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A Power-Function Based Hysteresis Modeling Method for Precise
Torque Control of Nonlinear Compliant Actuators

Libo Zhou, Yuye Ma, Linlin Ou, Yan Wei, Shaoping Bai, Weihai Chen and Xinyi Yu

Abstract—Compliant actuators are suitable for reliable
human-robot interaction applications due to their inherent
flexibility and safety. However, a limitation of this type of
actuators is that nonlinear hysteresis exists especially for those
actuators with nonlinear stiffness, which makes accurate system
modeling difficult and further degrades force/torque tracking
performance. Current hysteresis models are generally developed
with black-boxes and the parameters of these models are obtained
with optimization algorithms. However, they are applicable to
accurate hysteresis modeling only for a specific hysteresis
nonlinear curve, lacking the versatility when dealing with
nonlinear torque curves with multiple loops at different
amplitudes. In this paper, a compliant actuator with nonlinear
stiffness is developed and a novel hysteresis modeling method is
proposed for the modeling of hysteresis curves with multiple loops,
thus a precise torque control of the actuator can be achieved. In
our modeling method, a “virtual deformation” concept is defined
to linearize the torque curves of the actuator. The torque curves
are segmented into ascending, descending and transition sub
curves. A novel model based on power-function is designed with
the model parameters adjusted to fit the multiple torque curves at
different amplitudes. Experimental results show that the
root-mean-square-errors (RMSE) of the estimated torque are
reduced by 53.1% and 9.4% and the computation cost is reduced
by 952% and 66.7%, when compared with the nonlinear
backlash model (NBM) and the modified Maxwell-Slip based
model respectively. Tests of the torque tracking verify the
performance of our proposed inverse model.

Index Terms—Compliant actuator, nonlinear hysteresis,
multiply loops, torque control, virtual deformation.

I. INTRODUCTION

OMPLIANT actuators have the advantages of shock
tolerance, energy storage, and accurate and stable force
control, which are suitable for human-robot interaction
applications, such as exoskeletons and prosthesis for human
walking assistance [1]-[7]. Compliant actuators allow
deviations from its own equilibrium position according to the
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applied external force. The stiffness of a compliant actuator is
comparable with the stiffness of a linear spring. For soft springs,
the force fidelity is high but the force bandwidth is limited. On the
contrary, for hard springs, there is a wide force range but the force
fidelity is decreased [8]. To deal with this inherent contradiction
between the force fidelity and magnitude, a type of user-defined
compliant actuators with nonlinear stiffness has been proposed.
For this type of actuators, the stiffness of the actuator is
predefined and varies with the output force/torque. Thus, high
force fidelity in the low external load while guarantecing the
force range in high external load can be expected [9]-[14].

A common issue in compliant actuators is hysteresis [14],
[15]. Due to the hysteresis effect, relationship between the force
and displacement is nonlinear and a lag occurs between the
application and removal of a force and its subsequent effect. This
hysteresis effect becomes more obvious if the compliant actuator
is designed with nonlinear stiffness [14]. If the output torque (or
force) of compliant actuators is estimated by conventional
methods like fitted-curve or conventional Hooke’s law [1],
which leaves out of the consideration of the hysteresis effect, the
force tracking performance will undoubtedly be degraded.

To address this issue, researchers have proposed many
efficacious compensation approaches and mathematical models.
These models can generally be divided into operator-based
models and differential-based models [16]. Operator-based
models construct hysteresis models by weighted stacking
nonlinear operators. Some classical models include Preisach
model, Prandtl-Ishlinskii model, Krasnosel'skii-Pokrovskii
model, Maxwell-Slip model and related improved models [17].
The operator-based hysteresis models have high modeling
accuracy and are easy to construct their inverse models.
However, this modeling methods require a large number of
parameters. Differential-based models characterize the
hysteresis through constructing differential equations, typical
models include Duhem model, Bouc-Wen model and
Backlash-Like model [17], [18]. This type of models has simple
structure and calculation process. However, the modeling
accuracy is limited. Current hysteresis models are usually
designed with black-boxes and the parameter values are usually
obtained by least mean method, Kalman filter or black box
identification methods such as neural network and fuzzy support
vector machine [19]. Although high modeling accuracy can be
achieved in specific hysteresis nonlinear curve by optimizing the
parameter values, a limitation of these methods is the versatility
in different hysteresis nonlinear curves with multiply loops [20].

Existing hysteresis models have been successfully applied in
the area of smart materials and conventional materials like
piezoelectric ceramics actuators and shape memory alloy
[21]-[27]. Due to the relatively inconspicuous but complex
hysteresis, there are fewer hysteresis modeling methods for motor
driven compliant actuators with nonlinear stiffness. In [28], a
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nonlinear backlash model (NBM) based on classical backlash
model was proposed to describe the hysteresis curves of a
series elastic actuator. In this model, two nonlinear
polynomials were used to characterize the ascending and
descending curves, and a line with a constant slope was used
to characterize the transition curve. However, NBM fails to
simulate hysteresis curves for different maximum torques. To
deal with this problem, a hysteresis model based on NBM was
proposed in [29]. In this model, the hysteresis curve was
divided into three parts: loading, transition and unloading. A
third-order polynomial was used to simulate the loading curve,
an exponential function was used to simulate the unloading
curve and a straight line with a constant slope was used to
model the transition curve. This model can simulate the
hysteresis curves with different amounts of maximum torque.
However, the modeling accuracy is reduced in the transition part
as the curves in the transition part is a curve rather a straight line.
Besides, the inverse hysteresis model is difficult to be
constructed due to the use of complicated exponential function.
To solve the above problems, a Maxwell-slip based hysteresis
modeling method was proposed for a nonlinear compliant
actuator in our previous works [30], [31]. In the method, a
concept called virtual deformation was adopted to transform the
nonlinearity curve into a polyline-based model. Two
polynomials were used to simulate the loading and unloading
curves and a modified Maxwell-slip model was developed to
simulate the transition curves. This model has a high modeling
accuracy with a low computation cost. However, the torque
curves are considered to have the same slope in the transition
curves at different amplitudes, which degrades the modeling
accuracy since the slopes are different at different amplitudes.
Besides, the computation cost still has to be reduced.

In this paper, a modified nonlinear compliant actuator using
tension spring is proposed on the basis of the original design in our
previous works [30], [31]. Compared with the previous design,
tension spring is used instead of compression spring, which avoids
the instability problem of the compression spring. Thus, there is
no requirement in the installation of a guide shaft inside the spring
to improve its stability, which reduces the friction force between
the spring and the guide shaft and the stability is guaranteed during
rotation. The torque curves of the developed compliant actuator
according to the rotation deformation angle are shown in Fig. 1.
Although the hysteresis is reduced compared with our previous
design [31], it can be observed that the hysteresis effect is still
obvious. Besides, we can find that the torque curves are different
with multiply loops, especially in the transition part as magnified
shown in Fig. 1 (b), which can be found that the slopes of the
curves are different at different amplitudes and are similar to the
shapes of power function with different power exponents. If the
torque curves with hysteresis are not accurately modeled and
compensated at different amplitudes, the torque tracking
performance will inevitably be degraded.

In this paper, a "virtual deformation" concept is adopted to
alleviate the effects of the nonlinearity caused by the
developed mechanism. A modeling method based on
power-function with variable-arguments is developed to
simulate the torque curves with multiple loops. The proposed
hysteresis model is developed with clear and concise
architecture and is easy to construct its inverse, which
facilitates the development of hysteresis compensator [32].
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Fig. 1. Multi-loop torque curves of the compliant actuator. (a) Whole
trajectories. (b) Magnified four parts of trajectory curves in Transition part.

The rest of this paper is organized as follows. System design
of the compliant actuator is described in Section II. A hysteresis
modeling method based on power-function is developed in
section III. In Section IV, inverse of the proposed hysteresis
model is presented. Experimental setup together with the results
is presented in Section V. Discussion and Conclusion are
included in Sections VI and VII.

II. SYSTEM DESIGN OF THE COMPLIANT ACTUATOR

The mechanical model of the actuator together with the
platform for tests is shown in Fig. 2. It includes an electrical
motor, an input frame, the proposed compliant actuator and a
force/torque sensor. In the compliant actuator, a pair of gears
(the size ratio of the two gears is 2:1) is used to transport the
rotation of the input frame into transition of the transmission rod,
thus the two identical tension springs will be stretched or
released when the input frame rotates. In the design, a pair of
slide guide rails is used to guide the direction and ease the
friction of the transmission rod.

The working principle of the actuator is shown in Fig. 3.
When the input frame rotates at an angle 6, the tension spring
is stretched by a distance Al, which is

Al = 2r(1 — cosb;) (¢9)
where r is the pinion radius.

The tension spring force using Hook’s law is

Fy = KAl + P, )
where K is the stiffness of the tension spring. P, is the
pretightening force at initial state shown in Fig. 3 (a).

The tension spring force on the pinion will generate a

torque, which can be calculated as
Tg = F;rsinf, 3)

As the diameter of the gear ring is two times of the pinion,
the torque transferred to the output plate is magnified by two
times. The output torque is calculated as

T =21, €))



(b)
Fig. 2. Mechanical model of the actuator. (a) Overall structure, (b) planar view,
(c) section view. 1- Motor, 2-Input frame, 3-Compliant actuator, 4-Force/Torque
sensor, 5-Tension spring, 6-Slide guide rails, 7-Transmission rod, 8-Spring
retainer, 9-Gear, 10-Pinion, 11-Passing component, 12- Output plate.

Tension
spring

The gear
The pinion

Fig. 3. A schematic diagram of the actuator. (a) initial state, (b) operating state.

Combining (1)-(4), we can get the output torque as
T =4Kr?sin@; (1 — cos8,) + 2P, rsinf, 5)
The theoretical curve is the red curve shown in Fig. 1(a),
comparing with the curve measured. It can be seen the curve

measured is significantly different from the theoretical one, due
the presence of hysteresis, which has to be modeled properly.

III. HYSTERESIS MODELING

A. Power-function type model

Our proposed hysteresis modeling method is based on a
power-function type model. Prior to introduce our proposed
hysteresis modeling method, the power-function type model is
briefly described for completeness. Mathematically, a power
function is written as

y = px© (6)

A few examples of power functions are shown in Fig. 4. It can
be found that the curves are similar with the torque curves in
Transition part as shown in Fig. 1, and the shapes can be adjusted
with different parameters o and f. This provides the possibility of
using this type of model to simulate the hysteresis curves with
multiple loops.
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Fig. 4. Examples of power functions. (a) Power functions with different
coefficients f. (b) Powers function with different power exponents o.

B. Proposed power-function based hysteresis model

In our proposed hysteresis modeling method, a “virtual
deformation” is defined to eliminate the nonlinearity effects
caused by the proposed mechanism.

According to Eq. (5), the equation of output torque can be
rewritten as

i 2Pyrsinf,
T =K[4r?sinf; (1 — cos ;) + T] 7
A virtual deformation s is defined as
i 2Pyrsinf,
s =4r?sin6, (1 — cos ;) + —x 8

Referring to (7) and (8), we can get T = K. Since the values
of K is a constant, T and s are linearly dependent, which shows
that the nonlinearity caused by the mechanism rotation is
eliminated. Fig. 5 shows the torque curves with respect to the
virtual deformation s, which can be found that the ascending and
descending curves are straightened.

The proposed hysteresis model is shown in Fig. 6. The
trajectories are divided by different line segments by calibrating
different position points (4, B, C, --+), and the hysteresis torque is

74(s), if $>0,and s > sq;
Thys = Tq(s), if $§>0,ands < sg, (9
T4(s), if s <5sp,ands = sg;

where 7, , T4 and 7, are the functions for ascending,
descending and transition sub curves respectively. Sy; and sg,
are the turning points of the transition curve with ascending and
descending sub curves, which are updated in real time.
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Fig. 5. Torque curves relating to the virtual deformation.



Fig. 6. lllustrations for the proposed model.
The values of sy; and sy, will be calculated once one of
them is given
So1 = Soz T As;(Sp2)

So1 — As1(So1)

(10)

So2
where
As1(So1) = k11501 + ko1

11
As;(So2) = k12502 + ko2 an

where k;j, i=0,1and j=1,2 are constants.

For the turning point s, it is updated to the value of s when
it satisfies the following requirements:

s—s_>0
{s—s+>0 (12)
S—5p1 >0

For the turning point s,,, it is updated to the value of s when
it satisfies:

s—s_<0
{s—s+<0 13
5_502<0

where s_ and s, are the previous and next point of s, respectively.
For ascending and descending curves, the torque functions
can be written in detail as

T (s) = kij(s —5y), ifs e [si,s]-] (14)
Tq(s) = kpq(s — sp), ifs € [sp,sq] (15)
Tji=Ti ,. . -
where kiy = =8, j=4, B, G D 1)) Ky = =2 (p.g=H. G

F, E). As shown in Fig. 6, i and j, p and ¢ indicate two adjacent
points, k; and k,, refer to the slopes of a certain segment in the
ascending and descending curves, respectively. t; and s; are
coordinate of point i.

For transition curves, it is modeled by a power function-based
model as shown in Fig. 7, which can be described as

) +7( = 5a), D)
Ta(So1) — f(S - 501), if $<0
f(s - SOi) = Ca(Soi)(|5 - Soi|)b(sm) i=12 (17)

where c is a variable defined in (19).

Referring to Fig. 4, we can get that by setting different
values of a and b, the torque covers will be adjusted. Thus,
appropriate values of a and b can be selected with the help of
Curve Fitting Toolbox in Matlab software to fit the torque

Tu(s) =

bs
T =Tal(S01)-calso1)(|s-so01)) o)

Tu=talSo2)Hca(so2) (Is-s02)) "™
So2 Soi -
e
|
i Ta (s)
R

Fig. 7. Illustrations of the power-function based model for transition lines.

curves in transition segment at different amplitudes. The
values of a and b with different amplitudes are obtained as

a(So;) = P2iSoi® + P1iSoi + Poi
b(so;) = 92iS0i®> + G1iSoi + Joi
where pj; and gj; are constants, j=0, 1,2,i=1, 2.
To ensure a smooth connection of the transition curve with
ascending and descending curves, parameter ¢ of (17) is
determined by

=1,2 (18)

c= Ta1(So1) — Tai(So2)
a(so:) (Isor = Soz])P(S0d)

(19)

IV. INVERSE HYSTERESIS MODELING

To mitigate the hysteresis effect on the torque control of
actuators, a simple and effective way is to construct a
feedforward inverse compensator [32]. To build this
hysteresis compensator, the inverse of the hysteresis model is
necessary to be constructed accurately.

An illustration for the proposed inverse hysteresis model is
seen in Fig. 8. In the inverse model, the input and output are
the reference torque and the virtual deformation respectively.
Referring to Figs. 6 and 8, we can find that the difference
between the proposed hysteresis model and its inverse is that
the abscissa and ordinate values are switched. The virtual
deformation s is

Su(@), if i>0,and > 19
s=4Su(t), if i>0,and1 <71y, (20)
Su(T), if 1<t1y,and T = T,

where Sy, Sq1, Sy are the functions for ascending, descending
lines and transition sub curves respectively. 7y, and 7, are the
turning points of the transition curve with ascending and
descending curves, which are updated in real time.
The values of 7y, and 7, are calculated once one of them is
given
To1 = Toz + AT2(To2)

To1 — AT1(To1)

2D

To2
with
At (19q) = 11T + 1
1(To1) 11701 T lo1 22)
At,(To2) = li2Toz + Loz

where [;j, i=0, 1 and j= 1,2 are constants.

For the turning point 744, it is updated to the value of T
when it satisfies the following requirements:



Su(T)
== D

Fig. 8. Illustrations for the inverse hysteresis model. 7, and 7, correspond
t0 Sgq and Sy, 4, By, -+ J, correspond to 4, B, --- J in Fig. 5. The abscissa
and ordinate values of 4, and 4 are opposite, the same for By, -+ J,.

T—17_>0
{T—T+>0 (23)
T_T01>0

For the turning point ty,, it is updated to the value of T
when it satisfies:

T—17.<0
{‘r—‘r+<0 (24)
T_T02<0

For ascending and descending curves, the functions can be
described in detail as

Sa(®) = lij(T -7y,

(25)
Sa (1) = Lyg (T — Tp), (26)

i o0 . _ Sq—Sp

o @ j=41, B, G, Dy, I, 1), lpq = P 12
q=H,, G\, F\, E). As shown in Fig. 8, i and j, p and ¢ are two
adjacent points, [;; and L,, refer to the slopes of a certain

ift e [Ti, Tj]

ift e [‘L'p, ‘L'q]

where [;; =

segment in the ascending and descending curves, respectively.

7; and s; are coordinate values of point i.

For transition curves, it is modeled by

Sa(To2) + 9(tr — To2), if $>0

su(s) = {Sal(Tm) —g(T — 101, if $<0 @7)
Since the ordinate and abscissa values are switched in the

inverse model, referring to (16) and (17), we set
h _1
— R — b(to;
900 = 7o) = s (5 = 207
where 7 is a variable defined in (31), and the values of a and

b are obtained as

a(ty;) = pZiS(TOi)z + 1:S(Toi) + Poi

i=12 (28)

i=12 (29

b(ty;) = gziS(Toi)z + 91:5(Toi) + Goi (29
Sai(To1), =

S N = { al\'01 ] 30

(zo:) Sai(To2), =2 (30)

where pj; and gj; are constants, j=0, 1,2,i=1, 2.

For the value of h, it is used to ensure a smooth connection
of the transition curve with ascending and descending curves,
which is obtained by

= a;(To)[Sai(Tor) — Sldl(TOZ)] 31)

(Is1 = Soz1)PiFod)

The working procedure of the inverse hysteresis model is
similar with the original hysteresis model described in Section II1.
It is noted that most of the parameters of the inverse hysteresis
model can be got directly by conversion of the proposed
hysteresis model. This simplifies the inverse hysteresis modeling
process and improves the hysteresis compensation effect.

With the above inverse hysteresis model, the virtual
deformation s can be obtained when the reference torque
trajectory is given. Then, the reference angle trajectory 6, for
the motor can be calculated by constructing the inverse
kinematics equation of s according to (8).

V. EXPERIMENTS

A prototype of the actuator in Fig. 2 was developed for
testing purpose and its main parameters are listed in Table I.
The experimental platform as shown in Fig. 9 includes the
compliant actuator, a motor driven system, a Force/Torque
sensor and a host computer. In the experiments, a 500 CPT
encoder mounted on the motor was used to measure the
rotation angle of the compliant actuator and a Force/Torque
sensor (MINI 45, ATI) with a resolution of 1/1504 Nm was
set up on the output plate for measuring the output torque of
the compliant actuator. The sampling frequency is 100 Hz in
the experiments. A user interface was developed in the host
computer for high level operation. The data of the measured
rotation angle, output torque and the current running time was
saved in the host computer.

TABLEI
THE MAIN DIMENSION PARAMETERS OF THE COMPLIANT ACTUATOR
Item Compliant Actuator
Stiffness of the tension spring K 15.49 N/mm
Initial length of the tension spring 55 mm
Radius of the pinion r 21 mm
Range of deformation angle 6, -0.5~0.5 rad
Dimension (diameter x thickness) 100 x 35 mm?
Weight (without driven motor) about 0.45 kg

Fig. 9. Experimental platform. 1-Maxon Motor RE40, 2-Actuator
prototype, 3-ATI Force/Torque sensor, 4-Power supply, 5-User
interface, 6-Emergency stop, 7-Copley motor drive, 8-Data collection
system of ATI sensor, 9-Host computer.



A. Construction and validation of the hysteresis model

In the experiments, the output torque and the rotation angle
of the actuator were measured. Then, the curves of the output
torque with respect to the virtual deformation are obtained.
By calibrating the key points in the figures (Seen in Figures
22 and 23), the parameters can be obtained. The values of the
parameters used in the experiments are listed in Tables V and
VI in Appendix. The estimated torque by the proposed
hysteresis model together with the output torque measured is
shown in Figs. 10 and 11. We can find that the errors between
them are less than 0.02 Nm in general, which show that the
proposed hysteresis model has a high modeling accuracy of
nonlinear torque curves with multiple loops.

The program codes of NBM [28], Modified Maxwell-slip
based model [31] and the proposed model are generated by
Matlab software and running on the host computer. The
root-mean-square-errors (RMSE) and maximum errors
between the estimates and measured are then calculated.
Besides, the computation cost defined by the whole running
time of the program is obtained.
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Fig. 10. Torque measurement and estimation by the proposed model. (a)
torques, (b) plot of errors.
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TABLE I
ERROR COMPARISON OF THE TORQUE MEASUREMENT METHODS
Hysteresis model RMSE (Nm) Max. error (Nm)  Com. cost (s)
NBM 0.0288 0.247 0.021
Max. based model 0.0149 0.0975 0.003
Proposed model 0.0135 0.0612 0.001

Experimental results using the above three models are shown
in Table II. Compared with the NBM and Maxwell-slip based
model, the RMSE are reduced by 53.1% and 9.4%, and the
computation cost are reduced by 95.2% and 66.7%, respectively.

B. Experiments with the inverse hysteresis model

Inverse of the proposed model, NBM and the modified
Maxwell-slip based model are developed to test the performance
of our proposed modeling method. The RMSE and maximum
errors between the measured results and estimates are calculated
and the computation cost is acquired. Experimental results by the
proposed hysteresis model are shown in Figs. 12 and 13. It is
seen that the errors are less than 0.004 rad in most period.
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Fig. 12. Deformation measurements and estimation by the proposed
inverse model. (a) torques, (b) plot of errors.
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Fig. 13. Deformation measurements and estimates by the proposed
inverse model via different torque amplitudes.




TABLE III
ERROR COMPARISON OF ANGLE MEASUREMENT METHODS
Hysteresis model ~RMSE (rad) Max. error (rad)  Com. cost (s)
Inv. NBM 0.0076 0.044 0.081
Inv. Max. model 0.0030 0.011 0.013
Prop. Inv. Model 0.0023 0.009 0.009

Statistical results using the above three inverse models are
listed in Table III. Compared with inverse NBM and inverse
Maxwell-slip based model, the RMSE is reduced by 69.7% and
23.3%, and the computation cost is reduced by 88.9% and 30.8%,
respectively. These results verify that our proposed inverse
hysteresis model has a high modeling accuracy with a low
computation cost for nonlinear curves with multiple loops.

C. Experiments of the torque tracking

To verify the torque tracking performance of the proposed
compliant actuator with our proposed hysteresis modeling
method, experiments with three different sinusoidal torque
trajectories were conducted. Upon the proposed inverse
hysteresis model, the inverse of the modified Maxwell-slip
based model and the inverse NBM, the reference deformation
angle trajectories of the compliant actuator were obtained.
Then, the compliant actuator would rotate in accordance with
the reference rotation angle trajectories for torque tracking
under the controller shown in Fig. 14. In the controller, the
proposed hysteresis model is used for precorrection.
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Fig. 14. Control diagram of the actuator for torque tracking.
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Fig. 15. Torque tracking results under reference: z= 0.5 sin(0.2nf) Nm.
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Results of the torque tracking experiments are shown in Figs.
15-17 and the statistical data is listed in Table IV. It can be seen
that the errors between the measured and the reference torques
are minimum by our proposed hysteresis model. The RMSE is
reduced by 7.4% - 26.9% and 38.1%-44.1% and the maximum
error is reduced by 8.6%-18.4% and 26.1%-41.1% with three
different amplitudes compared with the modified Maxwell-slip
based model and NBM, respectively.
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TABLEIV

TORQUE TRACKING ERRORS

Torque magnitude Hysteresis model

RMSE (Nm) Max. error (Nm)

NBM 0.034 0.074

0.5 Nm Max. 0.025 0.058
Prop. 0.019 0.053

NBM 0.042 0.129

1 Nm Max. 0.027 0.086
Prop. 0.025 0.076

NBM 0.063 0.180

2 Nm Max. 0.052 0.163
Prop. 0.039 0.133

VI. DISCUSSION

The force/torque tracking problem can be converted into
position tracking problem by using compliant actuators, which
simplifies the complexity of force/torque tracking controller. A
limitation of this type of actuators is the force fidelity and the
force bandwidth cannot be satisfied simultaneously. To solve
the above problem, a novel compact compliant actuator with
nonlinear stiffness is proposed. The stiffness of the actuator can
be varied according to the extern load. When the extern load is
small, the actuator is soft, and the stiffness will increase with the
increase of the extern load. Therefore, the proposed actuator can
realize both high force fidelity and large force generation.

Due to friction, material deformation and clearance between
the mechanism parts, the hysteresis effect is obvious and the
torque curves are nonlinear and vary with amplitudes in
nonlinear compliant actuators. This makes the hysteresis
effect difficult to be accurately compensated, which will
decrease the torque tracking performance. To overcome this
issue, the design of a hysteresis model with high modeling
accuracy and lower computation cost is necessary. With our
proposed hysteresis modeling method, a significant
improvement in force/torque tracking performance of
compliant actuators can be expected.

Conventional mathematical models of hysteresis, like the
Bouc-Wen model, Prandtl-Ishlinskii model and Maxwell-Slip
model, are usually designed with black-boxes and the
parameter values are usually obtained by least mean method,
Kalman filter or black box identification methods. Although
high modeling accuracy can be achieved in specific hysteresis
nonlinear curve by optimizing the parameter values, a
limitation of these methods is the versatility in different
hysteresis nonlinear curves with multiply loops. As the torque
curves of nonlinear compliant actuators vary with amplitudes, it
is quite difficult to turn the model parameters to match the
experimental data well among inputs with different amplitudes.
In our proposed model, the torque curves are segmented into
ascending, descending and transition sub curves by the turning
points so1 and sp2. Thus, the trajectory curves in the three parts are
decoupled. Two polynomials are then used to simulate the
ascending and descending curves and a power-function based
model with adjustable parameters is developed to simulate the
transition curves. Results verified that the model can simulate
the torque curves accurately with multiple loops.

It is noted that there is a set of parameters with constants used
in our model. Fortunately, the values of the parameters can be
obtained manually with simple operation. For example, the
parameters of [;; and 4, by calibrating several key points as
shown in Fig. 22 in Appendix, the parameters can then be
obtained according to (14) and (15).

To show the versatility of the proposed model in different
scenarios, experiments of the torque trajectories with
different shapes were conducted. The results using the
proposed model are shown in Fig. 18. It can be found that
there is no significant difference on the modeling accuracy of
the torque curves with different shapes.

In the proposed model, the influence of signal frequency has
not been considered. To show the possible influence of the
frequency on the modeling accuracy, experimental results of the
actuator with the frequency from 0.035 Hz to 1 Hz are included.
As shown in Fig. 19, there is no significant difference on the
modeling accuracy, of course, the errors are slightly increased
with the frequencies.

The potential application of the proposed compliant actuator is
wearable robots. A lower limb exoskeleton driven by the
proposed compliant actuator has been designed as shown in Fig.
20. The size and spring stiffness of the compliant actuator can be
adjusted to satisfy the torque and size requirements of the
exoskeleton. It is noted that the torque curves with hysteresis is
affected by the external disturbance [33], which is inevitable in
exoskeleton robot applications. In our proposed model, the
external disturbance is not considered at present. To overcome
this problem, a controller considering the external disturbance
(from the load of the actuator) is proposed for future
implementation, as shown in Fig. 21. A feedforward controller
considering the deflection angle (6; — 8,), rotation angle 8, and
rotation speed 8, of the load will be developed to compensate the
influence of the external disturbance from the load.
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Fig. 18. Torque measurements and estimates by the proposed model
with different torque curves. (a) torques, (b) plot of errors.
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VII. CONCLUSION

In this paper, a nonlinear compliant actuator was presented.
The design and working principle of the actuator was
described. A power-function based hysteresis model and its
inverse model were developed. A prototype of the compliant
actuator was constructed and experimental results verified
that the proposed hysteresis model has a high modeling
accuracy and a low computation cost.

A major contribution of this work is the hysteresis
modeling for a nonlinear compliant actuator, which has
nonlinear torque curves with multiply loops at different
amplitudes. In our modeling method, a “virtual deformation”
concept was introduced to linearize the torque curves of the
compliant actuator. Then, a power-function based hysteresis
model was developed to model the nonlinear torque curves
accurately with multiply loops at different amplitudes.
Experimental results show that both high modeling accuracy
and lower computation cost are reached in our proposed
hysteresis model. Construction of the inverse hysteresis
model is similar with the original model and a hysteresis
compensator is convenient to be designed.

Another contribution of this work lies in the modification
of the compliant actuator. In our new design, a tension
spring-based mechanism is used instead of the compression
spring-based mechanism, which reduces the friction force and
improve the stability during rotation. The hysteresis of this
new actuator is significantly decreased compared with our
original design [31]. Future work will focus on the
compensation of the external disturbance. Besides,
applications of the compliant actuator in a lower limb
exoskeleton robot will be further investigated.

APPENDIX

To show the values of the key parameters in the proposed
model used in the experiments, the torque trajectories with the
calibration points are shown in Fig. 22 and listed in Table V.
Then the parameters £jj and kpq can then be obtained according
to (14) and (15).

For the parameter values in (11), the values of As; and As,
will first defined manually with different turning points s,; and
Sp2. then, a linear function shown in (11) are used to fit the
relationship between As; and sy, As, and s,,. The parameter
values in (11) are listed in Tables VI.
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Fig. 22. Torque trajectories with the calibration points.
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TABLEV
COORDINATES OF THE CALIBRATION POINTS

TABLE VII
PARAMETERS OF THE POWER-FUNCTION BASED MODEL FOR TRANSITION

Points (5, 1) Points (5, 1) CURVES IN EQUATION (18)
A (0,0.077) M (-0.015, -0.8154) 50i>0,i=1,2 50i<0, i=1,2
B (0.00651, 0.37) N (-0.0227, -1.046) D22 2870 D21 2870 | pyy | -883.7 | pyq | -883.7
C (0.0083, 0.538) (0} (-0.0275, -1.401) D1s 1534 | pyy | <1534 | pyy | 8087 | pyy | -8.087
D (0.0305, 1.5077) P (-0.033, -1.631) 6.081 6.081 5 590 5 590
E (0.0459,2.074) Q (-0.0428, -1.849) Poz | ° Por | 6081 | poy | 5590 | poy | 5
. (0.0455, 191) R (-0.046, -1.977) G22 | -1145 | G21 | -1145 | g,, | -38.60 | Y21 | -38.60
G (0.0361, 1.492) S (-0.0436, -1.6779) 912 64.34 911 | 6434 | g, | 2420 | 11| 2420
H (0.0241, 1.066) T (-0.03949, -1.3798) Yoz 1.474 Go1 | 1474 | gop | 2.718 | Go1 | 2.718
I (0.00724, 0.323) U (-0.0204, -0.8)
i (-0.0017, -0.126) v (-0.0177, -0.6)
K (-0.00335, -0.169) w (-0.00372, -0.1484) REFERENCES
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