḋ3(t) =
{

d31, t ∈ [2nT3, (2n + 1)T3)

−d31, t ∈ [(2n + 1)T3, (2n + 2)T3)
. (15)

Since the sawtooth wave can be considered as a piece-
wise ramp signal—without loss of generality—the state-space
model is found for any t in the first half period, i.e., ∀t ∈
[0, T3). The state-space model for any t ≥ T3 can be obtained
by slight modification. Moreover, by the fact that d1 is a
constant, the disturbances d(t) ≜ d1 + d2(t) + d3(t) can be
generated by the following autonomous system

ẇ(t) = A1cw(t),

d(t) = Ecw(t), (16)

where the initial value is w(0) = [0, 1, 0, 1]T , and

A1c =


0 d31 0 0
0 0 0 0
0 0 0 2ω0
0 0 −2ω0 0

 , Ec =
[
1 d1 d21 d22

]
. (17)

Remark 1: Note that the autonomous system (16), also
called exosystem in the ADP-based control theories, can also
be employed to generate harmonics. As a result, it is able to
consider the PCC voltages with harmonics for any sequence
of interest. For instance, consider the fifth-order harmonic in
the abc sequence (equivalent to 6ω0 in the dq-frame) and
the eleventh-order harmonic in the abc sequence (identical to
12ω0 in the dq-frame) as the disturbance signals. Then, one

can revise the exosystem state matrix by A′1c, which is a block
diagonal matrix of A1c and A2c, where

A2c =


0 6ω0 0 0
−6ω0 0 0 0

0 0 0 12ω0
0 0 −12ω0 0

 . (18)

By combining (14) and (16), a complete continuous-time
synchronization process’s system model is obtained as follows.

ẇ(t) = A1cw(t), and
ẋ(t) = Acx(t)+ Bcu(t)+ Ecw(t). (19)

Choosing a non-pathological sampling period Ts [36], the
continuous-time system (19) can be discretized as follows

wk+1 = A1wk, and (20)
xk+1 = Axk + Buk + Ewk, (21)

where system matrices are

A = eAcTs ,

B = (

∫ Ts

0
eAcτ dτ)Bc,

E = (

∫ Ts

0
eAcτ dτ)Ec.

B. Model-Based Optimal Controller Design

In this paper, the SCM objective is to design an optimal
controller such that the closed-loop system is asymptotically
stable while rejecting the external disturbance Ewk . Moreover,
the controller should be designed without the knowledge of
system dynamics, i.e., A, B, and E . Before achieving this
goal, it is necessary to know how to design a model-based
optimal controller for the synchronization process.

Note that since there are sinusoidal signals in the distur-
bance, a simple application of proportional-integral controller
design cannot reject the disturbance. As a result, the notion
of the internal model is introduced. To be more specific,
G =

[
1 1 1 1

]T is defined. It is easy to double-check that
the pair (A1, G) is controllable for any frequency 2ω0 > 0.
By the internal model principle [37], the pair (A1, G) is an
internal model of the exosystem (20).

The following Lemma shows that the disturbance in the
synchronization process defined in (21) can be rejected by
developing a state-feedback controller.

Lemma 1: The system (21) is asymptotically stable if one
develops a dynamic state-feedback controller in the form of

uk = −Kx xk − Kzzk

zk+1 = A1zk + Gxk, (22)

ensuring that
[

A − BKx −BKz
G A1

]
is a Schur matrix.

Proof: By the synchronization process, it is known that
B ̸= 0. This matter shows that for any eigenvalue λ of the
matrix A1, the following matrix always has full rank, i.e.,

rank
[

A − λ B
1 0

]
= 2,

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination. 

Authorized licensed use limited to: Aalborg Universitetsbibliotek. Downloaded on November 19,2024 at 10:54:44 UTC from IEEE Xplore.  Restrictions apply. 



DAVARI et al.: OPTIMAL SCM OF PLL UTILIZING ADP TO SYNCHRONIZE IBRs 9

thus immediately implying that the zero-transmissions condi-
tion holds.

Based on the output regulation theory, there always exists
a unique vector X ∈ R1×5 and a constant U ∈ R1×5 solving
the following matrix equations

X A1 = AX + BU + E, and (23)
X = 0. (24)

Moreover, from [38, Lemma 1.38], there always exist a
unique solution (X̂ , Z) solving (24) and

X̂ A1 = (A − BKx )X̂ − BKz Z + E, and

Z A1 = A1 Z + G X̂ . (25)

Therefore, X = X̂ = 0 and U = −Kz Z are concluded.
Provided that

z̄k = zk − Zwk, and

ūk = uk −Uwk ≜ −Kx xk − Kz z̄k, (26)

the system (21)–(22) can be transformed by[
x̄k+1
z̄k+1

]
=

[
A − BKx −BKz

G A1

] [
x̄k
z̄k

]
. (27)

It is evident that the system (27) is asymptotically stable at
the origin, thus indicating that lim

k→∞
xk = 0. The proof is thus

completed.
The controller is further synthesized in order to mini-

mize the following quadratic cost by considering optimal
design.

min
ūk

∞∑
k=0

([
xk
z̄k

]T

Q
[

xk
z̄k

]
+ Rū2

k

)
(28)

subject to
[

xk+1
z̄k+1

]
= Ā

[
xk
z̄k

]
+ B̄ūk, (29)

where Q ∈ R5×5 and R ∈ R are symmetric and positive
definite, and

Ā =
[

A 0
G A1

]
, B̄ =

[
B
0

]
.

By linear optimal control theory, the optimal controller that
minimizes (28) is

ūk = −K ∗x x̄k − K ∗z z̄k . (30)

The optimal feedback control gain K ∗ =
[
K ∗x K ∗z

]
is

K ∗ = (R + B̄T P∗ B̄)−1 B̄T P∗ Ā,

where the matrix P∗ = (P∗)T > 0 uniquely solves the
following Riccati equation.

ĀT P Ā − P+Q̄ − ĀT P B̄(R + B̄T P B̄)−1 B̄T P Ā = 0. (31)

C. Model-Free Optimal Controller Design

This section proposes and synthesizes a model-free optimal
control approach to the synchronization process with unknown
system dynamics A, B, and E . In order to begin with, ξk =[
xT

k , zT
k

]T is defined. The original discrete-time system (20)
with the internal model (22) can be rewritten by

ξk+1 = Āξk + B̄uk + Ēwk, (32)

where Ē =
[
E 0

]T .
The proposed approach is based on Q-learning [39].

A quadratic, state-input dependent function Q j (ξk, uk, wk) is
defined and named Q-function as follows.

Q j (ξk, uk, wk)

=

 ξk
uk
wk

T  ĀT Pj Ā ĀT Pj B̄ ĀT Pj Ē
B̄T Pj Ā B̄T Pj B̄ B̄T Pj Ē
ĒT Pj Ā ĒT Pj B̄ ĒT Pj Ē

 ξk
uk
wk

 . (33)

Also, the following symmetric matrix is defined.

P j =

 P j [1, 1] P j [1, 2] P j [1, 3](
P j [1, 2]

)T
P j [2, 2] P j [2, 3](

P j [1, 3]
)T (

P j [2, 3]
)T

P j [3, 3]


≜

 ĀT Pj Ā ĀT Pj B̄ ĀT Pj Ē
B̄T Pj Ā B̄T Pj B̄ B̄T Pj Ē
ĒT Pj Ā ĒT Pj B̄ ĒT Pj Ē

 , (34)

where j stands for the learning iteration discussed in learning
Algorithm 1. Next, the value-iteration-based ADP algorithm
is proposed in Algorithm 1, which does not rely on an initial
stabilizing control gain.

Algorithm 1 Model-Free Optimal Control Algorithm
1: j ← 0, P j ← 0. K j ← 0. Pick a ϵ > 0.
2: Apply an arbitrary control policy uk for k ∈ [0, T ] such

that the signal (ξk, uk, wk) is persistently excited.
3: repeat
4: Solve P j+1 via least squares from

Q j+1(ξk, uk, wk) = Q j (ξk+1,−K jξk+1, 0)

+ ξ T
k (Q + K T

j RK j )ξk (35)

5: Solve K j+1 by

K j+1 ← (P j+1[2, 1])/(R +P j+1[2, 2]) (36)

6: j ← j + 1
7: until |P j −P j−1| < ϵ

8: j∗← j .

Remark 2: Similar to the existing work in reinforcement
learning and adaptive control, the learning Algorithm 1 needs
the online collected data to be persistently excited. In this
paper, the signals {ξk, uk, wk}

T
k=0 are persistently excited if

the following rank condition holds

rank


[ξ T

0 , uT
0 , wT

0 ] ⊗ [ξ
T
0 , uT

0 , wT
0 ]

[ξ T
1 , uT

1 , wT
1 ] ⊗ [ξ

T
1 , uT

1 , wT
1 ]

...

[ξ T
T−1, uT

T−1, w
T
T−1] ⊗ [ξ

T
T−1, uT

T−1, w
T
T−1]


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=
10(10+ 1)

2
, (37)

where ⊗ is the Kronecker product operator.
Remark 3: Different from existing ADP methods [40], [41],

[42] for stabilization problems, Algorithm 1 can be employed
to explore the optimal control policy of systems with the
presence of external signals. Algorithm 1 effectively combines
the internal model principle, output regulation theory, and
ADP techniques.

D. Convergence and Stability Analysis

The convergence of the proposed Algorithm 1 is analyzed
in the following theorem.

Theorem 1: Sequences {P j }
∞

j=0 and {K j }
∞

j=0 obtained
from solving Algorithm 1 converge to P∗ and K ∗, where

P∗ =

 ĀT P∗ Ā ĀT P∗ B̄ ĀT P∗ Ē
B̄T P∗ Ā B̄T P∗ B̄ B̄T P∗ Ē
ĒT P∗ Ā ĒT P∗ B̄ ĒT P∗ Ē

 .

Proof: Mathematical induction is considered in order to
prove this fact.

1) Let j = 0. Since the signal (ξk, uk, wk) is persistently
excited, one can uniquely solve a symmetric matrix P1
from (35) given P0 = 0. Based on the definition of
Q-function in (33), (35) is equivalent to

ξ T
k+1 P1ξk+1 = ξ T

k+1[(A − BK0)
T P0(A − BK0)+ Q

+ K T
0 RK0]ξk+1. (38)

One can immediately obtain that any matrix P̂1 satis-
fying the following equations is a solution to (35).

P̂1 =

 ĀT P̂1 Ā ĀT P̂1 B̄ ĀT P̂1 Ē
B̄T P̂1 Ā B̄T P̂1 B̄ B̄T P̂1 Ē
ĒT P̂1 Ā ĒT P̂1 B̄ ĒT P̂1 Ē

 , and

P̂1 = (A − BK0)
T P0(A − BK0)+ Q + K T

0 RK0.

Due to the uniqueness of the solution to (35), P1 =

P̂1 and P1 = P̂1 are inferred. Then, K1 is further solved
by (36), which is equivalent to

K̂1 = (R + B̄T P1 B̄)−1 B̄T P1 Ā.

2) Let j = i . Suppose the triple (Pi ,Pi , Ki ); solving from
Algorithm 1 satisfies Pi = P̂i , Pi = P̂i , and Ki = K̂i .
As a result, the triple (P̂i , P̂i , K̂i ) satisfies the following
equations.

P̂i =

 ĀT P̂i Ā ĀT P̂i B̄ ĀT P̂i Ē
B̄T P̂i Ā B̄T P̂i B̄ B̄T P̂i Ē
ĒT P̂i Ā ĒT P̂i B̄ ĒT P̂i Ē

 ,

P̂i = (A − BKi−1)
T Pi−1(A − BKi−1),

+ Q + K T
i−1 RKi−1, and

K̂i = (R + B̄T Pi B̄)−1 B̄T Pi Ā. (39)

Since the signal (ξk, uk, wk) is persistently excited, one
can uniquely solve a symmetric matrix Pi+1 from (35)
given Pi . Similar to j = 0, one can immediately

obtain that any matrix P̂i+1 is satisfying the following
equations.

P̂i+1 =

 ĀT P̂i Ā ĀT P̂i B̄ ĀT P̂i Ē
B̄T P̂i Ā B̄T P̂i B̄ B̄T P̂i Ē
ĒT P̂i Ā ĒT P̂i B̄ ĒT P̂i Ē

 , and

P̂i+1 = (A − BKi )
T Pi (A − BKi )+ Q + K T

i RKi ,

which is a solution to (35). Due to the uniqueness of
the solution to (35), Pi+1 = P̂i+1 and Pi+1 = P̂i+1 are
found. Then, Ki+1 = K̂i+1 is obtained, where K̂i+1 is

K̂i+1 = (R + B̄T Pi B̄)−1 B̄T Pi Ā.

3) The authors of [43] have shown that the sequences
{P̂j }

∞

j=0 and {K̂ j }
∞

j=0 converge to the optimal values P∗

and K ∗. Finally, one can conclude that lim
j→∞

P j = P∗,

lim
j→∞

K j = K ∗.

The proof is thus completed.
The closed-loop system stability is next shown and proved

in the following theorem.
Theorem 2: Given a control gain K ∗j learned from

Algorithm 1, the control policy

ūk = −K ∗j wk (40)

asymptotically stabilizes the system (21).
Proof: The system (21) in closed-loop with the approxi-

mated controller (40) satisfies[
xk+1
z̄k+1

]
= ( Ā − B̄K j∗)

[
xk
z̄k

]
.

Due to the fact that Ā − B̄K ∗ is a Schur matrix and that
the convergence of the sequence {K j }

∞

j=0, there always exists
a small enough threshold ϵ > 0 in Algorithm 1 such that
Ā − B̄K j∗ is Schur, which implies that lim

k→∞
x̄k = 0 and

lim
k→∞

z̄k = 0. The proof is thus completed.
Remark 4: It is worth mentioning that only the frequency

content of disturbance must be known when applying the
proposed controller to the synchronization process dynamics
described in (10). As the proposed method is a data-driven
approach that does not rely on the model knowledge, any
further information on the synchronization process system
dynamics may not improve the performance of controller
synthesis.

IV. SIMULATIONS AND EXPERIMENTS

This section provides the results of both simulations and
experiments. In this regard, the proposed methodology for
different grid conditions is simulated as follows. Fig. 1,
whose parameters are reported in Table I, has been tested in
MATLAB Simulink. Thevenin’s equivalent circuit is deployed
to model the grid, as depicted in Fig. 1. It is worthy of
mention that the voltage source amplitude equals the grid
nominal voltage. The short circuit capacity (SCC) at PCC
is defined as SCCPCC = SCCR × SVSC, where SVSC is the
nominal power of the inverter connected to the grid. SCCPCC
is employed to determine the values of the passive components
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Fig. 3. Simulation results of Test Case I: (a) Control response to changes in the grid-connected IBR’s operating point power and (b) the disturbance signal
without distortion.

associated with ZGrid. In order to consider LGrid and RGrid
components in ZGrid, this article has simulated the case result-
ing in one of the worst-case scenarios for the power transfer
from/to a grid-connected IBR to/from an ac grid, as detailed
in [16], [44].

In addition to the grid impedance, the equivalent moment
of inertia J (or equivalently inertia constant H ) is another
factor for getting weak grids. This study uses one of the

practically lowest possible values of the inertia constant H
(causing the lowest possible J ). The control gains pertaining
to the applied governors have been used. Using them and
the highest possible grid impedance amplitude (and hence the
lowest possible SCCR), the most fluctuating and yet practical
frequency dynamics are made here. To this end, H = 1 (i.e.,
the low-inertia grid condition) is employed to make the grid
low-inertia, and SCCR = 1 (i.e., the very weak grid condition)
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Fig. 4. Simulation results of Test Case II: (a) Control response to changes in the grid-connected IBR’s operating point power and (b) the disturbance signal
with distortions.

is considered in order to have the highest amount of grid
impedance. Both practically make the grid as weak as possible
in real-world cases. For the controller, the proposed controller
detailed in Section III is initially designed and learned for
SCCR = 1 and nominal power and tested as explained next.
All other required parameters have been outlined in Table I.

A. Proposed Controller Simulated in Different Test Cases
1) Test Case I: As detailed here, a general test case has

been considered (without loss of generality) for simulations.
15% decrease in Phase A and 30% decrease in Phase C have
been taken into account for the PCC voltage amplitude. For
this test case, the converter is connected and synchronized to
the grid with active/reactive power of 0 kW/0 kvar. Then, at t =
1 s, the active power set-point is changed from 0 kW to 20 kW
[i.e., 0.6667 per unit (pu)] while the reactive power is still
0 kvar [i.e., unity power factor (PF)]. Next, at t = 1.75 s, the
active power is reduced from 20 kW to 10 kW (i.e., 0.3333 pu)
(with PF = 1). Afterward, at t = 2.50 s, the reactive power
set-point is increased from 0 kvar to 3.288 kvar (i.e., 0.1096 pu)

to make the PF = 0.95 while the active power is still 10 kW
(i.e., 0.3333 pu). Finally, at t = 3.00 s, PF is decreased from
0.95 to 0.90 by altering the reactive power set-point from
3.288 kvar (i.e., 0.1096 pu) to 4.842 kvar (i.e., 0.1614 pu).
Fig. 3 depicts the proposed method’s results of Test Case I,
including the disturbance signals.

Fig. 3 shows that the proposed method is able to track the
reference of the frequency signal satisfactorily. During tran-
sients, the proposed controller is able to track the frequency
of the grid effectively, meaning that the synchronization
during transients is still preserved. This matter enables the
converter to supply the demand with more improved transient
responses—even for unbalanced, low-inertia, and very weak
grids—thereby strengthening the synchronization process.

2) Test Case II: This test case repeats the events detailed in
Test Case I but with distorted voltage to test the performance
of the proposed controller while a filler gets cascaded with
SCM in the PLL structure (e.g., the loop filter in [45]) to
eliminate odd harmonics tuned at the 5th and 7th harmonics; it
is noteworthy that the zero-sequence harmonics and the 11th,
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Fig. 5. Simulation results of Test Case III: (a) Control response to the system frequency change and (b) the disturbance signal with distortions.

13th, · · · , (2k + 1)th (k ∈ N and k ̸= 3m + 1 with m ∈ N)
ones are negligible per current grid designs without loss of
generality. Fig. 4 displays the proposed method’s results of
Test Case II, including the disturbance signals. The results
reveal that the proposed controller is capably able to perform
as detailed in Test Case I—even when the PCC voltage is
somewhat distorted—for which SCM in the PLL structure
utilizes a commonly used filter.

3) Test Case III: This test case examines the response of
the proposed controller to the frequency reference change with
distorted PCC voltages, while the loop filler in Test Case II
takes it into account. To this end, this test case includes
the relevant loop filter in [45] and replicates Test Case II’s
events—i.e., those in Test Case I—except for two moments;
at t = 2.50 s and t = 3.15 s, the frequency reference signal is
changed to 1.1 pu and 0.9 pu, respectively, while the PF value
remains 1. Fig. 5 presents the proposed method’s results of
Test Case III, including the disturbance signals. The results
indicate that the controller proposed in this study effectively

Fig. 6. Simulation results of the performance evaluation of the proposed
controller, where I5 is a 5× 5 unity matrix.

tracks the reference signal. This matter is achieved despite the
presence of reasonably distorted PCC voltage and the use of
a filter commonly employed in SCM in the PLL structure.

B. Performance of the Proposed Controller

This section discusses and examines the performance of
the proposed controller. As the ADP method is a data-driven
version of the LQR design for linear systems, any guidelines
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Fig. 7. Robust control design structure of the PLL SCM based on the µ synthesis approach.

Fig. 8. Simulation results of the robust SCM’s response to Test Case I.

Fig. 9. Test rig deployed in experiments.

on tuning the weight matrices Q and R in the LQR design
apply to the ADP implementations. As depicted in Fig. 6,
the matrix Q impacts the SCM performance. It reveals that a
higher value for the Q coefficient results in quicker conver-
gence of the tracking error—which aligns with the principles
of linear optimal control theory.

C. Comparative Results Generated by Robust Control

For comparison purposes, Test Cases I–III are repeated
for the controller synthesized in this subsection; its results

are depicted in Fig. 3–5 showing the results of the pro-
posed controller and those of the controller for comparison.
In this regard and in order to make a valid comparison,
a robust controller has been designed according to the µ

synthesis approach because a proportional-integral-derivative
controller is unable to induce optimal performance necessarily
(at least for the nominal conditions); it is too simple to do
so. The methodological procedure of the µ-synthesis-based
technique is employed to design a robust control. It deploys
the so-called D-K iteration process, an iterative solution
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to estimate and optimize the dynamic plant’s robust H∞
performance.

The MATLAB software is deployed to perform the D-K
iteration process in this subsection. Other publications provide
detailed information on how to apply that method in voltage-
source/sourced converters (e.g., see [11], [12], [14], [46], [47],
[48]). Besides, its theoretical background is provided in differ-
ent kinds of literature on control theories [49], [50]. Following
the procedure detailed by the authors in [11], [14], [46], [47],
[48] while considering the required problem formulation for
the robust control design (demonstrated in Fig. 7), a robust
SCM based on the µ synthesis technique using D-K iteration
process is designed. Equation (41), as shown at the bottom
of the page, describes the robust controller synthesized. For
the sake of comparison, the parameters that are employed to
synthesize the proposed controller are used in the µ-synthesis-
based robust controller (41).

Fig. 3 shows the Test Case I results of the µ-synthesis-
based robust controller. Although (41) has been synthesized
by a robust control design approach, the controller is unable
to catch up with the reference because the controller has been
designed for a group of transfer functions to induce robust per-
formance. Therefore, while an optimization process is involved
in synthesizing (41), it is not able to perform optimally.
The reasoning behind this observation is that the proposed
controller has been equipped with a learning mechanism—
ensuring optimal performance of the closed-loop system;
the µ-synthesis-based robust controller and many advanced
classical control techniques do not benefit from such a capa-
bility and feature.

For Test Case II, Fig. 4 shows that the proposed controller
preserves the synchronization during transients. This matter is
critical in low-inertia grids where the synchronization gets lost
due to the variations caused by less inertia constant. In con-
trast, as justified above, the µ-synthesis-based robust controller
is unable to do so when the PCC voltage is distorted. Fig. 5
shows the reference tracking capability of the proposed and
µ-synthesis-based robust controllers for Test Case III; like-
wise, the results of the proposed controller outweigh those
of the µ-synthesis-based robust controller with the same
reasoning stated above.

In order to evaluate the proposed controller and test
its learning capability further, Test Case I is repeated
for the case where the µ-synthesis-based robust controller
is designed for the nominal SCCR of 2 (i.e., weak
grid [14]) with the uncertainty range of 1.5 ≤ SCCR ≤ 2.5
to be able to preserve “robust performance.” Still, the grid may
get weaker—which is very common in practical systems—so
SCCR is equal to 1 (i.e., very weak grid [14]). The proposed
controller responds to that change, as depicted in Fig. 3.
However, the µ-synthesis-based robust controller causes the

Fig. 10. Experimental results associated with active power changes for the
test case employed in simulations: (a) increase in active power showing grid
frequency, synchronization process’s frequency, active power, and reactive
power have been shown by traces in blue, cyan, magenta, and lawn green,
respectively, with 60 Hz/div, 60 Hz/div, 3.75 kW/div, and 3.75 kvar/div all with
the horizontal axis of 0.5 s/div; (b) the ac components of the frequency signals
depicted in Fig. 10a with 0.3 Hz/div with the horizontal axis of 400 ms/div;
(c) decrease in active with the signal information detailed in Fig. 10(a); and
(d) the ac components of the frequency signals depicted in Fig. 10c with the
signal information detailed in Fig. 10(b).

Kµ(s) =
2.203× 10−5s6

+ 2.907 s5
+ 2.645× 107s4

+ 2.757× 107s3
+ 6.195× 106s2

+ 2.847× 105s + 3646
s6 + 1.211× 104s5 + 1.225× 107s4 + 1.392× 107s3 + 5.09× 106s2 + 6.755× 105s + 2.158× 104 (41)
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Fig. 11. Experimental results of the performance evaluation of the proposed
controller, where I5 is a 5 × 5 unity matrix, with the vertical axis of
0.001 pu/div and the horizontal axis of 5 ms/div.

Fig. 12. Experimental results of both proposed and robust methods with the
horizontal axis of 200 ms/div.

closed-loop system to get unstable since the controller is
unable to self-tune itself, as shown in Fig. 8.

D. Experimental Results of the Proposed Approach

The test rig depicted in Fig. 9 has been used in order
to conduct experimental examinations. It is built by the
SEMIKRON “SKM 50 GB 123 D” insulated-gate bipolar
transistor power modules. Besides, the SEMIKRON “SKHI
21A (R)” gate drives and protection circuitry are employed
to make the converter functional. The Verivolt “IsoBlock I-
ST-1c”/“IsoBlock V-1c” current/voltage sensors are hooked
to digital inputs to measure the current and voltage signals,
respectively. The dSPACE “MicroLabBox (MLBX)” real-time
digital controller, which also utilizes field-programmable gate
arrays, connects the grid-connected IBR under test to the
measurement and drive circuits.

Furthermore, effectively controlling the PCC grid is neces-
sary to create a low-inertia and very weak grid with unbalanced
voltages to conduct experiments accurately. In this regard, lin-
ear power amplifiers from Spitzenberger & Spies are utilized
in the test rig. It consists of three linear power amplifiers of
4-quadrant APS 2500 to make a 7.50-kVA, three-phase grid as
PCC. The power amplifiers deployed have the characteristics
and specifications elaborated in [51]. All of the parameters of
the setup deployed are similar to those of simulations, as stated
in Table I. Therefore, the comparison between simulation and
experiment results is feasible.

Fig. 10 shows the experimental outcomes from the pro-
posed method. Simulations and experiments match well with
each other. In this regard, Fig. 10 corresponds with Fig. 3.
The consistent agreement between simulations and exper-
imental results reveals the effectiveness of the proposed
control for the grid-connected IBR’s synchronization. Fig. 11
evaluates the performance of the proposed controller, and
Fig. 12 compares the proposed controller with the µ-synthesis-
based robust controller detailed in Subsection IV-C. The

former agrees with the simulations shown in Fig. 6, and
the latter agrees with the simulations depicted in Fig. 3,
thus demonstrating the superiority of the proposed ADP-based
controller.

V. CONCLUSION

Many modern microgrids with a high penetration of power
electronic systems and inverter-based resources (IBRs) are
utilizing synchronization controls through a synchronization
process. However, designing a synchronization control method
(SCM) for IBRs in these microgrids has proven challenging
due to integrating power electronic converters into unbalanced,
low-inertia, and very weak grids. An SCM is unable to respond
to all conditions optimally, but an optimal SCM can be
designed for a specific grid condition and a particular operating
point. This consideration necessitates synthesizing the IBR’s
SCM that are able to learn independently, as they are always
in demand in the dynamic system’s control design. This paper
has proposed an ADP-based method for this problem. To this
end, it has first investigated the detailed dynamics of the IBR’s
conventional SCM. Afterward, this research has designed
an ADP-based optimal controller for the IBR’s SCM. The
proposed method has used a data-driven, practical, adaptive,
and optimal approach, thus utilizing measurement feedback to
control the uncertain dynamics of the synchronization process
by the internal model principle. The proposed SCM synthesis
has been equipped with an ADP learning methodology based
on reinforcement learning to address uncertain parameters
and unknown disturbance signals. For comparison, the results
of the robust controller designed by the well-established µ

synthesis and D-K iteration process have been reported.
Simulations, comparative results, and experiments have all
revealed the effectiveness and practicability of this research’s
ADP-based approach.
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