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7 A B S T R A C T8

9

The low-low satellite-to-satellite tracking (ll-sst) gravity missions, such as the Gravity Recov-10

ery and Climate Experiment (GRACE) and its Follow-On (GRACE-FO), provide an important11

space-based Essential Climate Variable (ECV) over the last two decades. Due to the high-12

precision Global Navigation Satellite System (GNSS) receiver, accelerometers and inter-satellite13

ranging instrument, these ll-sst missions are able to sense extremely tiny perturbation on both14

the orbit and inter-satellite ranging, which can eventually project into the Earth’s time-variable15

gravity fields. The measurement systems of these ll-sst missions are highly complex, thus, a16

data processing chain is required to exploit the potential of their high-precision measurements,17

which challenges both the general and expert users. In this study, we present an open-source,18

user-friendly, cross-platform and integrated toolbox "PyHawk", which is the first Python-based19

software in relevant field, to address the complete data processing chain of ll-sst missions in-20

cluding GRACE, GRACE-FO and likely the future gravity missions. This toolbox provides21

non-expert users an easy access to the payload data pre-processing, background force modeling,22

orbit integration, ranging calibration, as well as the ability for temporal gravity field recovery23

using ll-sst measurements. In addition, a series of high-standard benchmark tests have been24

provided to evaluate PyHawk, confirming its performance to be comparable with those are be-25

ing used for providing the official Level-2 time-variable gravity field solutions of GRACE and26

GRACE-FO. Researchers working with the low-Earth-orbit space geodetic techniques, GNSS27

based orbit determination, and gravity field modeling can benefit from this toolbox.28

29
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1. Introduction34

The low-low satellite-to-satellite tracking (ll-sst) technique has been one of the major advances of space geodesy35

in the last decades (Tapley et al., 2019). This technique, thanks to the high-precision on-board payloads, can detect36

extremely small perturbations in both the orbit and inter-satellite ranging (Kornfeld et al., 2019; Landerer et al., 2020).37

These measurements can then be inverted to reveal their source, which is the Earth’s Time-Variable Gravity (TVG)38

field (Wahr et al., 2004). The ll-sst system was realized by the successful Gravity Recovery and Climate Experiment39

(GRACE) mission (2002-2017) and its successor mission (GRACE-FO, 2018-now). The monthly snapshots of TVG40

derived from these missions (Chen et al., 2021) are applied to compute global Terrestrial Water Storage (TWS), which41
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is known as an Essential Climate Variable (ECV) to be used for understanding the Earth system processes (Eicker42

et al., 2016; Rodell et al., 2018; Scanlon et al., 2018; Chen et al., 2022; Yang et al., 2024a).43

However, developing a reliable ll-sst data processing chain from Level-1b, i.e., processed instrument data, to Level-44

2, i.e., TVG product in terms of potential coefficients of spherical harmonics expansion, is computationally complex45

(Mayer-Gürr et al., 2021). Especially, it is expected to exploit full potential of the high-precision instruments on-46

board, such as the GPS receivers for precise orbit determination and the dual-frequency K/Ka band microwave and47

laser instruments used for tracking inter-satellite range changes (Ghobadi-Far et al., 2022). Non-expert users can hardly48

access this process, and even the standard of processing strategy is controversial among official producers (Meyer et al.,49

2019). Therefore, it would be beneficial to establish a friendly toolbox for broader user groups to address a complete but50

diverse ll-sst processing chain. This can not only accelerate the iteration and upgrade of Level-2 scientific products from51

the existing GRACE(-FO) missions, but also provide an opportunity to access and simulate future ll-sst missions, such52

as the Next Generation Gravity Mission (NGGM, Pail et al., 2019) and the Mass Change and Earth Science International53

Constellation mission (MAGIC, Daras et al., 2024). All these future missions conceptually consist of one or multiple54

pairs of ll-sst with the aim to resolve TVG with better orbital sampling and lower uncertainty (Purkhauser and Pail,55

2019), which requires processing tools to be more accessible, extensible, compatible, and numerically efficient.56

So far, the publicly available toolbox for addressing the complete processing chain of ll-sst missions includes57

Bernese (Meyer et al., 2016), GRACETOOLS (Darbeheshti et al., 2018), and GROOPS (Mayer-Gürr et al., 2021). The58

others, such as EPOS (Earth Parameters and Orbit System) developed by the GRACE(-FO) official producer (Dahle59

et al., 2019), are not open-source and unavailable. In addition, since Bernese does not make the module of gravity60

recovery available and GRACETOOLS primarily targets the simulation rather than real data processing, GROOPS61

remains the only option for public users. GROOPS is a high-standard and powerful toolbox with rich functionalities62

include (but not limited to) orbit determination, TVG recovery from GRACE(-FO) and regional gravity field modeling63

from terrestrial data (Mayer-Gürr et al., 2021), which make it popular across the geodesy community (Kvas et al.,64

2019; Eicker et al., 2020). Nevertheless, since GROOPS is developed in C++, a strong expertise with its compil-65

ing/installation/programming is required, which might still challenge the users.66

In this study, we present an open-source and user-friendly toolbox, written in Python language, to target more67

general users. This toolbox, known here as "PyHawk", comprises a comprehensive data processing chain of ll-sst68

gravity missions, for example, the payload data prepossessing, background force modeling, orbit integration, inter-69

satellite ranging calibration, as well as the TVG recovery from GRACE(-FO) missions. PyHawk enables an easy and70

fast installation at multiple platforms, e.g., Windows, Linux or cluster. In addition, PyHawk is designed with advanced71

data exchange mechanism between user’s configuration files and the core, assuring easy interaction without the need to72

modify any source code. Finally, particular optimization assures a computational efficiency comparable to Fortran and73
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C++, which are likely the most common options for the known toolbox for producing current GRACE(-FO) products.74

In what follows, firstly the software architecture that consists of five functional modules is introduced in Section 2,75

and a novel multi-channel method that addresses the Ordinary Differential Equation (ODE) is proposed to enhance the76

numerical efficiency in Section 3. In Section 4, we evaluate the software’s performance from various aspects through77

inter-comparisons against other reputed software or official Level-2 products. Then, in Section 5, a new sliding-window78

daily TVG product recovered from GRACE is demonstrated to present the flexibility/extension of this software and its79

potential for scientific applications. Finally, the conclusion and outlook are provided in Section 6.80

2. Architecture81

PyHawk is developed with a modular structure, which mainly consists of five independent (de-coupled) modules.82

One can see the overall structure in Fig. 1, and each module shall be introduced in what follows.83

Figure 1: An overview of PyHawk structure and its workflow including: (a) Data pre-processing; (b) Background force
modeling; (c) Orbit integration; (d) Range calibration; and (e) Parameter estimation.
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2.1. Data pre-processing84

This module is defined to have three submodules: (i) data interface, (ii) raw data pre-processing, and (iii) reference85

frame transformation for both time and coordinate, which we achieved by developing a Python interface to call the86

SOFA C++ library (Hohenkerk, 2017). Specifically, the data interface submodule is responsible for accepting and87

decoding the binary or ASCII data including GRACE(-FO) Level-1b data (Yang et al., 2022), de-aliasing product88

(Shihora et al., 2022), planet ephemerid, Earth orientation parameter and other auxiliary files (Park et al., 2021). The89

raw data pre-processing submodule includes (but not limited to) arc-wise data redistribution, outlier detection, gap90

interpolation/extrapolation, quality screening and down-sampling etc (Dahle et al., 2019).91

2.2. Background force modeling92

To obtain desired signals such as TWS, it is mandatory to remove other prior geophysical models beforehand, for93

example, solid Earth effects, polar tides, atmospheric and oceanic induced mass variations (see Yang et al., 2021).94

Besides, gravitational change from planets or relativistic effect or non-conservative forces must be corrected towards95

a precise orbit determination (Lasser et al., 2020). All these are considered herein as the background force modeling,96

and PyHawk pursues a high-precision modeling of them to make best of the high-precision measurements. In addition,97

PyHawk integrates a wide selection of the force models with flexible choices, see the supplementary information for98

more details.99

2.3. Orbit integration100

Ordinary Differential Equations (ODE) establishes the basis of dynamic orbit determination, which is also the core101

of ll-SST missions. Existing numerical solutions for ODE are primarily divided into single-step ODE and multi-step102

ODE (Montenbruck et al., 2002). Single-step ODE can initiate itself accurately by taking advantage of ’small step’, but103

meanwhile it is computationally costly. On the contrary, the multi-step ODE is less accurate but more efficient because104

of its ’large step’. In PyHawk, the implemented single-step ODE includes Runge-Kutta and Runge-Kutta-Nyström105

(RKN, Kosti et al., 2012); the multi-step ODE include Adams-Bashforth-Moulton and Gauss-Jackson (GJ, Berry and106

Healy, 2004). In practice, two methods are often combined together to compromise the accuracy and efficiency. For107

example, we suggest RKN for initialization and GJ for orbit propagation with the initial records obtained from RKN. In108

PyHawk, the ODE configuration is flexible, where its type, order and step length are all optional. It is worth mentioning109

that PyHawk develops a novel multi-channel ODE approach to gain a high computation efficiency, where details are110

provided in the supplementary information.111
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2.4. Ranging calibration112

The inter-satellite along-track range rate, measured by the onboard ranging instrument like K-Band Ranging (KBR),113

is extremely sensible to even tiny TVG signals, so that its treatment must be careful (Flechtner et al., 2016). Therefore,114

a series of corrections (light-time correction and antenna phase centre correction etc) and calibrations (de-noising and115

outlier detection) are addressed by this module. In particular, it is relevant to eliminate the one Cycle-Per-Revolution116

(1-CPR) noise, which is a resonance to the orbital period (approximately 1.5 hours) of the GRACE satellites (Zhao117

et al., 2011; Yang et al., 2018).118

2.5. Parameter estimation119

This module is the basis of orbit/accelerometer calibration and TVG recovery, which mainly comprises three sub-120

modules: (1) parametrization, (2) observation equation, (3) large-scale matrix inversion. In submodule-1, the un-121

knowns or the parameters to be solved, are explicitly defined and assigned with attribution of being either local or122

global. In submodule-2, the variational-equation method (Yang et al., 2017) is implemented to establish the observa-123

tion equation to relate the previous parameters with the observations. Then, the submodule-3 is able to (i) transform124

the observation equation into the normal equation, and accumulate the normal equation via sequential least square125

solution, (ii) split/re-group the normal equation by parameter attribution, and (iii) estimate the parameters by solving126

ill-posed normal equations (Save et al., 2012).127

3. A multi-channel ODE method128

In addition to the orbit integration discussed in Sec. 2.3, ODE are also central to gravity recovery, so that it is the core129

of the software. Experiments have shown that executing ODE requires the most computational resources, making it130

essential to optimize this process in order to significantly improve the software’s efficiency. Specifically, future gravity131

missions, which will involve multiple pairs of GRACE-like satellites, will face increasing computational burdens. As132

a result, there will be a more urgent need for ODE optimization compared to current gravity missions.133

To address this computational challenge, we propose a novel multi-channel ODE method. Before presenting this134

method, we first describe the traditional single-satellite ODE, which we modify to create the new approach. Based on135

Newton’s second law, the equation of motion for a single satellite in an inertial reference frame is given by:136

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑟̈(𝑡) = 𝑓 (𝑡, 𝑟, 𝑟̇)

𝑟(𝑡0) = 𝑟0

𝑟̇(𝑡0) = 𝑟̇0,

(1)

where 𝑟, 𝑟̇, 𝑟̈ represent the position, velocity, and acceleration vectors of the satellite at time 𝑡, respectively. In this137
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context, 𝑟0 and 𝑟̇0 denote the initial position and velocity of the satellite. The function 𝑓 represents the forces acting138

on the satellite, including both conservative and non-conservative forces, as described in Section 2.2. Then, solving139

𝑟(𝑡) and 𝑟̇(𝑡) from Eq. (1) is a classic second-order ordinary differential problem, for which an analytical solution is140

rarely available. Instead, numerical integrators are often implemented, which are found to reach a good accuracy as141

the analytical solution, e.g., to compute Kepler orbit (Montenbruck et al., 2002).142

In analogy with Eq.(1) that solely indicates orbit integration, it is known that the acquisition of state transition143

matrix and the parameter sensitivity matrix (which are used to construct the design matrix to solve gravity field re-144

lated parameters) also take advantage of the second-ordinary differential equation, while which we called variational145

equation instead. The variational equation can be summarized as146

(Φ̈𝑟, 𝑆̈𝑟) =
𝜕𝑟̈
𝜕𝑟

(Φ𝑟, 𝑆𝑟) +
(

03×6,
𝜕𝑟̈
𝜕𝑝

)

, (2)

with Φ and 𝑆 indicated by147

Φ =
⎛

⎜

⎜

⎝

Φ𝑟

Φ𝑣

⎞

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎝

𝜕𝑟(𝑡)
𝜕(𝑟0,𝑟̇0)
𝜕𝑟̇(𝑡)

𝜕(𝑟0,𝑟̇0)

⎞

⎟

⎟

⎟

⎠

, 𝑆 =
⎛

⎜

⎜

⎝

𝑆𝑟

𝑆𝑣

⎞

⎟

⎟

⎠

=
⎛

⎜

⎜

⎝

𝜕𝑟(𝑡)
𝜕𝑝
𝜕𝑟̇(𝑡)
𝜕𝑝

⎞

⎟

⎟

⎠

, (3)

where, Φ is the state transition matrix, and 𝑆 is the parameter sensitivity matrix, and 𝑝 indicates the gravity field-148

related parameters (such as gravity field coefficients, accelerometer scale/bias parameters and so on). As one can see,149

the computation burden of solving Eq. (2) is much heavier than that of Eq. (1), since the dimension of parameters 𝑝 is150

much larger, for instance, number of sole gravity field coefficients is close to ∼8100 up to degree and order 90. This151

indicates that it is more urgent to optimize the ODE solver in variation equation than in the orbit integration.152

Then, Eq. (1) and Eq. (2) can be generalized as153

𝑑2𝑦
𝑑𝑡2

= 𝑦̈ = 𝑓 (𝑡, 𝑦, 𝑦̇), (4)

with the initial conditions ignored here for brevity. Here in Eq. (4), 𝑦 could be indicating either 𝑟 or (Φ, 𝑆) depending154

on the need. To address the classical ODE problem as depicted by Eq. (4), we recommend GJ as the numerical solver,155

see Sec. 2.3 for more details. Specifically, GJ consists of an iterated predictor step and corrector step, called as PECE-156

algorithm (Berry and Healy, 2004) that yields (i) the predictor step:157

𝑦𝑛+1 = ℎ2
(

𝑆𝑛+1 +
𝑁∕2
∑

𝑘=−𝑁∕2
𝑎𝑁∕2+1,𝑘 𝑦̈𝑛+𝑘−𝑁∕2

)

, (5)
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𝑦̇𝑛+1 = ℎ

(

𝑠𝑛 +
𝑟̈𝑛
2

+
𝑁∕2
∑

𝑘=−𝑁∕2
𝑏𝑁∕2+1,𝑘 𝑦̈𝑛+𝑘−𝑁∕2

)

, (6)

and (ii) the corrector step:158

𝑦𝑛 = ℎ2
(

𝑆𝑛 +
𝑁∕2
∑

𝑘=−𝑁∕2
𝑎𝑁∕2,𝑘 𝑦̈𝑛+𝑘−𝑁∕2

)

, (7)

𝑦̇𝑛 = ℎ

(

𝑠𝑛 +
𝑁∕2
∑

𝑘=−𝑁∕2
𝑏𝑁∕2,𝑘 𝑦̈𝑛+𝑘−𝑁∕2

)

, (8)

where 𝑁 is the selected order (e.g., 8 for this study) of GJ, 𝑛 indicates the step forward from the initial time, ℎ is the step159

size (5 seconds in our case); 𝑎 and 𝑏 are the integrator coefficients, and 𝑆 and 𝑠 are intermediate variables, please see160

Berry and Healy (2004) for their definitions. It can be observed from Eq. (5-8) that the PECE process involves intensive161

computation of second-order derivative function 𝑦̈ (either the force or the second derivative of sensitivity/transition162

matrix), and therefore they should be given special care if one desires to optimize the ODE. For a traditional ODE163

method, a complete implementation from Eq. (5) to Eq. (8) is executed for each individual satellite. Consequently, in164

case of GRACE-like missions that consist of two satellite, the ODE has to be performed twice. However, it is worth165

mentioning that, for two simultaneous satellites, their ODEs have much in common, especially for the calculation of166

second-order derivative function 𝑦̈. In this sense, it would be obviously a waste of resources to repeat computing these167

shared variables multiple times.168

Therefore, we propose the multi-channel ODE method to address the above issue. It is known that the second169

derivative, 𝑦̈ = 𝑓 (𝑡, 𝑦, 𝑦̇), is dependent on three inputs, i.e., the time epoch 𝑡, the position 𝑟 and the velocity 𝑟̇170

(for brevity, but they may also indicate sensitivity/transition matrix). Apparently, the position/velocity is satellite-171

dependent, whereas the time is common for all satellites. This fact makes it possible to separate the time-related172

operation from 𝑦̈ = 𝑓 (𝑡, 𝑦, 𝑦̇) to be shared by all satellites. Specifically, the second order differential
..
𝑦 (i.e., 𝑓 (𝑡, 𝑦, 𝑦̇))173

could be conceptually re-organized as174

𝑓 (𝑡, 𝑦, 𝑦̇) = 𝐹 (𝑡)⊗ 𝐹 (𝑦, 𝑦̇), (9)

where the notation of⊗ does not have a physical meaning but indicates the decoupling of 𝑓 (𝑡, 𝑦, 𝑦̇) into two independent175

operations; 𝐹 (𝑡) indicates the collective manipulations that are solely dependent on time, while 𝐹 (𝑦, 𝑦̇) indicates those176
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relevant to the state vectors. Subsequently, multiple (e.g., 𝑛) satellites are assembled together as below177

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑓 (𝑡, 𝑦1, 𝑦̇1)

𝑓 (𝑡, 𝑦2, 𝑦̇2)

...

𝑓 (𝑡, 𝑦𝑛, 𝑦̇𝑛)

= 𝐹 (𝑡)⊗

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝐹 (𝑦1, 𝑦̇1)

𝐹 (𝑦2, 𝑦̇2)

...

𝐹 (𝑦𝑛, 𝑦̇𝑛)

= 𝐹 (𝑡)⊗ 𝐹 (

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑦1, 𝑦̇1

𝑦2, 𝑦̇2

...

𝑦𝑛, 𝑦̇𝑛

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

). (10)

Equation (10) establishes the basis of ’multi-channel ODE’, where each channel indicates one satellite. There are two178

major differences between the proposed method and the traditional one: (1) only once calculation of 𝐹 (𝑡) is required,179

(2) a matrix is used to assemble the multiple channels (indicated by the second term of Eq. (10), which as a whole180

serves as the input so that only once ODE will be performed. Be aware that multi-channel ODE is not parallelized, and181

only one CPU core shall be used like the traditional single satellite ODE, despite a larger running memory. Figure 2182

conceptually illustrates the differences between two methods.183

Figure 2: Schematic diagram of (a) traditional ODE and (b) multi-channel ODE method, in terms of GRACE-like (two
satellites) mission. The time-relevant manipulation, e.g., acquisition of states of Sun and Moon, is calculated once for the
new method.

In practice, the time-relevant 𝐹 (𝑡) involves several heavy manipulations, including but not limited to: (1) time-184

coordinate transformation, (2) Earth orientation parameter acquisition, (3) deriving celestial position from planetary185

ephemerids (such as the Sun and Moon), (4) calculating spherical harmonic coefficients for ocean tide, polar tide,186
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solid Earth tide, atmospheric tide, non-tidal atmospheric and ocean mass change, etc. Regardless of the number of187

satellites, these time-relevant manipulations need to be computed only once per epoch and afterwards can be shared188

across all satellites. This avoids redundant calculations and reduces computational time. In our tests, these time-189

relevant manipulations account for roughly 20% to 50% of the total computation time, and consequently, the proposed190

method should be practically useful.191

Figure 3: Computation time against the number of satellites: a comparison between traditional ODE and multi-channel
ODE. Be aware that the time cost of traditional ODE method is proportional to the number of satellites because of the
sequential implementation.

Another advantage of this method is the compatibility with future large-scale satellite mission, where the matrix192

of Eq. (10) is extensible regardless of how many pairs of GRACE-like satellites included. Moreover, theoretically,193

as the number of satellites increases, the advantages of this method relative to the traditional method should be more194

evident because of the nature of Eq. (10). To verify this, we designed an efficiency test to evaluate the performance.195

The experiment was conducted on a Windows system with an i7-10700K processor and 24 GB of RAM, using only196

one CPU core for the entire test. The ODE solver used was the GJ method of 8𝑡ℎ order with a step size of 5 seconds,197

simulating an arc of 6 hours, where all the force models addressed in Sec. 2.2 have been used to be close to the198

reality. The computation time is recorded for each method against the number of satellites to simulate the scenario of199

present and future gravity mission, see Fig. 3. It has been found that our method can significantly reduce the time cost,200

compared to the traditional one. In the worst case like GRACE mission that has two satellite, our method improves the201

computational efficiency by about 36% (2 minutes versus 1.27 minutes). In a scenario of future mission (four satellites202

included), our method improves the computational efficiency by about 64% (4 minutes versus 1.44 minutes), which is203

significant enough to justify its value for future missions.204
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4. Performance evaluation205

4.1. Benchmark test for background force models206

High-precision background force models are essential for orbit determination, because LL-SST missions are not207

tolerable to the force modeling errors. Currently, several institutions have developed software for the modeling back-208

ground forces, and these software packages vary in programming languages, modeling algorithms and processing209

workflows. In this context, Lasser et al. (2020) suggested a cross-software comparison based on the same benchmark210

data to test the precision of background force modeling. The benchmark data are generated from GROOPS toolbox211

(Mayer-Gürr et al., 2021) and the data quality has been fully confirmed to ensure a fair comparison, see Lasser et al.212

(2020) for more details.213

Figure 4: Benchmark test of PyHawk following Lasser et al. (2020): (a) PyHawk’s force model deviation with the ground
truth, (b) a comparison between PyHawk and Bernese in terms of the maximum deviation obtained from Fig. 4(a).

As suggested by Lasser et al. (2020), we take 1 × 10−11 𝑚𝑠−2 as the baseline accuracy, so that a force model with214

its error (deviation from the ’ground truth’) below this threshold would be deemed as safe. Such threshold is chosen215

since it is at least one order of magnitude lower than the noise of the accelerometer instrument onboard of GRACE.216

Then, the acceleration of each force model at each epoch is computed in the inertial reference frame, and the norm217

of three-axis acceleration is compared to the benchmark data, see Fig. 4(a). One can see that the most significant218

error source of PyHawk comes from the solid Earth tide, whose overall magnitude is around 3.5 × 10−14 𝑚𝑠−2 that219

is much smaller than the baseline. The smallest error comes from the relativistic effects, which is down to 2 × 10−24220

𝑚𝑠−2. Then, as many other reputed software have participated in the benchmark tests and published their results in221
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Lasser et al. (2020), we also take the chance to compare PyHawk and Bernese toolbox shown in Fig. 4(b). It is found222

that PyHawk’s precision meets all the benchmark requirements, and some results even slightly outperform those of223

Bernese.224

4.2. Prefit orbit/ranging residuals225

The prefit orbit/ranging residuals, which are the differences between the nominal orbit/ranging values and the direct226

instrument measurements, serve as the pseudo observations. Here, the residuals rather than the measurements are used227

to reduce the non-linearity of the system and to enhance the numerical condition for the least-square solver. In this228

context, on one hand, the residuals are expected to be minimized, but on the other hand, the underlying physical signals229

should be well preserved. Clearly, this necessitates a high-precision computation of the nominal orbit/ranging, which230

in turn requires a high-quality calibration of the on-board accelerometers and the satellites’ initial state vectors. In this231

experiment, we use PyHawk to perform the calibration, calculate the nominal orbit/ranging values, and obtain their232

residuals as indicators of the capability of PyHawk.233

Figure 5: Arc-wise (per 6 hours) RMS (root mean square) of the three-axis orbit residuals (over year 2006) between the
nominal (adjusted) orbit and the reduced dynamic orbit.

The orbit residuals of twin-satellites (-A, -B) of GRACE for one year (2006) are illustrated in Fig. 5 as example.234

It is found that the residuals are generally below the threshold of 20 mm, which is desirable since it is close to current235

precision of the GPS-based orbit determination (Montenbruck et al., 2005). Specifically, the mean RMS of the residuals236

of one year for both satellites and three axis are as small as < 6.0 mm, which is far beyond the accuracy of GPS.237

Figure 6 illustrates a long record of inter-satellite along-track K-band ranging rate (KBRR) residuals, from which we238
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Figure 6: Arc-wise RMS of KBRR (K-band ranging rate) residuals of five years.

Figure 7: Spatial distribution of KBRR-residuals before (a) and after (b) calibration in May 2009.

also see a signal/noise level that stays within 0.15∼0.45 um/s, which is slightly higher than the pre-launch expectation,239

i.e., ∼0.1 um/s (Kim, 2000). However, the fluctuations of Fig. 6 are consistent with those of official products (Dahle240

et al., 2019), which indicate underlying physical signals. For verification, we project the range-rate residuals from time241

domain as Fig. 6 to the space domain in Fig. 7, following the ground track of the twin-satellites. It is evident that, before242

the calibration, the range-rate residuals exhibit severe and undesirable orbit-resonance noise, whereas the realistic TVG243
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signals appears after the calibration, such as the pronounced water change in Amazon. Combined with the previous244

experiment of orbit residuals, PyHawk has fulfilled the goal of eliminating noise while preserving geophysical signals245

well.246

4.3. Inter-comparison of level-2 TVG products247

Following the standard processing chain, we generate the level-2 monthly TVG products over period of 2006.01-248

2010.12, where GRACE has relatively stable performance. This enables a comparison against the latest official level-2249

TVG products (available at https://icgem.gfz-potsdam.de/home). We select one-year data to simplify the visualization,250

see Fig. 8, where a common static gravity fields has been removed from the TVG products to highlight the discrepancy.251

From Fig. 8, PyHawk demonstrates nearly identical capability in preserving signals prior to degree-30 (excluding very252

low degrees that GRACE is not sensitive to), and this is exactly where TVG signals dominate. For example, the mean253

(across 12 months, from degree-2 to degree-30) correlation coefficients between PyHawk and CSR is 0.90. Despite254

the discrepancy increases after degree-30, we claim that these mainly reflect the noise content because of its dominant255

impact at shorter wavelengths. In this sense, PyHawk has achieved a comparable signal level and a moderate noise256

level, with respect to the official products.257
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Figure 8: Inter-comparison of the official TVG products and PyHawk in terms of the geoid height up to degree/order 60.
The latest (RL06) official products are respectively produced by CSR (Center for Space Research, University of Texas),
GFZ (German Research Center for Geoscience, Potsdam), and JPL (Jet Propulsion Laboratory, NASA).

Since there is evident noise in the level-2 TVG products as illustrated by Fig. 8, it is common in practice to apply a258
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Figure 9: Inter-comparison of PyHawk and three official TVG products (2006.01-2010.12) in terms of trend and annual
amplitude.

low-pass filtering to acquire higher signal-to-noise ratio (Kusche, 2007; Yi and Sneeuw, 2022; Yang et al., 2024b). At259

this experiment, we smooth the TVG with a popular Gaussian filtering with radius of 300 km, and project the filtered260

TVG from spectral domain to the EWH (Equivalent Water Height) in the spatial domain. Subsequently, we analyze the261

time-series (5-years from 2006-2010) and extract the secular trend and the annual amplitude as illustrated by Fig. 9.262

All these post-processing manipulations are realized through an open-source Python toolbox called SaGEA (Liu et al.,263

2025). It is found that both trend and annual amplitude of PyHawk exhibit fairly good agreement with the official264

products, particularly at regions such as glaciers (Greenland, Antarctica, and Alaska etc) and rain-rich river basins265

(Amazon, Ganges Delta etc), where geophysical signals are all plausible and similar. Moreover, the spatial correlation266

coefficients between PyHawk and other products are all found above 0.98, whether for the trend or annual amplitude,267

confirming that PyHawk product achieves a comparable quality.268

5. Case study of a variant and non-standard product269

Alternative to the standard processing chain, the PyHawk toolbox, due to its flexible and extensible structure, can270

also allow to derive several variants of the processing to satisfy specific research need. For example, the ’sliding’ TVG271
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product, which is calculated with specific data length (window) of 𝑁 days and sliding length of 𝑀 days, has been272

the interest of the community (Sakumura et al., 2016). In Figure 10, we showcase that PyHawk is flexible to generate273

such sliding TVG product, e.g., with 𝑁 = 31 days and 𝑀 = 1 day. Several major river basins are selected to perform274

the experiment, where one can see that the daily sliding product reveals much more high-frequency dynamics than the275

standard products at all selected basins. Such sliding product is likely more beneficial to capture fast evolving events276

like flooding (Rateb et al., 2024). Moreover, PyHawk also supports flexible settings for inversion time scales, such277

as 7 days or 15 days. Some studies have already focused on these sub-monthly time-varying gravity fields(Bruinsma278

et al., 2010). Therefore, resolving TVG at multiple time scales and steps as illustrated by this case study can be an279

important supplement to standard product for making best of GRACE(-FO), and this is likely more relevant for future280

ll-sst missions that expects a much higher spatial-temporal resolution. These variants are optional, which constitute281

the flexibility of PyHawk.282
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Figure 10: Basin-scale water changes revealed by regular monthly products and PyHawk-sliding product over one year.

6. Conclusions283

With the significant development of ll-sst gravity missions over last two decades and the planned future gravity284

missions, there is an increasing demand for acquisition of accurate Level-2 gravity products. This study presents a285

Python-based and user-friendly toolbox, PyHawk, to address the complete and sophisticated processing chain from286

Level-1b raw data to the Level-2 scientific products, with the hope to advance ll-SST gravity missions from geodesy287
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community to potentially broader user groups.288

In particular, to address the challenge of numerical efficiency for present and future ll-sst missions that consist of289

multiple satellites, we propose a novel multi-channel ODE method to avoid repeated computation for shared variables290

across all satellites. Compared to the traditional method: it saves 36% of the computational time for present GRACE(-291

FO) mission, and the number improves to 64% for future mission (four satellites included). Furthermore, advanced292

code optimization helps to improve PyHawk’s numerical efficiency as well. Experiment demonstrates that a complete293

processing for one-month GRACE(-FO) TVG recovery costs approximately 2 hours at a single-node cluster equipped294

with 56 CPUs and a memory of 240 GB, which should be comparable to the performance of Fortran in our practice.295

In addition to the desired efficiency, PyHawk has confirmed to have an accuracy close to the other reputed software296

like GROOPS and Bernese in terms of the key module, i.e., force models. The eventual Earth’s TVG products from297

PyHawk, are also found to be among the range of latest official products. Therefore, PyHawk can be an alternative298

but efficient and reliable ll-sst gravity recovery solver for general users to handle present and even future ll-sst gravity299

missions. Nevertheless, PyHawk still face challenges, especially when the data processing strategy is fast evolving300

these days, so that a timely update is anticipated to keep up with the most recent advancement of TVG modeling.301

Code availability302

GRACE level-1b data are the major input of PyHawk, and one can access the data via https://podaac.jpl.303

nasa.gov/dataset/GRACE_L1B_GRAV_JPL_RL03. The source code and the user manual of our software are publicly304

available via the Github (https://github.com/NCSGgroup/PyHawk.git). In addition to the code, we also provide305

sample data and all the necessary auxiliary data to support users for a stand-alone running of PyHawk at an open data306

repository, see https://doi.org/10.5281/zenodo.14205243.307
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