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Feedback-based quantum algorithms have recently emerged as potential methods for approximating the ground
states of Hamiltonians. One such algorithm, the feedback-based algorithm for quantum optimization (FALQON),
is specifically designed to solve quadratic unconstrained binary optimization problems. Its extension, the
feedback-based algorithm for quantum optimization with constraints (FALQON-C), was introduced to handle
constrained optimization problems with equality and inequality constraints. In this work, we extend the
feedback-based quantum algorithms framework to address a broader class of constraints known as invalid
configuration (IC) constraints, which explicitly prohibit specific configurations of decision variables. We
first present a transformation technique that converts the constrained optimization problem with invalid
configuration constraints into an equivalent unconstrained problem by incorporating a penalizing term into
the cost function. Then, leaning upon control theory, we propose an alternative method tailored for feedback-
based quantum algorithms that directly tackles IC constraints without requiring slack variables. Our approach
introduces a new operator that encodes the optimal feasible solution of the constrained optimization problem
as its ground state. Then, a controlled quantum system based on the Lyapunov control technique is designed to
ensure convergence to the ground state of this operator. Two approaches are introduced in the design of this
operator to address IC constraints: the folded spectrum approach and the deflation approach. These methods
eliminate the need for slack variables, significantly reducing the quantum circuit depth and the number of
qubits required. We show the effectiveness of our proposed algorithms through numerical simulations.

1. Introduction reliance on iterative, non-convex classical optimization. Instead, they
rely on an update law based on the gradient estimate to update the
parameters of the quantum circuit. While these algorithms similarly
update the circuit parameters based on the gradient estimate, they
differ in how the quantum circuit is constructed.

FQAs are inspired by control theory. They have the advantage
of constructing the quantum circuit iteratively by simulating a quan-
tum dynamical system, resulting in problem-tailored quantum circuits.
They build the quantum circuit incrementally, layer-by-layer, and de-
termine the circuit parameters based on the measurements of the
qubits in the preceding layer. This approach eliminates the need for
a classical optimizer and ensures a monotonic enhancement of the
approximate solution as the circuit depth increases. The first FQA is
the feedback-based algorithm for quantum optimization (FALQON),

Variational quantum algorithms (VQAs) are considered one of the
most promising strategies tailored to the limitations of noisy-
intermediate scale quantum (NISQ) devices [1]. VQAs have been ap-
plied across diverse domains, such as quantum chemistry, error cor-
rection, quantum machine learning, and combinatorial optimization, as
detailed in the review by Cerezo et al. [1]. Despite their promise, VQAs
face significant challenges, including selecting appropriate parameter-
ized quantum circuits and the complexity of the non-convex classical
optimization for updating circuit parameters.

Another set of hybrid quantum algorithms for the preparation of
ground states of Hamiltonians that are optimization-free is gradient-
based algorithms such as feedback-based quantum algorithms (FQAs)
[2-6], randomized adaptive quantum state preparation algorithm [7],

anti-hermitian contracted Schrédinger equation [8], and non-
variational ADAPT [9]. These algorithms differ fundamentally from
VQAs in that they are non-variational, and hence, they avoid the

* Corresponding author.
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introduced by Magann et al. as an alternative method to VQAs to
address quadratic unconstrained binary optimization (QUBO) prob-
lems [2,3]. Since then, several improvements and advancements have
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been proposed for FQAs [4,6,10-15]. In addition, FQAs have shown
to be robust against noise as demonstrated in experiments on IBM’s
quantum hardware [16].

In [17], the feedback-based algorithm for quantum optimization
with constraints (FALQON-C) was introduced as an extension of
FALQON to solve quadratic constrained binary optimization (QCBO)
problems involving equality and inequality constraints. In this work,
we further expand the capabilities of FALQON-C to address a spe-
cific category of constraints known as invalid configuration (IC) con-
straints. These constraints explicitly prohibit specific configurations of
the decision variable and can be expressed as:

xg &=V, .,y

where x is the decision variable and & is the set of invalid configu-
rations. Such IC constraints are significant as they arise in numerous
optimization problems, such as the shortest vector problem (SVP) [18].
In SVP, the all-zero state is prohibited (x # 0) since it corresponds to
the trivial solution of the zero vector. Instead, the solution is encoded
by the first excited state of the resulting Hamiltonian, which is derived
by converting SVP, formulated as a QUBO problem, into an Ising
Hamiltonian [18].

To solve the constrained optimization problem with IC constraints
using FALQON, it should first be transformed into an equivalent un-
constrained problem by adding a penalizing term to the cost function
to address the IC constraints. In this work, we give a general approach
to convert the IC constraints into a penalizing term added to the
cost function. We show that for the conversion, we need to introduce
n; X (n—2) slack variables, where n is the number of decision variables
and n; is the number of IC constraints. This transformation enables
the application of FALQON and FALQON-C to QCBO problems with IC
constraints. However, the addition of slack variables is known to com-
plicate the optimization procedure by increasing the search space and
the complexity of the optimization landscape [19-22]. Despite these
challenges, this approach remains beneficial for quantum algorithms
that require the problem to be in a QUBO formulation, such as the
quantum approximate optimization algorithm (QAOA) and quantum
annealing [23].

In this work, we propose a novel approach based on control theory
for FQAs to directly address the IC constraints. Instead of converting
the constrained optimization problem into an equivalent unconstrained
problem, we directly tackle the constrained problem by introducing a
new operator that encodes the optimal feasible solution as its ground
state. We design this operator by shifting the energies of all the states
associated with infeasible outcomes such that the ground state of this
operator is the minimum-energy feasible solution. Subsequently, we
design a Lyapunov control law to converge from all initial states to the
ground state of this operator. Building on this control framework, we
present the feedback-based algorithm for quantum optimization with
invalid configuration constraints (FALQON-IC). When applied to QCBO
problems, we show that our approach reduces the quantum resources
by lowering the quantum circuit’s depth and the number of qubits
required, compared to FALQON and FALQON-C.

The design methodology for FALQON-IC leverages control theory
to enhance the algorithm’s efficiency. Instead of modifying the con-
trol system by introducing a new problem Hamiltonian derived from
converting the equivalent QUBO problem into an Ising Hamiltonian,
we alter the Lyapunov function rather than the system’s problem
Hamiltonian. This modification informs the system of the change in
the targeted eigenstate by utilizing a newly constructed operator that
encodes information about the updated target. This method enhances
the quantum circuit implementation for the problem operator by elim-
inating additional terms introduced by the constraints. The control law
is updated to incorporate the newly constructed operator, updating
the system about the change in the target eigenstate. To design the
operator within the Lyapunov function, we explore two techniques:
deflation methods [24] and the folded spectrum (FS) approach [25].
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Fig. 1. Illustrative diagram of feedback-based quantum algorithms. In feedback-based
quantum algorithms, a controlled quantum dynamical system is designed such that the
quantum states evolve from any initial state to the target state that encodes the solution
to the given problem. Leveraging the Lyapunov control technique, the system minimizes
the Lyapunov function (cost function) along the trajectories of the dynamical system.
The problem’s solution is obtained by simulating the trajectory of this dynamical system
on a quantum computer, starting from an easily preparable initial state and employing a
time-dependent Hamiltonian simulation algorithm. This process constructs the quantum
circuit dynamically, layer-by-layer, with each layer’s parameters determined through
a feedback control law, computed using hybrid classical and quantum computers.
This methodology enables the transformation of variational quantum algorithms into
feedback-based quantum algorithms by replacing the classical optimization loop with
a deterministic control law for assigning the circuit parameters. The style of the figure
is inspired by [28] with a different content.

Deflation techniques have been utilized to develop efficient quantum
algorithms for preparing excited states of Hamiltonians [15,26]. The
folded spectrum method has also demonstrated its utility in designing
quantum algorithms for quantum chemistry and combinatorial opti-
mization problems [25,27]. In this work, we adapt these methods to
efficiently handle IC constraints, enabling practical and scalable solu-
tions for QCBO problems. A schematic representation of our approach
is shown in Fig. 1.
We highlight the main contributions of this work as follows:

» We propose a general discrete model for the quantum system,
replacing the continuous model, and apply discrete-time Lya-
punov control directly at the circuit level. This discrete model
offers the advantage of being directly realizable as quantum gates,
offering a layer of abstraction separating from the continuous
model, which is related to the pulse level. For further insights
and discussions regarding optimization on the circuit level, refer
to [29].

We propose a general framework for encoding IC constraints
as a penalty term within the cost function. This approach is
particularly beneficial for algorithms that require the problem
to be in a QUBO formulation, including QAOA and quantum
annealing [23].

We introduce a novel feedback-based quantum algorithm to solve
QCBO problems with equality, inequality and IC constraints,
namely FALQON-IC. The algorithm utilizes folded spectrum and
deflation techniques to tackle the IC constraints directly. We give
general approaches to tuning the hyperparameters to ensure the
encoding of the problem’s solution. Our approach substantially re-
duces the quantum resources required to implement the quantum
circuit for the algorithm.

We give a thorough overview of existing FQAs for solving QCBO
problems, including FALQON, FALQON-C, and our newly pro-
posed algorithm, FALQON-IC. These algorithms rely on a feedback-
based parameter update law to assign the circuit parameters.
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The rest of the paper is organized as follows. Section 2 provides an
overview of QCBO problems and a general description of the Lyapunov
control of quantum systems in both continuous-time and discrete-
time frameworks. Section 3 outlines a general method for converting
QCBO problems into equivalent QUBO problems. Section 4 introduces
FALQON-IC, our primary algorithm for addressing IC constraints, uti-
lizing deflation and folded spectrum approaches. Section 5 presents
an estimation of the quantum resources required for implementing the
proposed algorithms and demonstrates the effectiveness and scalability
of our approach through numerical simulations. Section 6 concludes
the paper and discusses directions for future work.

2. Preliminaries

This section begins by formulating the general QCBO problem,
including the IC constraints. Next, we provide an overview of Lyapunov
control theory for continuous-time and discrete-time quantum sys-
tems, which is the foundation for our general feedback-based quantum
algorithm framework.

2.1. Quadratic constrained binary optimization problem

The general QUBO problem is given as follows:

xel%’hiﬂl)n J(x) = xTTJx+c3-x+aJ (@)
Here, T; € R™" is a symmetric matrix, ¢; € R” and a; € R.
FALQON was originally proposed to tackle QUBO problems [2,3].
In [17], FALQON-C was introduced to efficiently extend FALQON for
tackling QCBO with equality and inequality constraints in the following
general form:

GO = xTTPx + ¢ x+a? %0, q=1,2.3,....m, @

where we use x to denote a comparison operator x € {<,=}. The
matrices Téq) € R™" are symmetric, c(Gq) € R" and a(G") € R. In this work,
we show how feedback-based quantum algorithms can be efficiently
extended to tackle QCBO with IC constraints given in the following

form:
x ¢ {z0, 2 . 2y c (0,1}, 3

where z" € {0,1}" is a specific invalid configuration. Hence, the
general form of the QCBO becomes

xer?()i,rll)” J(x) = xTTJx + cfx +ay (4a)
st x#z0, r=12,3,...,n (4b)
G(")(x) = xTT((;q)x + cg)Tx + a(Gq) *x0, ¢g=1,2,3,...,n,. (40)

2.2. Continuous-time quantum Lyapunov control

Let H = CN represent the state space with an orthonormal basis
B=1{|0),|1),....,|N —1)}. The space of density operators is denoted by
D = {6 € CN*N | ¢ > 0, Tr(c) = 1}. Henceforth, we will represent all
operators on the B basis.

Consider a quantum system described by the controlled master
equation:

6(t) = —i [Hp + 6 Hy,0()],  o(0) = oy, ©)

where we normalize the Plank constant to # = 1, the control input is
6(1), the problem Hamiltonian H p has eigenvectors {|eg) . |e;), ..., |exy_1)}
and corresponding eigenvalues {e, > e, > -+ > ey_;} and H,, is
the mixer Hamiltonian. This work assumes that the Hamiltonians Hp
and H,, are time-independent and non-commuting, i.e. [Hp, H),] # 0.
While we focus on a single control input for simplicity, the analysis can
be extended to multiple control inputs (see Appendix A.1 for details).
We define the operator Q that commutes with Hp ([Q, Hp] = 0) and
have eigenvalues {{;, > {; > --- > {y_; }. Our goal is to find the ground
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state of this operator, defined as 6, 1= argmingcp Tr(Qo). To achieve

this, we aim to design a feedback law in the form 6 = A(Tr(Ac)), where

A is an observable and A(-) : R — R is a general function of the

expectation value of A, which stabilizes the state ¢ at ¢,. Choosing this

feedback form facilitates its evaluation using the quantum computer.
Let the Lyapunov function be

L(c) = Tr(Qo). (6)

The derivative of this Lyapunov function along trajectories is given as
follows:

VL-6="Tr (i [Hy, 0] 0()) 6(). )

To guarantee that the Lyapunov function is non-increasing, i.e. VL-6 <
0, we design the controller 4(¢) in the following way:

0(t) = —xA (Tr(i [Hy. 0] a(l))), (8)

where « > 0 is the controller gain and A(-) : R — R is a function that
satisfies the condition aA(a) > 0 Va # 0. The graph of the function
p = A(a) passes through the origin on the a« — # plane monotonically
and lies entirely within Quadrant I or Quadrant III, ensuring that the
given condition is satisfied. For the rest of the analysis, we will choose
A(-) as the identity function, i.e. A(a) = a. Alternative design choices
for A(-) are discussed in Appendix B. For this design of the controller,
we get:

VL6 = k| Tr (i [Hy. Q] o) ‘2 <0. ©)

The application of the controller (8), and based on specific assumptions
(outlined in Section 2.1 of [30]), guarantees asymptotic convergence
to the ground state o, of the operator Q. We summarize the design
principles of the operator Q as follows [30]:

» The designed operator Q should commute with the problem
Hamiltonian Hp, i.e. [0, Hp] =0.

+ The operator Q should have a non-degenerate spectrum, i.e. G #
¢ forall g #r.

* The eigenvalue ¢, associated with the target eigenstate must be
the smallest among all eigenvalues, indicated by ¢, < ¢, for
q€,1,...,M —2) where ¢, #(,.

The time evolution operator associated with the master Eq. (5)
is given as V(t),1) = ;(e_i/’:) HEO (yith x being the time-ordering
operator. Assuming the function 6(f) to be piecewise-constant in small
intervals A7, we decompose this operator into r piecewise-constant

intervals of a small length of 4r to get:

V(0,T) = Xe—i/nT HE@)dx lL[e—i(H(nAr)HM+HP)At’ 10)
n=1

where T = rAt. Moreover, since the Hamiltonians Hp and H,, do

not commute ([H,,, Hp] # 0), we employ Suzuki-Trotter first order

approximation. Hence, we get:

r

r
V(©O,T) ~ He—ib‘(nAt)HMAre—iHPAt _ H Var 0,)Vp. an
n=1 n=1
where 8, = 8(ndr), Vp = e P4 and V),(0,) = e"0"40Hy 4 By choos-
ing At to be sufficiently small, it can be guaranteed that condition (9)
is satisfied (see Appendix A.2 for details). For the control law, we use
a discrete version of the controller from (8), as shown below:

0,01 = -k Tr(i [Hy, 0] 0,), 12)

where ¢, = 6(ndt), Note that the controller at each discrete time step
corresponds to the circuit parameters, and in this work, the terms
controller and circuit parameters will be used interchangeably.
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2.3. Discrete-time quantum Lyapunov control

Rather than the continuous-time system (5), we consider the follow-
ing discrete-time formulation:

-
F
5

Opy1 =V (9,,) o,V (0,,) as)

where n = 1,2,3,... denotes the discrete-time index. The operator V' (6)
is a unitary operator parameterized by the control input and is defined
as V() = VpV),(0) with V() = e Hu4" and V), = e *Hr4", As shown
in Section 2.2, this formulation approximates the continuous-time mas-
ter equation using a piecewise-constant discretization. The discrete-
time system offers the advantage of being directly implementable as
a quantum circuit, offering a layer of abstraction separating from the
continuous model (see [29] for additional discussions).

As for the continuous case, we define the operator Q that commutes
with Hp ([0, Hp] = 0) and design a feedback law in the from 6 =
A(Tr(Ao)) that stabilizes the state ¢ at o,. Let the Lyapunov function
be

L(c) = Tr(Qo). a4

The aim is to guarantee that the Lyapunov function is non-increasing,
thus satisfying L(c,,;) — L(c,) < 0. Using first-order Taylor series
expansion, we expand the operator V,,(0) as follows:

V() = e Hud = [ _jAtH, 0 + O(41%), 15)
We get:

L(6,41) — L(s,) = Tr(QVp VM(O,,)anVM(Q”fV;) - Tr(Qo,)
= 0,4t Tr(i[H,y, Qlo,) + O(Ar%). 16)

To guarantee that the Lyapunov function is non-increasing, i.e. L(c,,{)—
L(c,) <0, we choose 4t to be sufficiently small (see Appendix A.2) and
design the controller in the following way:

Oy = —KA<AtTr(i [Hy, Q) an)>, an

where k¥ > 0 is the controller gain. The application of the con-
troller (17), and based on specific assumptions (outlined in Section 2.1
of [30]), guarantees asymptotic convergence to the ground state o, of
the operator Q.

The Lyapunov control framework presented in this section extends
beyond the original formulation used in FALQON [2,3]. In FALQON,
the operator Q is simply chosen as the problem Hamiltonian Hp,
relying on the fact that the ground state of Hp encodes the solu-
tion. In our previous work [17], we utilized this general Lyapunov
control framework formulation to develop FALQON-C, where Q was
specifically designed to encode the solution of QCBO problems with
equality and inequality constraints in its ground state. In this work,
we leverage this framework to introduce FALQON-IC, which further
extends FALQON-C to handle IC constraints.

In Section 3, we show how we can convert IC constraints into
equivalent penalizing term in the cost function using slack variables.
Subsequently, in Section 4, we propose an innovative method to ex-
tend FALQON-C for addressing problems with IC constraints without
requiring slack variables. This is achieved by designing an appropri-
ate Lyapunov function and employing deflation and folded spectrum
techniques.

3. Invalid-configuration constraints

In this section, we introduce a general approach for addressing
IC constraints in the general form of x # z where z can be any
invalid configuration. This approach converts the IC constraint into an
equivalent penalization term added to the cost function. A special case
of this problem was previously addressed in the context of the SVP with
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a constraint of the form x # 0 [18]. In this work, we extend this method
to accommodate arbitrary IC constraints.

To solve the QCBO problem given by (4) using FALQON, it should
first be converted into an equivalent QUBO problem. In this work, the
equivalence of the problems is defined as follows.

Definition 1. Two problems, A and B, are considered equivalent if their
sets of optimal solutions, denoted as X} C X and X} C X, are identical,
ie., XZ = X;.

We present a general approach for achieving this conversion by
introducing a penalty term into the cost function to account for the
IC constraints. This conversion requires the addition of n; x (n — 2)
slack variables, where n is the number of decision variables and n,
is the number of IC constraints. In this approach, we aim to penalize
outcomes that correspond to IC constraints. This is achieved by modi-
fying the objective function to include a penalty term. The penalty is
constructed such that it evaluates to zero for feasible outcomes while
assigning sufficiently large positive values to outcomes associated with
IC constraints.

Without loss of generality, let us assume that there is only one
invalid configuration z. Suppose we want to convert the IC constraint
into a penalizing term in the cost function. In that case, we can use the
following penalizing term added to the cost function to penalize the
invalid configurations z.

r[1% @z (18)
gq=1

where y is a hyperparameter chosen large enough to ensure that
the resulting problem is equivalent to the QCBO problem, & denotes
exclusive OR modulo 2 addition, and the overline is logical negation.
Note that the penalty term in (18) can also be written as

TI(1 - (a1 =5 + 1= 2)x,) ). a9
q=1

which results in higher-order terms, rendering the problem no longer
quadratic. Hence, we will propose an equivalent penalizing term that
results in a QUBO formulation of the problem.

Let us define h : Z) — Z)) by

h(x) :=x® z, (20)

where @ acts element-wise. For the case of n decision variables, we
add n — 2 binary slack variables s = {s,},=1, .- and let v(x,s) =
[81,89, oo sSy_ns 1 — h,(x),1], where h, refers to the nth output of h,
namely h,(x) = x, ® z,. To suppress the notation, we write 4 for h(x)
and v for v(x, s). Next, consider the upper-triangular matrix

-1 1 1 1
0 -1 1 1

A=]0 0o -1 - 1. 21)
0 0 0 -1

Finally, define the function g : Z X Zg*Z — Z as follows:
g(x,8) = §(h(x),v(x, ) = 1 + 0" Ah. (22)

Later, in Proposition 1, we will show that g is non-negative; it evaluates
to one for IC constraints, and for an appropriate choice of the slack
variables s, it can be made zero for the feasible states. Therefore, the
function g can be used as a penalty term in the cost function, which
will be shown in Theorem 1.

Now, we provide a theorem to set an equivalence between optimiza-
tion problems with and without IC constraints, excluding the case of
inequality constraints since this is well-known in literature such as [31].
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Theorem 1. Let £ be the set of infeasible outcomes due to the IC constraints
defined as £ = {z\V, ..., z")}. Let problem A be formulated as follows:

: T T
xelﬂ)l,lll)" F(x) :=x"Tpx+cpx+ap (23a)
S.t
x ¢ &, (23b)

where Tp € R™" is a symmetric matrix, ¢y € R" and ap € R. We denote
solution of Problem A by X, = argmin,¢o m e F(X).
Let problem B be formulated as follows:

n
min F(y) =y Try+epy+ap+ Y 18”0, @49

ye(O,l)"‘”’l("_z) =1

where y = (x,s) and s = (stV s s ,s("‘)) is the vector of

) R L T )
added slack variables,
TF: TF Onxnl(n—Z) ]

Onl (n=2)xn Onl (n=2)xny (n-2)

_ T
& =g O] -
{r+}r=12.....n, are shifting parameters chosen such that

7, > max {0, F(x%) — F(z\")}, and g is given as follows:

g7 = g"(x.s) 1= g0O 00,0 (s.x) = 1+ 007 4RO, (25)

where h(x) = x @ z, vVI(x,s) = [s(lr),s(zr),...,sirlz,l - h;”, 1],
and A is as given in (21). Here, O, represents a zero matrix of di-
mensions q X j. A solution of problem B is X where (X585 = yp =
argming o ymn (1-2) F(y), ie. X}, is the value of the projection of y} on
the first n variables. Then, problems A and B are equivalent.

Without loss of generality, we assume that the set £ is a singleton,
& = {z}. The proof of Theorem 1 leans upon the following result.

Proposition 1. The following statements hold:

(P1) Vx,s g(x,s) > 0 (or equivalently F(x,s) > F(x)),
(P2) Vs g(z,s) = 1 (or equivalently F(z,s) = F(z)+7),
(P3) Vx # z As* g(x,s*) = 0 (or equivalently F(x,s*) = F(x)).

Proof. (Proof of P1) Let gy, be the largest ¢ for which h, = 1
(equivalently X, # zq). It can be seen that

Ah=[% -« % -1 0--0]"
——

Gmaxth term

where #’s are some non-negative numbers. Since v is also a binary
vector, vT Ah > —1 and hence g(x,s) > 0. (Proof of P2) Recall from
(20) that h(x) = x & z with @ operating element-wise, and hence
when x = z, h is the zero vector and consequently g(z,s) = 1 for
all s. (Proof of P3) Assume that x # z. If g, = n then h, = 1,
Ah =[*,...,%,—1] and setting sZ =0 forall g =1,...,n—2 leads to
v = [0,...,0,1] and hence to g(x,s*) = gh(x),v(x,s*)) = g(v,h) =
1+0vTAh=0.1f gy, =n—1then h, | =1, h, =0, Ah = [%,...,%,—1,0]
and setting sZ =0forallg=1,...,n—2leads to v = [0,...,0,1,1] and
hence to g(x, s*) = 0. Finally, if g,, < n — 1, then setting szmax =1 and
s, =0 for all g # gy leads to

v=[0--0 1 0 - 01"

Gmaxth term

and hence g(x,s*)=0. [

Proof of Theorem 1. Note that F(y) = F(x,s) = F(x) + yg(x, s).
Suppose that x} is a solution of problem A. Then x); # z and

x # z implies F(x) > F(x3}). We will show that exist slack variables s*

such that (x},s%) is a solution of problem B, or equivalently F(x,s) >

F (X%, 5) for all x and s. Since X, # 2, by P3, there exists s* such that
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F(x%,s*) = F(x}). If x # z, then by P1 and by the fact x # z implies
F(x) > F(x}), we get F(x,s)> F(xy) = F(XZ,S*). If x = z, then by P2,
we get F(x,s) = F(z,5) = F(z) + y and hence, by the assumption that
y > max {0, F(x,*) - F(z2)}, we get F(x,s) > F(x}) = F(x},s*).

Suppose that x; is a solution of problem B. Then there exists s*
such that yj = (x},s*) = argminyg(g ;)22 F(y), equivalently, F(x,s) >
F(x},s*) for all x and s. We will show that x; is a solution of prob-

lem A. In other words, we will show that Bx; # zand x # z
implies F(x) > F(x}). Note that P2 and the assumption that y, >
max {0, F(x,*) — F(z")} implies F(z,s) > F(x%). Hence x}, # z follows.
If also x # z then by P3, there exists § such that F(x) = F(x,%) and
since xj, is a solution of problem B, we get F(x) > F (x;,s*) for some

s*. Now P1 for x = xg and s = s* implies that F(x) > F(xg). O

From Theorem 1, the QCBO with IC constraints can be converted
into an equivalent QUBO problem, and hence, FALQON [2] can be
adapted to solve the equivalent QUBO problem. However, as previously
demonstrated, this approach requires introducing n; x (n — 2) slack
variables, drastically increasing the number of qubits. To address this
limitation, the next section presents FALQON-IC for solving QCBO
problems by designing a tailored observable for the Lyapunov function.

Remark 1. According to Theorem 1, it is necessary to select y, >
max {0, F(x,*) — F(z")} for r € {1,2,...,n;}. While we can evaluate
F(z"), x,* is not known in advance, and hence, we cannot evaluate
F(x,*). Later in Section 4.3, we will show different approaches to
selecting a reasonable value for y, without prior knowledge of x, *.

Remark 2. An alternative approach for addressing IC constraints is to
reduce the higher-order terms in (18) into quadratic terms. However,
this method typically involves introducing additional slack variables,
which can substantially increase the problem’s complexity and render
the problem computationally intractable [32].

4. Feedback-based quantum optimization with invalid configura-
tion constraints

This section proposes various strategies for solving QCBO problems
with equality, inequality, and IC constraints. The case of equality and
inequality constraints was addressed in our previous work [17]. We
now focus on handling IC constraints. We propose three approaches:
FALQON-C utilizing the conversion introduced in Theorem 1, FALQON-
IC with the deflation approach, and FALQON-IC with the folded spec-
trum approach. These approaches are used to design a Lyapunov func-
tion that incorporates an operator specifically designed to encode the
solution to the QCBO problem as its ground state. First, in Section 4.1,
we review FALQON-C, which addresses QCBO problems with equality
and inequality constraints but does not consider IC constraints. Then,
in Section 4.2, we show how the conversion introduced in Theorem 1
can be utilized in FALOQN-C to address IC constraints. Following that,
in SubSections 4.3 and 4.4, we introduce FALQON-IC with the deflation
and folded spectrum approaches, respectively.

4.1. Feedback-based algorithm for quantum optimization with constraints

In this subsection, we review FALQON-C for addressing QCBO with
equality and inequality constraints as introduced in [17]. Subsequently,
in Section 4.2, we show how FALQON-C can address IC constraints
using the conversion introduced in Theorem 1.

In FALQON-C, the operator Q, is designed to encode the solution
of the QCBO in its ground state. The procedure to design this operator
is given in the following. First, the cost function J is converted into a
problem Hamiltonian that satisfies Hp |x) = J(x) |x). This mapping is
achieved by mapping each binary variable x, in the cost function of (1)

to a Pauli-Z operator using the transformation x, — %(I - Z,), where
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Z, is the Pauli Z operator applied to the gth qubit. This results in the
following problem Hamiltonian [33]:

n n n

1 1

Hp = 21 ZTqu,quZj - Z E(Cl,q + 21 TJ,q-,j)Zq’ (26)
q.j= g=1 Jj=

where the identity offset term (EZ,,:I }‘Tj,q’j + 2oe %cl,q +a,)1 is
discarded since it does not affect the solution of the problem.

Next, the inequality constraints G¢ are converted into equality
constraints. These, along with the other equality constraints, are then
transformed into constraint Hamiltonians H(C"), where g € {1,2,...,n,}.
This conversion involves defining a penalty function P(x) as P9 (x) =
|G@(x)|" and mapping each binary variable x, to a Pauli-Z operator
using the transformation x, %(l - Z,). Consequently, the resulting
Hamiltonians satisfy H (C") |x) = P@(x)|x). To ensure that the eigen-
values corresponding to the infeasible outcomes are positively shifted
to higher values, it is necessary to satisfy P@(x) > 0 for all x. In this
work, we select m = 2, which leads to P (x) = (G (x))?. The resulting
operator is given as follows:

n
Q. :=Hp+ Y B HY, 27)
q=1
where {f,},-,,.., are hyperparameters chosen large enough to ensure
that the ground state of the operator Q. encodes the optimal feasible
solution of the QCBO problem. From (27), it follows that the operator
Q. shares the same eigenvectors as Hp, satisfying the commutation
relation [Hp, Q.] = 0. Define the set of feasible outcomes as ¥ = {x €
{0,1}" : PD(x) =0, g € {1,2,...,n,}} and let us call F¢ = {0,1}" \ F
as the set of infeasible outcomes. Consequently, the eigenvalues of the
operator Q. are expressed as:

e; forjeF
5y =1 " s . 28
e+ X, B, POG), forjeFe
Therefore, to guarantee that the smallest eigenvalue of O, corresponds
to an eigenvector that encodes the solution to the problem (4), we need
to choose f, to satisfy the following condition:

Y B POG) 2 e ey, S EFE, (29)
q

where e ;, and efnin are the minimum eigenvalue of Hp and the smallest
eigenvalue of Hj corresponding to an eigenvector encoding a feasible

outcome, respectively. We define the energy gap e, = enu — €min >
efnin_emi“ with e, representing the largest eigenvalue of Hp. Given the

problem Hamiltonian expanded in the Pauli basis as Hp = :"=°1 ¢,0,,
where O, are Pauli strings, the upper bound on e, is given by: e, <
2lHpll €23, |¢,|- Without loss of generality, we assume that for each
j € F¢, there exists at least one g for which P@(j) > 1. This can be
ensured by multiplying the equality constraint by the least common
multiple of the denominators of the coefficients. Setting each shifting
parameter f, larger than e,, we obtain:

Y B PV 2z e, Y POz ey > el —ep, jEFE (30)
q q

which ensures that the eigenvalues corresponding to infeasible out-
comes are shifted above those encoding feasible outcomes. Note that
we can also find an approximate estimate of e, by estimating e, and
emax Using FALQON, for example, by estimating the ground state of H,
for the former and the ground state of —H, for the latter. While this
approach requires additional computations, it results in a smaller shift
than the upper bound, which is preferable for improving the algorithm’s
performance, as suggested by numerical simulations.

As seen from Eq (26), the problem Hamiltonian Hp is given as a sum
of Pauli strings, including Z; and Z; Z; terms. Hence the unitary V, can
be implemented efficiently as a quantum circuit using one of the time-
independent quantum simulation algorithms [34-38]. In this work, we
use the approach in [34], where the general form of the quantum
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Fig. 2. Quantum circuit implementation for the unitary in the general form e %4,

where 0, = 0,;, ® 0,, ® - ® O, is a Pauli string, U = U, ® U, ® -+ ® U, and

R(-n/2)., if 0, =X,
U =1 R.(z/2), if 0,, =Y,
I, if 0,; = Z.
circuit of e7"%¢4" is shown in Fig. 2. To enable efficient quantum circuit

implementation for the Mixer operator V,,(6,) and calculation of the
controller, we construct the mixer Hamiltonian H,, as a sum of Pauli
strings in the following form:

m
Hy =)'¢,0, (31
q=1

where ¢,’s are real coefficients, m; is a polynomial function of the
number of qubits, Oq is a Pauli string, i.e. Oq =0,1®0,8-Q®0,,
with each 0,4, €{1,X,Y,Z}.

Such a design of the mixer Hamiltonian enables efficient expansion
of the controller in the Pauli strings basis as follows:

my

O = =k Tr(i [Hy, O | 0,) = = Y\ a, Tr(R,0,), (32)
r=1

where R, represents a Pauli string.

Consequently, the circuit parameters for the next layer are com-
puted by estimating the expectation values of each Pauli string observ-
able R, and applying Eq. (32). Note that the number of Pauli strings m,
depends on the Hamiltonians Hp and H,,. Since both m; and m, are
polynomial functions of the number of qubits, m, is also a polynomial
function of the qubit count. The steps for implementing FALQON-C are
outlined in Algorithm 1 (see Fig. 3).

Algorithm 1 FALQON-C [17]

Input: Problem Hamiltonian Hp, Mixer Hamiltonian H,,, Time step
At, Maximum circuit depth p, Quantum circuit ¥, to prepare the
initial state

Output: The quantum circuit V' (9) for approximating the ground state

of the operator Q, along with its parameters {9,,}2’:]

: Initialize the circuit parameter for the first layer 6, = 0

: Design the operator Q. using (27)

: Repeat at every stepn=1,2,3,...,p—1

: Prepare the initial state ¢, = VO(|0)(0|®")VJ

V,,aOV,,T, where V, =

a A w N =

: Prepare the quantum state o, =
[T, (Var(8.)Vp)
6: Calculate the circuit parameter of the next layer using 6,,, =
—x Tr(i [Hy, 0] 0,)
7: Untiln=p

4.2. Modifying Lyapunov function to address the IC constraints

We now introduce our first approach to tackle the IC constraints
using FALOQN-C. In this approach, we use the conversion introduced
in Theorem 1 to convert the IC constraints into an equivalent term,
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Fig. 3. The figure illustrates the sequential process of executing FALQON-C. Initially,
the algorithm begins with an initial guess for the first layer’s parameter, 6, = 6;;, which
is used in implementing the first layer of the quantum circuit. This prepares the state
o, from an easy-to-prepare initial state ¢, on the quantum computer. The parameter for
the next layer, 6,, is then determined using Eq. (32), based on measurements obtained
from the state ¢,. In each subsequent iteration, the quantum circuit grows incrementally
by appending an additional layer consisting of V,,(6,)Vp, where 6, is determined based
on the measurements from the previous layer using Eq. (32). This iterative procedure
continues until the circuit reaches the predefined depth of p—1 layers, at which point
the execution is terminated.

which will be used in the design of the operator Q.. This term is then

converted into a Hamiltonian Hl(é) using the conversion x, — %(I -Z,.
The operator Q, is then given as:
ny n
Q. :=Hp+ Y v, HI+ pHY, (33)
g=1 g=1
where the hyperparameters {f,},_; ., and {y,},-. . are chosen

large enough to ensure that the ground state of the operator Q. encodes
the optimal feasible solution of the QCBO problem.

We now show how to select the {y,} hyperparameters. The ap-
proaches we propose here for choosing the hyperparameters {y,} also
apply to choosing the hyperparameters defined in Section 3 for Theo-
rem 1 where F(x}) = efmn. To ensure that the smallest eigenvalue of O,
corresponds to an eigenvector that encodes the solution to the problem
(4), it is enough to choose them such that y, > max {0, efmn — F(z9)}.
Since efnin is not known in advance, we propose three approaches to
selecting the hyperparameters to satisfy this inequality.

One approach is to select the hyperparameters as {y,} > e, >
max {0, e;m — F(z9)}. This choice will guarantee that the eigenvalues
corresponding to IC constraints are shifted to be larger than the largest
eigenvalue corresponding to a feasible outcome.

A more refined approach involves the following. Assume we can
specify a feasible outcome xU) € F. Note that this could not be
possible if we have inequality constraints besides the IC constraints.
For the feasible outcome xU) € F, let J(x\)) denote the cost associated
with this outcome, and let J(z(9) denote the cost associated with the
IC constraint z@. The hyperparameter y, is then assigned based on
the relationship between the cost of the specified feasible outcome,
J(x), and J(z9). If J(x) < J(z9), the state associated with the
IC constraint is not the ground state, meaning no further shifting is
required, so we set y, = 0. If J(x) > J(z(?)), the state associated with
the IC constraint must be shifted to prevent it from being incorrectly
assigned as the ground state, and we choose y, such that y, > J (x0) —
J(z9), ensuring that the eigenvalue corresponding to the IC constraint
is raised above the cost of this feasible outcome. In the case where
J(xV) = J(z9), it implies that there is a feasible outcome with the
same cost as the IC constraint. In this situation, we also set y, = 0,
as no shifting is needed. Suppose the algorithm converges to the state
corresponding to the IC constraint, indicating that it has an equal value
to the optimal solution. In that case, we can consider the specified
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feasible outcome as the solution instead. Such a choice results in lower
values for the shifts. In the worst-case scenario, where our specified
outcome corresponds to the maximum feasible eigenvalue, e,,,, and
J(z@) =l the resulting shift will be e, —ef . This is smaller than
the shift required in the previous approach, which chose y, > e,, where
e, could be significantly larger than e,,, — efn .

A third approach introduces an iterative method for adjusting the
parameters y,. Initially, y, is set to a small trial value 7, > 0. If con-
vergence to an infeasible outcome corresponding to the IC constraint is
noticed, this suggests that 7y < e;m —J(z9). In this case, the parameter
7, is doubled, and the process is repeated. This iterative procedure
guarantees that 7, > efn o= (z@) after O(logz(efrl o= (z19)) ) iterations.
Although this approach requires multiple evaluations, it enables the
selection of smaller, more efficient values for the hyperparameters,
ensuring sufficient penalization of infeasible outcomes while improving
computational efficiency.

Appropriate choices for the hyperparameters {f,} and {y,} can
sometimes be inferred directly from the problem structure. While the
approaches proposed in this work ensure that the operator Q. encodes
the solution in its ground state, they tend to be conservative and
may introduce unnecessarily large shifts. Optimizing the selection of
these hyperparameters remains an open challenge. Simulation results
indicate that excessively large hyperparameter values are unnecessary
and can degrade the algorithm’s performance. Instead, selecting smaller
hyperparameter values that are sufficiently large to ensure that the
ground state of Q, corresponds to the minimum eigenvalue improves
the results.

4.3. Modifying Lyapunov function using deflation approach

We now introduce the first approach for designing the operator
Q. for FALQON-IC. In this approach, we utilize Hotelling’s deflation
technique to handle the IC constraints by appropriately shifting their
corresponding eigenvalues (for more details on Hotelling’s deflation
technique, refer to Appendix C). The equality and inequality constraints
are handled as explained before. Consequently, we design the operator
Q. such that its ground state encodes the solution to the QCBO problem
given in (4). The resulting operator is given as follows:

0, = Hp+iyq|z(q)><z(q)‘+§ﬁqu), (34)
gq=1 gq=1

where z(”’)>(z(")) are projectors onto the states associated with the
IC constraints given in (3), and {B,},1, ., and {r,},1 ., are hy-
perparameters chosen large enough to ensure that the ground state of
the operator Q. encodes the optimal feasible solution of the QCBO
problem. In this case, we select the hyperparameters using the pre-
viously proposed approaches. From (34), it follows that the operator
Q. shares the same eigenvectors as Hp, satisfying the commutation
relation [Hp,Q.] = 0. Recall that the set of infeasible outcomes due
to the IC constraints is defined as £ = {x € {0,1}" : x = ", r €
{1,2,...,n;}}, and the set of feasible outcomes as ¥ = {x € {0,1}" :
PD(x)=0, g€ {1,2,...,n,}}. We define the set of infeasible outcomes
due to the equality constraints as ¥V = {x € {0,1}" PWD(x) #
0, for some ¢ € {1,2,...,n,}}. The overall set of infeasible states is
then 7¢ = VY u &. Consequently, the eigenvalues of the operator Q.
are expressed as:

e forjeF
§i(Q.) =qe; + Zq ﬁqP(‘i)(j) forjev (35)
e +7, for je &

Note that by designing the operator Q, using the deflation approach,
it is not possible to efficiently expand the observable i[H,,,Q,.] in
Eq. (17) in a Pauli strings basis. We, therefore, calculate the controller
using different methods. The details on evaluating the controller for
this case are given in Appendix A.3.
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Remark 3. FALQON can be regarded as a special case of FALQON-
IC when solving a QUBO problem with no constraints. In this case,
the penalty Hamiltonian becomes trivial, and the operator Q, reduces
to the problem Hamiltonian Hp, targeting the ground state of Hp.
However, two approaches are possible when the problem is QCBO:
solving it directly using FALQON-IC or converting the QCBO problem
into a QUBO format and solving it with FALQON. In the numerical
simulations section, we will demonstrate that, on a QCBO problem,
FALQON-IC can save computational resources compared to FALQON
as applied to the QUBO format of the problem.

4.4. Modifying Lyapunov function using folded spectrum approach

This subsection introduces our second alternative approach for de-
signing the operator Q. for FALQON-IC using the folded spectrum
technique. This method assumes that the outcomes corresponding to
IC constraints represent the lowest-cost outcomes. Under this assump-
tion, their costs can be evaluated, and the spectrum can be folded
above the highest cost associated with these outcomes. However, if
the IC constraints do not correspond to the lowest-cost outcomes, the
folded spectrum technique cannot be applied, as folding the spectrum
could shift the global optimal feasible solution, rendering the method
invalid. Therefore, this approach only applies to problems where IC
constraints are known beforehand to correspond to the lowest-cost out-
comes. Given the assumption that the IC constraints correspond to the
lowest-cost outcomes, the operator Q, will have its lowest eigenstates
associated with these constraints. As a result, solving for the mini-
mum energy feasible solution becomes equivalent to an excited-state
calculation task for the Hamiltonian Hp. Consequently, as employed
in this section for handling IC constraints, the FS method provides an
alternative framework to the Feedback-based Quantum Algorithm for
Excited States (FQAE) [15] for computing excited states.

Similar to the previous method, the cost function is mapped to the
problem Hamiltonian Hp, while the inequality constraints are trans-
formed into equality constraints first and then, alongside the equality
constraints, into the constraint Hamiltonians H(C”). As the objective is
to make the ground state of the operator Q. encode the solution to the
QCBO, we fold the spectrum of Hp around a hyperparameter a to get
the following operator:

il 2m
0. :=((Hp+ Y pHE) —al ), (36)

q=1

13 . efninﬂ)"l e|f“i“+e' _

where we choose a to be closest to e e a€ (T, T) and ¢
represents the smallest eigenvalue in the spectrum of Hp corresponding
to a feasible outcome, that is larger than e;m. This choice of a guaran-
tees that the operator Q. encodes the solution of the QCBO problem
as its ground state. In this work, we choose m = 1. From (36), it can
be seen that the operator Q, and the problem Hamiltonian Hp share
the same set of eigenvectors and hence they commute ([Q., Hp] = 0),
while the eigenvalues of the operator Q, are reordered as follows:

40 = (E; — a)* forje FUE 37)
PR (E + 2, 8,P9U) —a)’. forjeV

The design approach for the operator Q, using the folded spectrum
method is illustrated in Fig. 4.

Since efnin and ¢ are not known in advance, the hyperparameter «
cannot be chosen directly. To address this, an iterative adjustment of
a can be employed. The process begins by evaluating the cost J(z(?)
for all ¢ € {1,2...,n;} to identify the IC constraint with the largest
cost, denoted as e, - Next, « is set as a = @ + €y where @ > 0
is a small positive value ensuring « > e, . If the system converges
to an IC constraint, the value of a is doubled, and the process is

{ e,
repeated. Through this iterative refinement, after O(logQ(% —ep, )

f
. . . e +e, .
iterations, a suitable a > %"‘ can be determined.
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Fig. 4. Illustration of the operator Q, design using the folded spectrum method. The
operator Q, is constructed by folding the spectrum of H, around «, which is designed
to ensure that the eigenvector corresponding to the minimum feasible outcome becomes
the ground state of Q,, thereby encoding the solution to the QCBO problem.

Note that designing the operator Q. using FS as per Eq. (36) enables
efficient expansion of the controller in the Pauli strings basis as follows:

m3
Opi1 = =K Te(i [Hy, Q) 0,) = =k Y a, Te(R,0,,), (38)
r=1
where R, represents a Pauli string. However, it will include more terms
because of the square.

5. Numerical simulations

In this section, we begin by introducing essential metrics used to
evaluate the performance of the proposed algorithms. We then present
a detailed analysis of the quantum resources required to implement
their corresponding quantum circuits. Finally, we give numerical sim-
ulations for general QCBO problems to show the performance of the
proposed algorithms.

5.1. Performance metrics

To assess the performance of the proposed algorithm, we utilize two
key metrics: the approximation ratio and the success probability. The
approximation ratio r, for a given state ¢ is defined as the following
expectation value [39]:

Hp—ef
o

min max

where (-), :=Tr((-)s), I is the projector onto the manifold of feasible
states defined as ITp := ) ., |x)(x|. Here, efnin and efn . represent the
smallest and the largest eigenvalue of Hp, respectively, corresponding
to eigenvectors that encode feasible outcomes. The approximation ratio
is defined so that the feasible states corresponding to the largest and
smallest eigenvalues have values of 0 and 1, respectively. The success

probability at a given state o, denoted as S,(o), is given by

Sye)= Y Tr (¥ )x*|o), (40)
X*EX*

where X* represents the set of all bit strings corresponding to the

problem’s global optimal solution, which may be degenerate.

5.2. Quantum resource estimates

Based on the Hamiltonian simulation method described in Sec-
tion 4.1, we estimate the quantum resources, namely the number of
qubits and the number of gates required to implement a single layer,
for FALQON, FALQON-C, and FALQON-IC. Since the quantum circuit
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Table 1
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Quantum resource estimates for implementing one layer of FALQON, FALQON-C, and FALQON-IC for solving QCBO problems in the general form
of (4). The estimates assume the use of the standard Hamiltonian for the mixer H,, = Z:’: , X,;» equal superposition initial state o, = [4)(+|®",

and the Hamiltonian simulation method described in SubSection 4.1. Here, n is the number of decision variables, n

the number of slack

s
1

variables introduced for inequality constraints, and n, is the number of IC constraints. The numbers #; < n and #, < n(n — 1)/2 represent the
number of Z, and Z Z; terms in Hp respectively. The numbers ¢; = (n —2)(n +3)/2 and ¢, = (n — 2)(n + 3)/2 represent the additional Z, and
Z,Z; terms introduced by the penalty Hamiltonians for IC constraints, while the numbers #; and 7, represent the number of additional Z,
and Z,Z; terms introduced by the Hamiltonians from the inequality constraints, respectively (derivation of /;, /,, /; and I, is explained in the
main text). Since #5 and #; depend on the structure and number of inequality constraints, their closed-form expressions are not provided.

Resource type FALQON FALQON-C FALQON-IC
Number of Qubits n+ng +n(n=2) n+ng +n(n=2) n+ng
Single-Qubit R, Gates n+ng +n(n=2) n+ng +n(n=2) n+ng
Single-Qubit R, Gates Cr 4ty + by +ly+Cs+Ls < 0 n (i +n—6)+05+0 b+l < b+l <
CNOT Gates 20, +20, 4205 <n* —n+n(n*+n—-06)+2¢ 2¢, < n(n—1) 2¢, < n(n—1)
Hadamard Gates n+ng +n(n=2) n+ng +n(n=2) n+ng

construction for FALQON-IC is identical for both the deflation and FS
approaches, our analysis applies to both.

Estimation of the number of qubits: Consider a QCBO problem in
the general form (4), where n denotes the number of decision variables,
n; represents the number of IC constraints, and n, is the total number
of equality and inequality constraints. We first calculate the number
of qubits to encode the problem. As described in Section 4, we start
by converting the inequality constraints into equality constraints for
all the proposed algorithms. This can be achieved by adding n,, slack
variables, where the exact number n,, depends on the structure of the
inequality constraints and the chosen conversion method (see [19,31]
for further details).! In addition, for FALQON and FALQON-C, we need
to add ny, = n(n—2) slack variables to handle the IC constraints. As
a result, the total qubit count for FALQON and FALQON-C becomes
n, = n+ng +n(n—2). In contrast, FALQON-IC requires only n, = n+n; .
qubits, since it incorporates IC constraints directly into the control
framework without slack variables.

Estimation of the number of gates: We now calculate the number
of gates required to implement the operators V), (6) and Vp. Assum-
ing the mixer Hamiltonian is chosen as the standard mixer H,, =
ZZ’: , X, implementing the operator V), (d) requires n, single-qubit Ry
rotation gates. Therefore, compared to FALQON-IC, both FALQON and
FALQON-C incur an additional number n;(n — 2) of Ry rotation gates
due to the extra qubits introduced for handling IC constraints. For the
operator Vp, the gate count depends on the structure of the problem and
the constraints Hamiltonians. In all three algorithms, the base problem
Hamiltonian Hp is composed of ¢, single-qubit Z, terms and ¢, two-
qubit Z,Z; terms. Each Z, term is implemented using a single-qubit
Ry rotation gate, while each Z,Z; term requires two controlled-NOT
(CNOT) gates and one R, rotation gate. Thus, all three algorithms
require ¢, +¢, single-qubit R, rotation gates and 2¢, CNOT gates from
the Hp Hamiltonian. We now calculate #; and #,. By noting that T is
symmetric, Eq. (26) can be rewritten as

n n
1 1
Hp= X T04i%%= 2 5(coa+ 2 T00i) 2o (41)
1<q<j<n q=1 Jj=1
Hence, we have a number of #; < n one-qubit Z, terms which is the
: n 1 n
number of nonzero terms in the sum ¥, >(c; 4 + X7, Ty ;). These
terms result in single-qubit R, rotation gates. In addition, we have a
number of 7, < (;) = n(n — 1)/2 two-qubit Z,Z; terms which is the
. 1 . .
number of nonzero terms in the sum },_ . 77, This results in
¢, < @ single-qubit R, rotation gates and 2¢, < n(n — 1) CNOT
gates. In the case of FALQON, the constrained optimization problem

! For example, consider an inequality constraint of the form clx < ag,
where c;, € Z. This constraint can be converted into an equality by intro-

ducing n, = |log, (max, (ag —c¢Zx)) + 1| binary slack variables. The resulting

- -1
equality constraint is given by a; —c¢fx — 2/,;0 2/s; =0 [31].

is first transformed into the equivalent QUBO form. This results in the
Hamiltonian

ny ny

Hp=H,+ quHl(cq) + Zﬂqu])’
q=1 gq=1

which introduces additional Z, and Z, Z; terms derived from the

penalty Hamiltonians for IC and inequality constraints. In the follow-

ing, we estimate the additional gate cost due to a single IC constraint.

The penalizing function g(-) can be expanded as follows:

glx,s) =1+ vl Ah

=1+iuq-<—hq+ z hk>,
gq=1

k=q+1

n—=2 n
=1 +2sq-<—hq+ > hk> — hy_y = hy + hyh, . (42)
gq=1

k=g+1

Using the mapping x, %(I - Z,), the term x,x; is mapped to the
Hamiltonian i([ -Z,-Z;+272,Z;). In addition, the function hy(x) =
x, @ z, can be equivalently expressed as h,(x) = z,(1 — x,) + (1 = z,)x,.
Using this representation, the term h h; can be expanded as h,h; =
242 + (24 = 2242))%; +(2; = 22,2;)x, + (1 = 22, = 22; + 42,2;)x,X; which
is mapped to the Hamiltonain i([ -Q2z,-DZ, - Q2z; - DZ; + (1 -
2z, —2z; + 4z,2;,)Z,Z;). Notably, the Z, and Z,Z; terms that result
from mapping the terms —h,_; — h, + h,h,_; into a Hamiltonian will
be included in the ¢, and ¢, terms and will not add additional gates.
Hence, there will only be additional terms coming from mapping the
term ZZ;% g (—hq + Dhegtl hk> into a Hamiltonian. This will give a
number Z’;j(n —q+1) = 30D 4f terms of the form +s,h; which is
equal to *(z;5,+(1=22;)5,%;). This term is mapped to the Hamiltonian
(I = Z,,,—(1-22))Z; +(1-22))Z; Z,,,). This Hamiltonian will add
£y = 880D pew single-qubit Z 4+ terms while the terms Z; will be
added to #; and hence will not add new terms. Therefore, these terms
will add a number #; = #4372 of gingle R, gates. Moreover, we will
have a number #, = #30=2) of 7 ' Z 44 terms which will add W
single-qubit R, gates and (n + 3)(n — 2) CNOT gates. For a number
of IC constraints, we will have #; = =2 and Cy = o) 1y
contrast to FALQON, FALQON-C and FALQON-IC directly incorporate
constraints into the control framework without modifying the generator
Hamiltonian, thus avoiding these additional gate costs that come from
mapping the penalizing function g(-). Note that inequality constraints,
once converted to equality constraints and mapped into constraint
Hamiltonians, may introduce additional z, and Z,Z; terms, denoted
by ¢5 and Z,, respectively. The exact values of these terms depend on
the specific structure and number of the inequality constraints and are
therefore not explicitly quantified here.

Finally, assuming the initial state is the equal superposition state
6o = |+)+|®", FALQON and FALQON-C require n;(n — 2) addi-
tional Hadamard gates to prepare the initial state. Table 1 provides
a summary of these resource estimates. As shown, FALQON-IC can
significantly reduce the qubit count and the number of quantum gates

q+n
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Fig. 5. Quantum circuit for the first layer of FALQON-IC implementation.

compared to FALQON and FALQON-C. This reduction highlights its
advantage in terms of scalability and implementation on quantum
hardware.

5.3. Illustrative example

Consider the following instance of the SVP formulated as a QCBO
problem as given in [40]:

min _S(x) = x; + 2x, + 5x3 + 2x,X3
xe{0,1}3 ; )

st. x#2z (43)

where z = [0, 0, 0]. By transforming S(x) into a problem Hamiltonian we
get Hp =4.51-0.5Z,-1.5Z,-32Z;+0.5Z,7; = diag(0,5,2,9,1,6,3, 10),
or equivalently,

00 0000 0 0
050000 0 0
0020000 0

g |0 009 000 o0

=0 00 0O 1 0 0 0
00 00 0 6 0 0
000000 3 0
0 0 0 0 0 0 0 10]

It can be seen that the eigenvalue 0, corresponding to the eigenvector
that encodes the infeasible outcome [0, 0, 0], is the lowest eigenvalue of
H p. Hence, the ground state of Hp is an infeasible state, corresponding
to the IC constraint x # 0. Notably, this corresponds to the zero vector,
representing the trivial solution to the SVP (see [18] for details). In the
following, we solve this problem using FALQON-IC. For comparison, we
also apply FALQON and FALQON-C, utilizing the conversion method
introduced in Theorem 1.

To apply FALQON-IC, we need to design the operator Q.. We first
design it using the deflation approach as defined in (34), resulting in
Q. = Hp + 3]000)(000] = diag(3,5,2,9,1,6,3,10), where we choose
y = 3. It can be seen that this operator has the state [100) as its ground
state, which encodes the solution to Problem (43) since it corresponds
to the lowest eigenvalue 1. In addition, we design the operator using
the FS approach as defined in (36). In this case, we obtain O, =
(Hp — 130)?% = 321 —05Z, — 1.5Z, — 3Z; + 0.5Z,7;)* = 21.991 —
327, —12.6Z, — 20725+ 152,25 +3Z, Z3 + 1222, 7, — 052, Z, Z =
diag(1.69, 13.69, 0.49, 59.29, 0.09, 22.09, 2.89, 75.69), where we choose a =
1.3. Similarly, in this case, the operator Q, encodes the state |100) as
its ground state. We simulate FALQON-IC for both approaches using
the statevector simulator. We design the mixer Hamiltonian as H,, =
Z;l X,, and we choose the equal superposition as the initial state
o = |+)(+|®. We set the controller gain x = 1 and the initial value for
the controller 6, = 0. We set 4r = 0.1 for the deflation approach and
At = 0.03 for the FS approach. The quantum circuit for implementing
the first layer of FALQON-IC is shown in Fig. 5, while the simulation
results are shown in Fig. 6.
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Fig. 6. Comparison between the simulation results for running FALQON-IC with
deflation approach and folded spectrum approach to solve the QCBO problem (43).
The layer index k is plotted versus the controller 6,, the Lyapunov function V,, the
approximation ratio r,, the success probability .SP and the histogram of the final state.

As can be followed from Fig. 5, the quantum circuits for implement-
ing FALQON-IC using both the deflation and FS approaches are iden-
tical, requiring no additional qubits. As shown in Fig. 6, the deflation
approach achieves faster convergence than the FS approach.

We now solve the problem using FALQON and FALQON-C. We
start by converting the IC constraint into a penalizing term using (22).
We use this term to design the observable Q. as defined in (33) for
FALQON-C. Additionally, to solve the problem using FALQON, we use
this term to convert Problem (43) into an equivalent QUBO problem as
per Theorem 1.

As shown in Section 4.4, we need to add one slack variable s; to
convert the IC constraint. From Eq. (20), we have A(x) = [x|,x;,x3]
and v(x, s) = [s;, 1 — x3,1]. Using Eq. (22), we get g(x,s) =1+ s;(—x; +
Xy 4x3)+(1=x3)(—xy4+x3)—X3 = 1 =5, X +5; X485 x3—X, —X3+x,X3 Where
we used x? = x, for binary decision variables. Let y = [y, y;, y3, 4] :=
[x1,%5,x3,5;] and S(¥) := y; + 2y, + 5y3 + 2y, 3. To apply FALQON-
C, we construct the operator Q, by first mapping the cost function
S(y) into a problem Hamiltonian to get Hp = 451 - 0.5Z, — 1.5Z, —
375 +052Z,7; = diag(0,0,5,5,2,2,9,9,1,1,6,6,3,3,10, 10). Note that §
and Hp are straightforward extensions of S and H, respectively, to
a larger space obtained by adding the slack variables. We then map
g(») = 1=y, = y3 4+ ¥2¥3 = ¥1¥4 + ¥2¥4 + y3¥4 into a Hamiltonian, to get
the Hamiltonian Hyc = 0.51 +0.25Z, —0.25Z, —0.25Z,Z, +0.25Z, Z; +
0.252,7, + 0.25Z,Z, = diag(1,1,0,1,0,1,0,2,1,0,0,0,0,0,0, 1). Subse-
quently, we design the operator Q. using Eq. (33) as Q. = H,+3Hc =
diag(3,3,5,8,2,5,9,15,4,1,6,6,3,3,10,13). It is seen that the ground
state of the operator O, which is the state [1001) encodes the optimal
feasible solution to the problem [1,0,0] in the first three qubits since
the solution is the projection of y = (x, s) on the first three qubits. The
first three qubits encode the solution, while the last qubit represents
the slack variable, which does not contribute to the cost function.

The first layer of the quantum circuit of FALQON-C is shown in Fig.
7.

Finally, to apply FALQON, we use Theorem 1 to convert the problem
into the following equivalent QUBO problem:

min  L(y) := S() +rg()
ye{0,1}*

=y +2y + 53+ 2y,y3
+3(1 =y = y3+02¥3 = Y1Ya + V2Va + ¥3V4)- (44)

Consequently, we map L(y) into the Hamiltonian H p=61+025Z, —
1.5Z, =325 —0.752, — 0752, Z; + 1252, Z3 + 0.75Z, Z4 + 0752, Z, =
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Fig. 7. Quantum circuit for the first layer of FALQON-C implementation.
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Fig. 8. Quantum circuit for the first layer of FALQON implementation.
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Fig. 9. Comparison between the simulation results for running FALQON-C and

FALQON to solve the QCBO problem (43). The layer index k is plotted versus the
controller §,, the Lyapunov function V,, the approximation ratio r,, and the success
probability SP and the histogram of the final state.

diag(3,3,5,8,2,5,9,15,4,1,6,6,3,3, 10, 13). We apply FALQON to find
the ground state of this Hamiltonian, which encodes the solution to
the problem. The first layer of the quantum circuit for FALQON is
shown in Fig. 8. We simulate FALQON and FALQON-C where we set
the controller gain x = 1, the initial value for the controller §, = 0, and
At = 0.08. Simulation results for FALQON and FALQON-C are given in
Fig. 9.

Comparing the quantum circuits of FALQON and FALQON-C in Figs.
7-8, it is seen that 4 qubits are needed for implementing FALQON
and FALQON-C. It is also seen that the quantum circuit of the oper-
ator Vp is deeper for FALQON compared to FALQON-C. Fig. 9 shows
that FALQON-C when applied to the problem (43), achieves a higher
approximation ratio and success probability than FALQON. It is also
noted from the histogram that for FALQON-C, the state converges to
a superposition between the states [1000) and |1001). These two states
encode the solution to the problem in their first three qubits since the
last qubit represents the slack variable.

In Fig. 10, we present a comparative analysis of all approaches
in terms of approximation ratio and success probability. The results
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Fig. 10. Comparison between the simulation results for running FALQON, FALQON-C
and FALQON-IC to solve the QCBO problem (43). The layer index k is plotted versus
the approximation ratio r, and the success probability SP.

indicate that when applied to the QCBO problem (43), FALQON-IC
outperforms the other methods, achieving superior performance. In
addition, as can be followed from Figs. 5, 7 and 8, it is seen that
FALQON-IC needs less number of qubits, three in this case, compared
to FALQON and FALQON-C which require four qubits. In addition,
FALQON-IC has the shallowest quantum circuit, while FALQON has the
deepest quantum circuit.

5.4. Scalability and performance on random QCBO instances

To assess the scalability of FALQON-IC, we evaluate its performance
on randomly generated instances of the QCBO problem (4), which
captures a broad class of combinatorial optimization problems widely
studied in the quantum optimization literature [18,31]. We generate
50 random instances for different problem sizes n € {10,12,...,20}.
To generate each instance, the entries of the cost matrix T, the linear
term vector ¢; and the scalar term a; are independently sampled from a
uniform distribution over the interval [-5,5], i.e., T; = ~ U(=5,5),¢; ~
V'(-5,5) and a; ~ U'(-5,5). We also, without loss ofg éenerality, enfoi‘ce
symmetry in T, by replacing T Tos with T, + TJM)/Z for all ¢ and
j [31]. Additionally, we generate one IC constraint for each instance
by uniformly sampling a binary vector z € {0, 1}", which defines the
prohibited configuration x # z. We use the deflation approach in
FALQON-IC for these simulations, as the FS approach only applies when
it is known in advance that the IC constraint corresponds to the lowest-
energy outcomes. For all simulations, we fix the controller gain at x = 1
and the deflation hyperparameter at y = 8. The time step 4t is tuned
to the largest value that ensures the condition L(c,,;) — L(s,) < 0 is
satisfied across all randomly generated instances. Each simulation is
run for a circuit depth of 2000 layers, and the results are presented in
Fig. 11.

Fig. 11 presents the evolution of the controller §,, the approxi-
mation ratio r,, and the success probability SP as functions of the
layer index k, for problem sizes n € {10,12,...,20}. The solid curves
denote the mean trajectories over 50 random QCBO instances, while
the shaded areas represent their corresponding standard deviation. The
results demonstrate monotonic convergence in both r, and SP as the
layer index increases.

To assess the scalability of FALQON-IC, we further evaluate the
average number of layers required to reach target performance thresh-
olds. In Fig. 12, we plot the mean number of circuit layers needed to
achieve an approximation ratio of r, = 0.98 and a success probability of
S P = 0.25, for each problem size. The results suggest that the proposed
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Fig. 12. The mean circuit layers required to achieve an approximation ratio of r, = 0.98
and a success probability of SP = 0.25 is plotted versus the problem size n. Results are
averaged over the 50 randomly generated QCBO instances for each problem size.

FALQON-IC algorithm exhibits favorable runtime scalability, with the
required circuit depth scaling approximately linearly for general QCBO
problems of the form (4).

Fig. 13 displays the time step A¢ used for each problem size, re-
vealing a decreasing trend that also scales roughly linearly with .
Although larger Ar values can accelerate convergence, they must be
chosen carefully to preserve Lyapunov stability. Larger values of At
can be utilized by incorporating higher-order terms into the feedback
law design in (16). This approach can accelerate convergence and en-
hance performance, as discussed in [12]. The work [12] demonstrates
that including higher-order terms in the control law allows for larger
time steps without compromising convergence guarantees, providing a
promising avenue for future developments.

12

x107

Fig. 13. The time step 4Ar for each of the problem sizes is plotted versus the problem
size n.

Together, these results confirm that FALQON-IC offers robust and
scalable performance for solving general QCBO problems with IC con-
straints, maintaining efficient convergence and reasonable quantum
resource requirements even as the problem size increases.

To evaluate the scalability and performance of FALQON-IC relative
to FALQON, we simulate 50 randomly generated QCBO instances, each
with a single IC constraint, for each problem size n € {7,8,9,10}.
In order to apply FALQON, Theorem 1 is used to transform each
QCBO instance into an equivalent QUBO problem. This transformation
requires the addition of n—2 slack variables, increasing the total number
of qubits, whereas FALQON-IC encodes the IC constraint directly and
avoids introducing any slack variables. For both algorithms, we fix
the controller gain at x = 1 and the hyperparameter at y = 8. The
time step At is tuned individually for each problem size to ensure
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Fig. 14. The mean of the success probabilities versus the problem size n. The error
bars represent the standard error of the mean of these success probabilities. Results are
averaged over the 50 randomly generated QCBO instances for each problem size.

convergence across all the instances. Specifically, for FALQON-IC, we
use time steps 4+ = [0.008, 0.0048, 0.0048, 0.004] corresponding to
problem sizes n = [7, 8, 9, 10], respectively, while FALQON uses At =
[0.0058, 0.0035, 0.003, 0.0025] for the same sizes. Each algorithm is sim-
ulated for 1000 layers. Fig. 14 presents the mean success probabilities
as a function of problem size n, with error bars indicating the standard
error of the mean over the 50 problem instances. The results show
that FALQON-IC outperforms FALQON, particularly as the problem size
increases. This difference is primarily due to the overhead introduced
by slack variables in FALQON, which increases the number of qubits
and slows down convergence. This effect is further reflected in the
smaller time steps 4t required for FALQON to maintain convergence.
Moreover, the advantage of FALQON-IC becomes more evident with
an increasing number of IC constraints, as each additional constraint
introduces n — 2 slack variables in FALQON, further increasing the size
of the equivalent problem. These results show that FALQON-IC can
significantly enhance the performance as well as the required quantum
resources compared to FALQON for QCBO with IC constraints.

6. Conclusion and future work

In this paper, we extended the capabilities of feedback-based quan-
tum algorithms to tackle a broader class of optimization problems,
specifically, quadratic constrained binary optimization problems with
IC constraints. We introduced Theorem 1 to convert the QCBO problem
with IC constraints into an equivalent QUBO problem. This conversion
enables using FALQON to solve the problem. It is also significant
for quantum algorithms that require the problem to be in a QUBO
formulation, such as quantum annealing and QAOA. Beyond this trans-
formation, we introduced FALQON-IC, an algorithm to directly tackle
IC constraints by designing the observable within the Lyapunov func-
tion. This method constructs a new operator that encodes the optimal
feasible solution as its ground state, leveraging deflation techniques
and the folded spectrum method to directly address IC constraints.
A key advantage of this approach is its ability to eliminate the need
for slack variables, reducing the number of required qubits and the
depth of the quantum circuit, making it significantly more practical
for near-term quantum hardware. However, this comes at the cost
of increased computational complexity in determining the circuit pa-
rameters. Specifically, the deflation approach requires evaluating the
gradient of the Lyapunov function, while the FS approach necessitates
estimating additional terms, adding to the computational overhead.

Despite their potential, FQAs face several limitations. They rely on
stringent convergence conditions that are often challenging to meet
in practice and can become trapped in suboptimal solutions of the
cost function. Additionally, FQAs produce deeper quantum circuits
than VQAs with similar performance, which is a significant bottleneck,
especially on NISQ devices. Several future directions exist to improve
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the performance of FQAs. As seen in Section 2, convergence is guar-
anteed for almost all initial conditions, and it is essential to employ
a warm starting technique for FQAs. Another important direction is
to investigate the efficient design of mixer Hamiltonians as explored
in [10]. Additionally, exploring alternative Hamiltonian simulation
methods such as the linear combination of unitaries [41], Taylor series
expansion [35], and quantum signal processing [42] could help reduce
circuit depth and improve computational efficiency. Lastly, relaxing
the stringent conditions imposed on the Hamiltonians (such as those
in Appendix A of [3]) could enhance the performance and expand
the class of problems that can be effectively solved while maintaining
convergence guarantees.

Although this work focuses on feedback-based quantum algorithms,
the proposed approaches can be directly adapted to VQAs to en-
hance their capability in solving constrained optimization problems. In
particular, the deflation and the folded spectrum approaches for the
design of the observables can be integrated into algorithms like QAOA
and variational quantum eigensolver to address IC constraints more
effectively. By leveraging these strategies, VQAs can encode feasible
solutions directly into their cost functions. This adaptability highlights
the broader impact of our work, offering new directions for constraint
handling in both feedback-based and variational quantum algorithms.

Overall, our proposed FALQON-IC framework broadens the scope
of feedback-based quantum algorithms, enabling them to tackle more
complex constrained optimization problems. This work demonstrates
the potential of control theory to drive the development of efficient
quantum algorithms, broadening the applicability of FQAs to a broader
range of constrained optimization challenges and laying a foundation
for future advancements in quantum optimization and control.
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Appendix A. Controller design and At parameter selection

A.1. Handling multiple controllers

The analysis in Section 2 can be extended for the case of multiple
controllers (circuit parameters per layer) as follows (for further details,
see Subsection 2-C of [2]).

In this case, the mixer becomes V,,(6,) = , where
rn is the total number of controllers. Consequently, the controller is

modified to 6 = —x, A <Tr(i [HXI), Q] an)>.

il 0" HO ar
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A.2. Selection of the At parameter

By following similar analysis to Section 4-A of [2], the following
modified bound for 4r is obtained:

|cLt . 1),

2(2NHpll - NHp 1 + [(UH . 0D,

|At] < (A1)

) LR+ 1y [0,])

Selecting Ar within this bound ensures that the Lyapunov function is
non-increasing, satisfying the condition L(s,,;) — L(s,) < 0.

A.3. Controller calculation for FALQON-IC with deflation approach

Since the controller cannot be efficiently expanded in the Pauli
basis, we avoid performing such an expansion. Instead, we apply the
techniques proposed in [15] for evaluating the controller. As discussed
in Section 3 of [15], two different approaches can be used to estimate
the controller. In the first approach, the controller is expressed as:

0ue1 = = (Wl iLH A Hpl |w,)

+2-Re{ijz:;aj (| Hyp ’Z(j)> <ZU)|"’”>} )
(A.2)

or in density formalism,

p— ( Tr(o,i[Hyy. Hp))
+2-Re{i':Z;ajTr(cr,,HM )z(j)xz(j)‘)} ), (A.3)

where ¢, = |y, )(w,|. In this case, each term is estimated and used to
compute the controller.

In the second approach, the controller is derived as the gradient of
the Lyapunov function:
_k 9

At 00,
where the gradient of the Lyapunov function can be approximated
using finite-difference methods [43]:

F) L,(6,+h)—L,(6,—h)
2 1,06,)~ .
00, 2h
where £ is a small number. Alternatively, it can be calculated analyti-
cally using the parameter-shift rule [44].

L,(,), (A4

n+l =

(A.5)

Appendix B. Control function design for the feedback law

From Section 2.2, it is seen that the function A(-) should be designed
such that the Lyapunov function is non-increasing (VL - ¢ < 0). In
Section 2.2, the function is designed as the identity function. How-
ever, several alternative designs have been proposed in the literature.
One such option is the bang-bang controller, which corresponds to
optimal-time control and is defined as follows [45]:
Abang-bang(0) = sign (Tr(z‘ [Hy. 0| a)>, (B.1)
It is seen that for the implementation of the bang—bang controller, it suf-
fices to estimate the sign of the expectation. This feature is particularly
advantageous when deploying these algorithms on real quantum hard-
ware, where finite sampling introduces noise. As demonstrated in [6],
this property is exploited to mitigate the sampling noise and enhance
robustness, as determining the magnitude of the expectation value
demands higher precision than estimating its sign. Another proposal
is the finite-time controller [46], which is given as follows:

ay
Tr ( i [HM,Q] ol ,

Afinite(0) = sign (Tr (i [HM, Q] 0')> (B.2)
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where a; € (0, 1). In addition, the fixed-time controller is given as [47]:

a

Tr(i[HM,Q]G

Afixed (@) = —Klsign(Tr(i [H . 0] °)>

_ ysign (Tr(i [Hy. 0] o‘))

where a, = 1/a,. For more details on the comparison between these
design options, see [17].

a
)

Tr (i[Hp.Olo (8.3)

Appendix C. Hotelling’s deflation approach

Various deflation techniques, including Hotelling’s deflation, pro-
jection deflation, Schur complement deflation, and orthogonalized de-
flation, can be employed to handle IC constraints [24]. In this work,
we choose Hotelling’s deflation technique since it results in a simpler
quantum algorithm implementation.

Proposition. Lets; > s, > -+ 2 s, be the eigenvalues of a Hermitian op-
erator S, with corresponding normalized eigenvectors { |s1) ) |52) ey |S p> 1
Define the modified operator § = S + Yger Wq |sq><sq‘, where T C
{1,2,...,p} is a subset of indices corresponding to the eigenvalues that are
intended to be shifted, and {w,},e;r > O are respective shifts. Then, S
retains the same eigenvectors as .S, with eigenvalues modified as follows:

5.(5) = 54+ Wy, ifqeT,

(c.1)
Sq» ifqgeT.

Data availability

No data was used for the research described in the article.

References
[1] M. Cerezo, A. Arrasmith, R. Babbush, S.C. Benjamin, S. Endo, K. Fujii, J.R.
McClean, K. Mitarai, X. Yuan, L. Cincio, et al., Variational quantum algorithms,
Nat. Rev. Phys. 3 (9) (2021) 625-644.
A.B. Magann, K.M. Rudinger, M.D. Grace, M. Sarovar, Lyapunov-control-inspired
strategies for quantum combinatorial optimization, Phys. Rev. A 106 (6) (2022)
062414.
A.B. Magann, K.M. Rudinger, M.D. Grace, M. Sarovar, Feedback-based quantum
optimization, Phys. Rev. Lett. 129 (25) (2022) 250502.
S.A. Rahman, O. Karabacak, R. Wisniewski, Weighted feedback-based quantum
algorithm for excited states calculation, in: 2024 IEEE International Conference
on Quantum Computing and Engineering, QCE, vol. 01, 2024, pp. 169-175.
J.B. Larsen, M.D. Grace, A.D. Baczewski, A.B. Magann, Feedback-based quantum
algorithms for ground state preparation, Phys. Rev. Res. 6 (3) (2024) 033336.
S. Abdul Rahman, H.G. Clausen, O. Karabacak, R. Wisniewski, Adaptive
sampling noise mitigation technique for feedback-based quantum algorithms,
in: International Conference on Computational Science, Springer, 2024, pp.
321-329.
A.B. Magann, S.E. Economou, C. Arenz, Randomized adaptive quantum state
preparation, Phys. Rev. Res. 5 (3) (2023) 033227.
S.E. Smart, D.A. Mazziotti, Quantum solver of contracted eigenvalue equations
for scalable molecular simulations on quantum computing devices, Phys. Rev.
Lett. 126 (7) (2021) 070504.
H.L. Tang, Y. Chen, P. Biswas, A.B. Magann, C. Arenz, S.E. Economou, Non-
variational ADAPT algorithm for quantum simulations, 2024, arXiv preprint
arXiv:2411.09736.
R.K. Malla, H. Sukeno, H. Yu, T.-C. Wei, A. Weichselbaum, R.M. Konik, Feedback-
based quantum algorithm inspired by counterdiabatic driving, Phys. Rev. Res. 6
(4) (2024) 043068.
L.T. Brady, S. Hadfield, FOCQS: Feedback optimally controlled quantum states,
2024, arXiv:2409.15426, URL https://arxiv.org/abs/2409.15426.
D. Arai, K.N. Okada, Y. Nakano, K. Mitarai, K. Fujii, Scalable circuit depth re-
duction in feedback-based quantum optimization with a quadratic approximation,
Phys. Rev. Res. 7 (1) (2025) 013035.
P. Chandarana, K. Paul, K.R. Swain, X. Chen, A. del Campo, Lyapunov controlled
counterdiabatic quantum optimization, 2024, arXiv preprint arXiv:2409.12525.
H.L. Tang, Y. Chen, P. Biswas, A.B. Magann, C. Arenz, S.E. Economou, Non-
variational ADAPT algorithm for quantum simulations, 2024, arXiv:2411.09736,
URL https://arxiv.org/abs/2411.09736.

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[91

[10]

[11]

[12]

[13]

[14]


http://refhub.elsevier.com/S0167-739X(25)00274-2/sb1
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb1
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb1
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb1
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb1
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb2
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb2
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb2
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb2
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb2
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb3
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb3
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb3
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb4
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb4
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb4
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb4
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb4
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb5
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb5
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb5
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb6
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb6
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb6
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb6
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb6
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb6
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb6
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb7
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb7
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb7
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb8
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb8
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb8
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb8
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb8
http://arxiv.org/abs/2411.09736
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb10
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb10
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb10
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb10
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb10
http://arxiv.org/abs/2409.15426
https://arxiv.org/abs/2409.15426
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb12
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb12
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb12
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb12
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb12
http://arxiv.org/abs/2409.12525
http://arxiv.org/abs/2411.09736
https://arxiv.org/abs/2411.09736

S. Abdul Rahman et al.

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

S.A. Rahman, O. Karabacak, R. Wisniewski, Feedback-based quantum algorithm
for excited states calculation, 2024, arXiv preprint arXiv:2404.04620.

K. Blekos, D. Brand, A. Ceschini, C.-H. Chou, R.-H. Li, K. Pandya, A. Summer, A
review on quantum approximate optimization algorithm and its variants, Phys.
Rep. 1068 (2024) 1-66.

S. Abdul Rahman, O. Karabacak, R. Wisniewski, Feedback-based quantum
algorithm for constrained optimization problems, in: International Conference
on Parallel Processing and Applied Mathematics, Springer, 2024, pp. 277-289.

M.R. Albrecht, M. Prokop, Y. Shen, P. Wallden, Variational quantum solutions
to the shortest vector problem, Quantum 7 (2023) 933.

J. Montanez-Barrera, D. Willsch, A. Maldonado-Romo, K. Michielsen, Unbalanced
penalization: A new approach to encode inequality constraints of combinatorial
problems for quantum optimization algorithms, Quantum Sci. Technol. 9 (2)
(2024) 025022.

M. Schnaus, L. Palackal, B. Poggel, X. Runge, H. Ehm, J.M. Lorenz, C.B. Mendl,
Efficient encodings of the travelling salesperson problem for variational quantum
algorithms, 2024, arXiv preprint arXiv:2404.05448.

M. Hess, L. Palackal, A. Awasthi, K. Wintersperger, Effective embedding of
integer linear inequalities for variational quantum algorithms, 2024, arXiv
preprint arXiv:2403.18395.

T. Vyskocil, H. Djidjev, Embedding equality constraints of optimization problems
into a quantum annealer, Algorithms 12 (4) (2019) 77.

P. Hauke, H.G. Katzgraber, W. Lechner, H. Nishimori, W.D. Oliver, Perspectives
of quantum annealing: Methods and implementations, Rep. Progr. Phys. 83 (5)
(2020) 054401.

L. Mackey, Deflation methods for sparse PCA, Adv. Neural Inf. Process. Syst. 21
(2008).

L. Cadi Tazi, A.J. Thom, Folded spectrum VQE: A quantum computing method
for the calculation of molecular excited states, J. Chem. Theory Comput. 20 (6)
(2024) 2491-2504.

O. Higgott, D. Wang, S. Brierley, Variational quantum computation of excited
states, Quantum 3 (2019) 156.

K. Mizuno, S. Watabe, Quantum algorithm for shortest vector problems with
folded spectrum method, 2024, arXiv preprint arXiv:2408.16062.

F. Hu, S.A. Khan, N.T. Bronn, G. Angelatos, G.E. Rowlands, G.J. Ribeill, H.E.
Tiireci, Overcoming the coherence time barrier in quantum machine learning on
temporal data, Nat. Commun. 15 (1) (2024) 7491.

A.B. Magann, C. Arenz, M.D. Grace, T.-S. Ho, R.L. Kosut, J.R. McClean, H.A.
Rabitz, M. Sarovar, From pulses to circuits and back again: A quantum optimal
control perspective on variational quantum algorithms, PRX Quantum 2 (1)
(2021) 010101.

15

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

Future Generation Computer Systems 174 (2026) 107979

H.G. Clausen, S.A. Rahman, O. Karabacak, R. Wisniewski, Measurement-based
control for minimizing energy functions in quantum systems, IFAC-Pap. 56 (2)
(2023) 5171-5178.

F. Glover, G. Kochenberger, R. Hennig, Y. Du, Quantum bridge analytics I: a
tutorial on formulating and using QUBO models, Ann. Oper. Res. 314 (1) (2022)
141-183.

N. Dattani, Quadratization in discrete optimization and quantum mechanics,
2019, arXiv preprint arXiv:1901.04405.

S. Hadfield, On the representation of boolean and real functions as Hamiltonians
for quantum computing, ACM Trans. Quantum Comput. 2 (4) (2021) 1-21.

F. Tacchino, A. Chiesa, S. Carretta, D. Gerace, Quantum computers as universal
quantum simulators: state-of-the-art and perspectives, Adv. Quantum Technol. 3
(3) (2020) 1900052.

D.W. Berry, A.M. Childs, R. Cleve, R. Kothari, R.D. Somma, Simulating Hamil-
tonian dynamics with a truncated Taylor series, Phys. Rev. Lett. 114 (9) (2015)
090502.

C. Cirstoiu, Z. Holmes, J. Iosue, L. Cincio, P.J. Coles, A. Sornborger, Varia-
tional fast forwarding for quantum simulation beyond the coherence time, NPJ
Quantum Inf. 6 (1) (2020) 82.

J. Gibbs, Z. Holmes, M.C. Caro, N. Ezzell, H.-Y. Huang, L. Cincio, A.T. Sorn-
borger, P.J. Coles, Dynamical simulation via quantum machine learning with
provable generalization, Phys. Rev. Res. 6 (1) (2024) 013241.

A.B. Magann, M.D. Grace, H.A. Rabitz, M. Sarovar, Digital quantum simulation
of molecular dynamics and control, Phys. Rev. Res. 3 (2) (2021) 023165.

D. Herman, R. Shaydulin, Y. Sun, S. Chakrabarti, S. Hu, P. Minssen, A. Rattew,
R. Yalovetzky, M. Pistoia, Constrained optimization via quantum zeno dynamics,
Commun. Phys. 6 (1) (2023) 219.

L. Lv, B. Yan, H. Wang, Z. Ma, Y. Fei, X. Meng, Q. Duan, Using variational
quantum algorithm to solve the LWE problem, Entropy 24 (10) (2022) 1428.
S. Chakraborty, Implementing any linear combination of unitaries on
intermediate-term quantum computers, Quantum 8 (2024) 1496.

G.H. Low, LL. Chuang, Optimal Hamiltonian simulation by quantum signal
processing, Phys. Rev. Lett. 118 (1) (2017) 010501.

A.G. Baydin, B.A. Pearlmutter, A.A. Radul, J.M. Siskind, Automatic differentiation
in machine learning: a survey, J. Mach. Learn. Res. 18 (153) (2018) 1-43.

D. Wierichs, J. Izaac, C. Wang, C.Y.-Y. Lin, General parameter-shift rules for
quantum gradients, Quantum 6 (2022) 677.

S. Kuang, D. Dong, L.R. Petersen, Rapid Lyapunov control of finite-dimensional
quantum systems, Automatica 81 (2017) 164-175.

S. Kuang, X. Guan, D. Dong, Finite-time stabilization control of quantum systems,
Automatica 123 (2021) 109327.

X. Li, C. Wen, J. Wang, Lyapunov-based fixed-time stabilization control of
quantum systems, J. Autom. Intell. 1 (1) (2022) 100005.


http://arxiv.org/abs/2404.04620
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb16
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb16
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb16
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb16
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb16
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb17
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb17
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb17
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb17
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb17
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb18
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb18
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb18
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb19
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb19
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb19
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb19
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb19
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb19
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb19
http://arxiv.org/abs/2404.05448
http://arxiv.org/abs/2403.18395
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb22
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb22
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb22
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb23
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb23
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb23
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb23
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb23
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb24
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb24
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb24
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb25
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb25
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb25
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb25
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb25
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb26
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb26
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb26
http://arxiv.org/abs/2408.16062
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb28
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb28
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb28
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb28
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb28
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb29
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb29
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb29
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb29
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb29
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb29
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb29
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb30
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb30
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb30
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb30
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb30
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb31
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb31
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb31
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb31
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb31
http://arxiv.org/abs/1901.04405
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb33
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb33
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb33
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb34
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb34
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb34
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb34
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb34
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb35
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb35
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb35
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb35
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb35
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb36
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb36
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb36
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb36
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb36
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb37
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb37
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb37
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb37
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb37
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb38
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb38
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb38
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb39
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb39
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb39
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb39
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb39
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb40
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb40
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb40
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb41
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb41
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb41
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb42
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb42
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb42
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb43
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb43
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb43
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb44
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb44
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb44
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb45
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb45
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb45
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb46
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb46
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb46
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb47
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb47
http://refhub.elsevier.com/S0167-739X(25)00274-2/sb47

	Feedback-based quantum strategies for constrained combinatorial optimization problems
	Introduction
	Preliminaries
	Quadratic Constrained Binary Optimization Problem
	Continuous-Time Quantum Lyapunov Control
	Discrete-Time Quantum Lyapunov Control

	Invalid-Configuration Constraints
	Feedback-Based Quantum Optimization with Invalid Configuration Constraints
	Feedback-Based Algorithm for Quantum Optimization with Constraints
	Modifying Lyapunov Function to address the IC Constraints
	Modifying Lyapunov Function Using Deflation Approach
	Modifying Lyapunov Function Using Folded Spectrum Approach

	Numerical Simulations
	Performance Metrics
	Quantum Resource Estimates
	Illustrative example
	Scalability and Performance on Random QCBO Instances

	Conclusion and Future Work
	CRediT authorship contribution statement
	Declaration of competing interest
	Acknowledgments
	Appendix A. Controller Design and Δt Parameter Selection
	Handling Multiple Controllers
	Selection of the Δt parameter
	Controller Calculation for FALQON-IC with Deflation Approach

	Appendix B. Control Function Design for the Feedback Law
	Appendix C. Hotelling's Deflation Approach
	Data availability
	References


