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Beamspace Channel Estimation for the
Millimeter-wave Massive MIMO Systems: Dual
Loops-based Iteration Reduction Algorithms

Lijun Zhu, Zheng Li, Zeliang An, Member, IEEE, Zheng Chu, Member, IEEE, Zhengyu Zhu,
Senior Member, IEEE, Gaojie Chen, Senior Member, IEEE, and Yonghui Li, Fellow, IEEE

Abstract—In the millimeter-wave (mmWave) massive multiple-
input multiple-output (MIMO) channel estimation problem blue
employing lens antenna arrays, conventional compressed sensing
algorithms demand numerous matrix-vector multiplications per
iteration, thereby incurring substantial computational complex-
ity. To address this challenge, we propose dual-loop beamspace
channel estimation strategies that leverage the sparsity of the
mmWave beamspace channel, formulating the estimation prob-
lem as a sparse signal recovery task. First, we design an effective
dual-loop algorithm based on the ¢; minimization problem to
tackle the channel estimation problem. In the outer loop, an /-
based iterative reduction algorithm (¢;-IRA) reduces the large-
scale channel estimation problem to a series of small-scale
subproblems by exploiting the sparsity of the beamspace channel.
In the inner loop, the fast iterative shrinkage thresholding
algorithm with backtracking (FISTAB) algorithm is used to
solve these subproblems efficiently. Furthermore, conventional
compressed sensing algorithms exhibit favorable performance
in weakly correlated systems but suffer from significant perfor-
mance degradation in strongly correlated scenarios. To mitigate
this limitation, we design an ¢;_> minimization problem-based
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IRA (¢1_2-IRA) for the beamspace channel estimation problem.
Finally, simulation results show that the proposed dual loop meth-
ods significantly reduce pilot overhead and improve beamspace
channel estimation accuracy compared to conventional channel
estimation techniques.

Index Terms—mmWave, dual-loop, beamspace channel estima-
tion, iterative reduction algorithm, FISTAB

I. INTRODUCTION

ITH the emergence of disruptive applications such
Was high-definition network video, autonomous driving,
virtual reality [1], and the Internet of Things (IoT) [2], the
demand for high-rate, low-latency, and ultra-dense networks
is rapidly growing. The millimeter-wave (mmWave) band,
ranging from 30 to 300 GHz, provides abundant spectral
resources and bandwidths to fulfill the demand for high-
efficiency, low-latency, and high-rate transmissions in 5G
and 6G [3], [4]. The natural complementarity of mmWave
and massive massive multiple-input multiple-output (MIMO)
technologies makes the mmWave band ideal for massive
MIMO deployment [5]-[7]. Specifically, the short wavelength
of mmWave enables for the integration of multiple antenna
units into a small physical space. Meanwhile, massive MIMO
technology forms narrow beams by precisely controlling the
phase and amplitude of many antenna units. However, with
each antenna element employing a dedicated radio-frequency
(RF) chain, the traditional multi-antenna configuration results
in high hardware costs and increased energy consumption for
mmWave massive MIMO systems [8], [9].

To reduce the number of RF chains required for the base sta-
tion (BS), lens antenna arrays in mmWave massive MIMO sys-
tems have attracted considerable attention. Lens antenna arrays
consist of electromagnetic lenses and antenna arrays, where the
electromagnetic lenses have power focusing capability, and the
elements of the antenna arrays are located on the focal plane of
electromagnetic lenses [10]. The lens antenna arrays convert
the spatial domain channel into beamspace domain channel by
focusing signals from different directions (beams) on different
antennas. By utilizing the sparse nature of the beamspace
channel, a subset of beams with significant power can be
selected, significantly reducing MIMO dimensions and the
number of RF chains, thus addressing high power consumption
and hardware costs in mmWave massive MIMO systems.
However, the beam selection techniques depend on accurate
channel state information (CSI) in the beamspace channel [11],
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[12]. Channel estimation with lens antenna arrays is challeng-
ing due to high-dimensional channels and limited RF chains.
Therefore, conventional channel estimation algorithms based
on all-digital and hybrid analog/digital processing techniques
are no longer applicable.

Leveraging the sparse nature of the mmWave beamspace
channel, the channel estimation problem can be formulated
as a sparse signal recovery problem, rendering compressed
sensing algorithms effective solutions [13]-[15]. Recently,
several schemes for beamspace channel estimation have been
proposed, such as support detection (SD) [16]-[18], orthogo-
nal matching pursuit (OMP) [19]-[22], approximate message
passing (AMP) [23]-[25], and deep learning (DL) [26]-[32].
With priori knowledge of the number of channel components,
Gao et al. [16] proposed a mmWave channel estimation
scheme based on the SD algorithm, transforming the total
beamspace channel estimation problem into a series of sub-
problems, where each sub-problem contained a sparse channel
component. Long et al. [17] developed a block support de-
tection (BSD) beamspace channel estimation algorithm with
block sparsity. Sharifi er al. [18] extended the support set
of non-zero components and proposed an improved SD al-
gorithm, which selected two previous smaller support sets
for nonline-of-sight (NLoS) paths and a new peaked sup-
port set for line-of-sight (LoS) paths in each iteration. For
the mmWave massive MIMO system, the authors of [19]-
[21] proposed channel estimation solvers based on the off-
grid OMP algorithm, which could trace the parameters of
multipath components to reconstruct sparse channel matrix. By
exploiting the sparsity of the mmWave channel, Li ef al. [22]
grouped the subcarriers and estimated the support set by the
OMP algorithm. However, the greedy type-based approaches
involve a large number of matrix-vector multiplications at each
iteration, leading to a rise in the computational complexity of
the algorithms.

Cheng et al. [24] proposed a two-stage wideband channel
estimation scheme for mmWave beamspace MIMO systems.
The first stage employed multi-task sparse Bayesian learning
(MT-SBL) for rough channel estimation, while the second
stage used expectation-maximization (EM) algorithms for the
channel parameter estimation. By employing the Kmeans
Gaussian mixture model (GMM) algorithm to estimate the
priori parameters of the beamspace channel, Ruan et al. [25]
proposed a simplified learning-AMP (SL-AMP) network, re-
ducing the training complexity and improving the channel es-
timation accuracy. By utilizing the priori information from the
Gaussian mixture distribution model, Wei ef al. [33] derived a
new shrinkage function and proposed the iterative-based learn-
ing AMP (LAMP) algorithm for more accurate beamspace
channel estimation. However, the AMP-type algorithms [24],
[25], [33], [34] were dependent on the prior distribution and
noise variance of the channel, which are often difficult to
obtain in practice. As further research, the recent works [35]-
[38] utilized tensor-based signal processing techniques with
mmWave channel estimation, in which the multidimensional
parameters (i.e., time delay, angle or Doppler shift) for each
mmWave channel path could be accurately estimated.

Gao et al. [27] proposed a model driven-based DL approach

[28] for mmWave channel estimation, unfolding the SBL
algorithm into a deep neural network (DNN) to iteratively
update the channel’s variance. To reduce the computational
complexity of traditional SBL algorithm, Zhang et al. [29]
proposed a multilayer sparse Bayesian channel estimation
algorithm, which provided a flexible approach to implement
different layers of channel estimation by using either OMP or
SBL, thus achieving an optimal balance between channel esti-
mation accuracy and computational complexity. Subsequently,
Gao et al. [30] proposed a DL method for estimating the
mmWave massive MIMO channel by unfolding SBL, where
the expectation step (E-step) used the AMP algorithm to re-
duce the complexity, and the maximization step (M-step) was
implemented by a DL network to improve the channel estima-
tion accuracy. Zheng et al. [31] presented a DL method based
on a trainable proximal gradient descent network (TPGD-Net)
to solve the beamspace channel estimation problem, which
unfolded a hierarchical network with a proximal gradient
descent (PGD) algorithm and set the gradient descent step
size as a trainable parameter [28]. However, the DL methods
suffer from limited interpretability, making their theoretical
performance analysis challenging.

Guo et al. [39] presented an iterative reduction algorithm
(IRA) for solving the least absolute shrinkage and selection
operator (LASSO) problem, reducing the large-scale LASSO
problem to small-scale subproblems. As the number of an-
tennas at the BS increases, conventional compressed sensing
algorithms, i.e., OMP, fast iterative shrinkage thresholding
algorithm (FISTA), and alternate direction multiplier method
(ADMM), require a large number of matrix vector multipli-
cations for each iteration, resulting in higher computational
complexity. Therefore, motivated by the IRA [39], we de-
sign the /1-IRA to solve the beamspace channel estimation
problem, respectively, leveraging the sparse structure of the
beamspace channel. Moreover, traditional compressed sensing
algorithms are suitable for non-coherent conditions, and these
algorithms have difficulty in effectively distinguishing channel
components and providing the sparsest solution for channel
vectors in highly coherent scenarios. To tackle this challenge,
we propose a difference of convex algorithm (DCA)-based
f1_2-IRA framework for the beamspace channel estimation
problem. The main contributions of this paper are as follows:

o By leveraging the inherent sparsity of the mmWave
beamspace channel, we formulate the channel estimation
problem into a sparse signal recovery problem.

o First, we propose an efficient ¢;-based dual-loop algo-
rithm for beamspace channel estimation. By leveraging
beamspace channel sparsity, the outer loop employs an
£1-IRA framework to decompose the large-scale channel
estimation problem into a series of smaller subprob-
lems. The inner loop then applies FISTA with back-
tracking (FISTAB) algorithm to efficiently solve these
subproblems. Since the outer loop significantly reduces
the dimensions of the channel estimation problem, our
approach mitigates the computational burden of large-
scale matrix-vector multiplications in the inner loop, thus
reducing computational complexity.
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Traditional compressed sensing algorithms perform opti-
mally in low-coherence systems but exhibit performance
degradation in highly coherent environments. To address
this, we propose a DCA-based ¢; _2 minimization method
to solve beamspace channel estimation, enhancing the
mmWave channel’s sparsity. To reduce the complexity
of the /1_o minimization algorithm, we develop a dual-
loop estimation framework. The outer loop employs an
l1_o-IRA framework by leveraging beamspace channel
sparsity, while the inner loop uses a fast ADMM algo-
rithm to efficiently solve the subproblems of the outer
loop.

e Compared with the conventional channel estimation
methods, the proposed ¢; and ¢;_, minimization-based
dual-loop algorithms achieve lower computational com-
plexity of O (pQ1In(1/e)) and O (pN?), respectively.
Simulation results demonstrate that dual-loop beamspace
methods achieve accurate channel estimation with re-
duced pilot overhead.

The remainder of this paper is organized as follows. In
Section II, we describes system model and problem formu-
lation. In Ssection III, we suggest a {; minimization problem-
based dual loops beamspace channel estimation approache.
In Section IV, we propose a ¢;_s minimization problem-
based dual loops beamspace channel estimation approache. In
Section V, simulation experiments verify beamspace channel
estimation accuracy and robustness. Finally, this paper is
summarized in Section VI

Notation: a, a and A denote scalars, vectors and matrices,
respectively. The operations a’, af and a=! denote the
transpose, conjugate transpose, and inverse of the matrix
a, respectively. |a| and Vf(a) denote the absolute value
and gradient information of the vector a, respectively; ||al|,
and |/al|, denote the l-norm and 2-norm of the vector a,
respectively. (a,b) are the inner products of the vectors a
and b. U (h) denotes the optimization function with respect
to the vector a, and OU (h) is the subgradient of the function
with respect to the vector a. The symbol sign (-) is the sign
function, co denotes infinity, det (A) is determinant of the
matrix A, and E (-) is the mean value operation.

II. SYSTEM MODEL AND PROBLEM FORMULATION

We consider a mmWave massive MIMO system operating
in the time-division duplex (TDD) mode, where the BS is
equipped with N lens antennas and Nrpr RF links to com-
municate with K single-antenna users simultaneously. Due to
the hybrid precoding structure at the BS, a limited number
of RF links are sufficient for the mmWave massive MIMO
system, satisfying the condition K < Nrp < N [16]. Fig.
1 illustrates the multi-user mmWave massive MIMO system
with lens antenna array.

A. Traditional mmWave massive MIMO channel model

To estimate the beam-domain channel, we first introduce
a spatial-domain mmWave massive MIMO channel model.

RF Chain —

jUser 1
jUscr 2 Nir
Soer
ser

Fig. 1. The multi-user mmWave massive MIMO system based on lens antenna
arrays.

Selecting Network

Lens Antenna Array
Digital Combiner

Based on the Saleh-Valenzuela representation, the spatial-
domain channel vector h;, € CV*! between the kth user and
the BS is given by

Ly,
hy, = Z Br,ia (Ok.:)

=0

= Br,0a (k,0) +Zﬂkza (Ok,i) )]

=1

=Ck,o + E Ch.is
=1

where L denotes the number of paths, consisting of one LoS
path and L NLoS paths. The LoS component is represented as
Ck,0 = Br.oa (6k,), containing a singly entry, while the NLoS
components are given by » % Cp; Zfz"l Bria (0k,:),
comprising Ly, entries [40]. Here, Bk, and 0y ; represent the
complex path gain and physical direction of the ¢th path
for the kth user, respectively. For a typical uniform linear
array (ULA), the array response vector a (f;) € CN*!
can be determined from an angle [34]. Ignoring subscripts
for simplicity, the normalized array response vector a (6) is
denoted by

a(f) = 1 [efj27rdsin(9)m/)\:| )

\/N meI(N) ’

where I (N) {r - (N-1)/2,2=0,1,--- ,N — 1} de-
notes an exponentially symmetric set with the center at zero.
The antenna spacing between neighboring elements is d =
A/2, where A is the carrier wavelength. Let ¢ = dsinf/A
be the spatial angle of the ULA, then (2) can be further
transformed into

e~ j27r<pm]

a(p) = N [ mel(N) - 3)

B. Lens antenna array-based mmWave wave massive MIMO
system

Lens antenna arrays utilize the principle of optical lenses,
which focus signals from the same direction to a focal point
to form N orthogonal beams, effectively improving signal
focusing and directionality [41]. The operation mechanism
of the lens antenna arrays is similar to a discrete Fourier
transform (DFT) matrix U € CV*¥, defined as follows

U=la(@1),a(@2), - .al@m)]", )
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whete Gy =k (m— 1) € [ 4m =12 N

denotes the predefined beam spatial direction of the discrete
lens antenna, and for each a (@) is denoted as

(#) =
a(p)=—=
VN

The discrete lens antenna array forms N orthogonal beams
covering directions within [—1/2,1/2]. Combined with (2)-
(5), the spatial-domain channel vector h;, is converted into
beam-domain channel vector hj through the lens antenna
array, effectively mitigating multipath interference and signal
attenuation during transmission. Thus, the beam-domain chan-
nel vector hy, is expressed as follows

T
meI(N) ° )

[67j27r<,5m}

Ly
hy = Uh; =) &, 6)
=0

where € ; = UCy,; = UBy;a(0y;) is the multipath compo-
nent of the ith path of the kth user, denoted by

Cri = [Br,iZ (ki — P1) s 5 BriZ (Phyi — o), )

where E(z) = sin(wNx)/sin(7z) is the Dirichlet sinc
function, which has an energy focusing property causing most
of the energy of €j; to be focused on a small number of
antennas. In addition, due to the limited scattering in the
mmWave channel, the signal energy is mainly concentrated
on a small number of dominant paths. Therefore, the beam-
domain channel hy, is sparse, with only a few nonzero values.

C. Problem Formulation

To obtain accurate CSI, all users transmit known pilot
symbols to the BS within ) time slots, which are divided
into M time slot blocks, each block containing K time slots,
ie., @ = M K. After beam selection, during the mth time slot
block of pilot transmission, the received uplink signal matrix
at the BS YU € CV*X is denoted as

where H € CN*K s the channel matrix, X,, € CKXK
denotes K mutually orthogonal pilot matrices within the mth
time slot block, satisfying X,,, X = I and XXX, = Ix.
For simplify, we assume X,, = Ig. The noise matrix
N,, € CN*K yithin the mth time slot block follows a
Gaussian distribution CA (0702), where o2 represents the
noise power.

At the mth time slot block, the BS employs a selecting
network W,,, € CEX*¥ to merge the received signal matrix
Y ., and right-multiple the pilot matrix X, the measurement
matrix Y,, € CK*X of the beamspace channel matrix H is
represented by

Y, =W,Y,X?
=W, UHX, X! +w, N, X" )

where H = UH = {fll, _ ,BK} € CV*K i5 the beamspace

channel matrix, Nm = WmNmX,Hn € CKXK (denotes

effective noise matrix within the mth time slot block.

Without loss of generality, we estimate the beamspace
channel vector h; for the kth user, with a similar method
applicable to other users to obtain the full beamspace channel
matrix H. Following the pilot transmission over M time slot
blocks, the measurement vector ¥, € CO*1 of hy, for the kth
user is given by

Vi 2 ®hy, + iy, (10)

where y5, = [y1,_gc,'~ 7yM,k]T € C@9*1 denotes the kth
column of Y,,, hy € CN*1 denotes the kth column of
H, and iy = [Ny, - 7n1\47k]T € C9*! denotes the kth

column of N,,. & = [Wy,--- , Wy]" € CYV is the
total combination matrix containing M time slot blocks , with
elements randomly selected from the set (1/y/Q) {—1,1}.

Due to the orthogonality of the pilot frequency, channel esti-
mation for all K users is independent and identical. Therefore,
the subscript k£ in problem (10) can be omitted and denoted
as

(1)

Considering the real-valued counterpart h € R*V*! of the
beamspace channel vector h, the linear measurement in the
real domain is expressed as follows

y = ®h + n.

y=®h+n
[»(% —s(é) » (b R@E) ] (12
s (@ ére(i) 3 (h +{‘3(g)}’

where ® € R2Qx2N y € R2@*1 denote the real-valued
counterparts of & and ¥, respectively. It is worth noting that
each element of the lens antenna arrays corresponds to a
predefined beamspace direction, and the element of h has a
maximum value when the actual angle formed by the antenna
is close to the predefined beamspace angle of the lens antenna
array. At the mmWave frequency, the mmWave beamspace
channel is usually approximately sparse due to the limited
number of scatterers, resulting in fewer transmission paths.
Therefore, we can employ the sparse signal recovery algo-
rithms to estimate the beamspace channel h with reduced pilot
overhead. Specifically, by solving the ¢; minimization prob-
lem to find the sparsest signal representation, the beamspace
channel estimation problem is formulated as a sparse signal
recovery problem, as follows

min [[hll,,

13
s.t.|ly — ®h; <, (13

where @ is the sensing matrix, ||h|, denotes the number of
non-zero elements, and ¢ is the error tolerance parameter [42].

Due to the non-convexity of |h||,, the problem in (13) is
NP-hard [33], making it computationally infeasible for high-
dimensional channels. To obtain an approximate solution, a
convex relaxation strategy is applied, transforming (13) into
the following ¢;-minimization unconstrained form [43]

1
h* = arg min {2 |®h -y + A h||1} , (14

where )\ is a tuning parameter that controls the sparsity
of the solution. Traditional compressive sensing algorithms,
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such as SOMP [8], SD [16], FISTA [44], and ADMM [45],
have been applied to the sparse channel estimation problem.
However, these algorithms often fail to achieve the required
channel estimation accuracy. Let f (h) = 1/2||®h — y| 5 it
is worth noting that these algorithms, such as SD, FISTA
and ADMM, require computing the gradient information
vVf(h) = ®T (®h —y), implying that #7z and ®h need
to be computed at each iteration, with z = ®h — y being
some intermediate vector. As the number of antennas at the
BS increases, these algorithms necessitate numerous matrix-
vector multiplications per iteration, leading to higher com-
putational complexity. Therefore, we propose low-complexity
sparse beamspace channel estimation algorithms to enhance
the channel estimation accuracy and reduce the pilot overhead.

III. ¢; MINIMIZATION PROBLEM-BASED DUAL LOOPS
BEAMSPACE CHANNEL ESTIMATION APPROACHES

In this section, we propose a ¢; minimization problem-
based dual-loop IRA algorithm to solve beamspace channel
estimation problem, utilizing the clustering property of the
non-sparse values of the channel. The outer loop adopts
the ¢;-IRA framework to decompose the large-scale channel
estimation problem into smaller subproblems. Meanwhile, the
inner loop employs the FISTAB algorithm [44] to solve these
subproblems.

A. The (1-IRA Framework

Since the beamspace channel is approximately sparse, with
most elements of h being zero, it is unnecessary to optimize
channel estimation for all elements. To simplify the channel
estimation problem, we first define the estimated support set
based on current Karush-Kuhn-Tucker (KKT) conditions

Wi (h') = {j|nl #£0},
W (h') = {j |h} = 0 and

@] (®h' —y)| > (1 -7) A},
W (h') = Wy (h*) U W, (h),

15)

where 7 is a small positive number, ¢ denotes the ¢th external
iteration index. W, (h') denotes the index set of non-zero
components of the tth iteration of h, W5 (h') denotes the index
set satisfying the zero component of the tth iteration of h and
the current KKT condition, and W (h?) denotes the estimated
support set. For writing convenience, we abbreviate W5 (h?),
Wy (h?), and W (h') as W{, Wi, and W, respectively.
In addition, the original channel estimation problem can be
reduced to a series of small-scale subproblems over the index
set of W*, only if the support set W* corresponding to the
true solution is accurately obtained. However, in practice, it
is difficult to obtain W* completely, and the components
corresponding to the approximate solution may contain only
a portion of the indexes in W*, which may be zero currently,
and thus it is necessary to join them into the estimated support
set W, To efficiently identify these index sets, it is a good
strategy to adopt the KKT condition because, in the real
solution, the components corresponding to these index sets
are non-zero; therefore, if they are zero currently, the KKT

condition must have been violated severely, so prioritizing
the index sets violating the KKT condition can find these
components quickly [39], [46].

In the mmWave channel estimation, we only need to per-
form proximal iterations on the estimated support set W?.
However, the computational cost of identifying the estimated
support set is comparable to the computational cost of per-
forming one proximal iteration on the complete index set.
Therefore, we employ an efficient strategy to perform multiple
proximal iterations after identifying the estimated support set
W* [39]. By identifying the estimated support set W?, the
large-scale problem (14) is reduced to the following small-
scale subproblems

hy! = argmin {; 1@wh —yl3 + X h||1} D)
Let h’z;,l,,)c = 0, where (W' (W (ht))°
{1,2,--- , N} \W (h?) denotes the complement of the esti-
mated support W¢. To illustrate the benefit of this simplifi-
cation, it is assumed that all nonzero elements of the channel
vector h are in W, Therefore, it takes only one iteration from
the initial point zero to accurately estimate h for the original

channel estimation problem, and the dimension of the channel
estimation problem is reduced from 2Q x 2N to 2Q x [2W].

B. The FISTAB to Solve the Subproblems

Standard convex optimization software, PDG, FISTA, and
ADMM algorithms are usually employed to solve (16). Cal-
culating the Lipschitz constant D* = ’<I>7V;,Z'I>Wz for each
iteration is computationally expensive, where z denotes the zth
internal iteration index. To achieve fast convergence and lower
computational complexity, FISTAB [44] is used to solve the
£1-IRA framework subproblems, enhancing channel estimation
accuracy and convergence speed.

For ease of analysis, let

1
7 (h) =3 [®w-h -yl + |,
= f(h)+Ag(h),

where f (h) = 3 |®yw-h — y|3, and g (h) = ||h],. First, at a
given point h*, approximating f (h) by the Taylor expansion,

the second-order Taylor expansion of f (h) is denoted by

a7)

f () =f(h*)+ (h—h*)" V[ (h*)+
1 T (18)
5 (= 1)7 3y (%) (h = b 4+
where Hy (h?) is the Hessian matrix of f (h) at point h*.
For the function f(h), Vf(h) = ®{,. (®w:h—y) and
Hys (h) = ®f,.Pw- can be computed separately, and then
(18) can be transformed into

F(h)= 5 @b~y + (77 (07) b b .
35 (= 1) 2y (0) (b~ )
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By approximating the Hessian matrix of f (h) with the min-
imal Lipschitz constant D? of the gradient V f (h), (19) can
be further transformed into

f (0 % 3 [Bw-be — [+ (9 (%) b - )

z 20)
Z12
+ 5 I =B
Then problem (17) can be further formulated as
QDZ (h7 hz)

1
=5 [ ®w-h* —y[5 +(vf (h) ,h —h%) +

D* 212
- b =¥+ A,

2 2
:;HQWmé—y@+€;Wp4f+l;vfm62
1 o
~5D: [vf (B*)[l3 + AR,
D* .1 P .
:2h_<h-3wyfm)> + B(h?*) + A,
’ @1
where the term B (h®) = 1/2\\‘1’th2*}’||§ -

1/(2D?)||vf (hz)||§ is a constant in (21) with respect
to the channel vector h. By ignoring the constant term, then

(21) is equivalent to the following optimization problem
Pp- (h*) =
. D* P . (22)
angagin { A, + 5 [l - (h° = D*97 ()3}

To solve (22), the FISTAB technique then adopts the following
iterative steps

h* = Pp: (h*71), (23)
14 1/1+4w?)?
A = ) , (24)
2
z z ve—1 z z—
h*=h +W (h —h 1); (25)

where (23) is an iterative form of (22), v is a positive sequence
in (24), and (25) represents the updating of h* with a linear
combination of the two previous points {hz, h*~1 }

Let S (®) = Zlill |®;||, where |®| and ®; denote the
number of columns and the jth column of ®, respectively, then
the initial value of the FISTAB algorithm is Dé“ = StD%t
which can be estimated by using the previous information,
where S* = (1 —a) ™! + (a|S (®we1)])/(n]S (Rw)]),
SY9 =0 and a > 0. Since W* tends to stabilise, then S* tends
to be a positive number.

Finally, Algorithm 1 summarizes the solution procedure
for /1-IRA-FISTAB. Moreover, we have

g; (fvh) =
max{ aanj (h)’ — /\,min{’% (h) + Asign (hy)],
|h;[}},h; # 0,

InaX{O,'%(h)‘ _)\}7 by =0 (26)

Algorithm 1 /;-IRA-FISTAB-based beamspace channel esti-

mation method for resolving (14)

Initialization: The receive signal y, sensing matrix ®; pa-
rameter 7, € and &, the maximum iteration 7Tax, Zmax;
1. fort=1,--- ,Ti.x do
2:  Update the estimated support set W according to (15);
3:  Caculate the minimum Liplitz constant D?;
4  Leth® = hi, .
5 for z=1,---, Zax do
6 Find the smallest nonnegative integers ¢, such that
with D = n'" Df %,

7. F(Pp(h?)) < Qp (Pp(h?),h?)

8 Repe'zlt tlle 1it%rative steps according to (23-25);
o if w < ¢ then

10: Break;

11: end if

12: z=z4+1;

13:  end for
14 hyll =h* il =0,
15:  if [|g (f,h")| < £ then

16: Break;
17:  end if

18: t=t+1;
19:0  h=httL;
20: end for

Qutput: The estimated channel vector h

where g (f,h) denotes the KKT residual of the ¢;-based
optimization problem, and [|g (f,h*)|| is a measure [47] of
the accuracy of the solution h of (17).

IV. ¢1_o MINIMIZATION PROBLEM-BASED DUAL LOOPS
BEAMSPACE CHANNEL ESTIMATION APPROACHES

Traditional compressive sensing algorithms are primarily
designed for non-coherent systems. In strongly coherence
systems, these algorithms struggle to distinguish the channel
components, resulting in suboptimal sparse solution for the
channel vector. To address this issue, , we design a dual-loop
beamspace channel estimation method based on the nonconvex
¢1_o minimization problem, which enhances the sparsity of
the mmWave channel. In the outer loop, a nonlinear search
algorithm, i.e., DCA, is used to solve the #;_o minimization
problem. To reduce the algorithm complexity, we devise an
IRA framework based on the ¢;_5 minimization problem
by exploiting the sparsity of beamspace channels. In the
inner loop, a fast ADMM algorithm is utilized to solve the
subproblems of the outer loop.

A. The coherent problem

In the mmWave massive MIMO systems, many problems
are coherent; for instance, the coherence between users and BS
varies with distance, exhibiting strong coherence when users
are close to the BS. On the contrary, the coherence weakens
as the distance between users and BS increases. However,
the traditional compressive sensing approaches are suitable
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for non-coherent conditions. In highly coherent scenarios,
these algorithms struggle to distinguish channel components
and provide sparse solutions. To tackle this challenge, Yin et
al. [48] suggested an ¢;_ minimization algorithm based on
nonconvex and Lipschitz continuous metrics, which has been
widely applied in several fields, including magnetic resonance
imaging (MRI), seismic attenuation compensation, phantom
image-restoration problems.

To measure the coherence of the perception matrix ®, we
define the coherence coefficient [48] of ® as follows

TP .
p (®) = max |(I)i (I)j’

TET T 27
i#i (| ®illy 1251,

where ®; and ®; are the arbitrary two columns of ®.

B. ¢1_s-based IRA Framework

To enhance signal sparsity and recovery performance, we
adopt the ¢;_5 norm [48] instead of the ¢; norm to better
approximate the ¢y norm term [39]. Hence, we employ a con-
vex relaxation technique to convert (13) into an unconstrained
{1_o minimization form

b = g { 5 1% —y17 + Al — Al . @8)

where the objective function in (28) is a nonconvex optimiza-
tion problem, and we employ the DCA for solving nonconvex
optimization problems.

Specifically, the DCA minimizes the objective function
F(h) = G(h) — H (h), where G (h) and H (h) are lower
semicontinuous proper convex functions, and G (h) — A (h)
is the DC decomposition of F (h).

The DCA constructs two candidate sequences, {h*®} and
{d*}, representing the optimal solutions of the primal and dual
problems, respectively. To perform the DCA, one iteratively
computes

ht! = argminy, G (h) — (X (h) + (d*,h — h?)),

(29)
where s denotes the sth external iteration index, d* € 9H (h?®)
denotes that d® is the subgradient of 7 (h) in h® [49].
Because F (h) is bounded from below [48], then the objective
function value of the DCA is convergent, and the objective
function in (28) is converted into the following two convex
decompositions

{dseaH(hﬂ7

1
F @) = (1= yI5+ Alll, ) - [l GO

where G(h) = 1[@h—y|2 + AJhj, and H(h) —
—a | h|, are two convex decompositions. ||hl|, is differen-
tiable and its subgradient is denoted as

if h* =0,

0
=< . 31
{—oz)\hs, otherwise. 1)
b=,

According to the DCA iteration formula in (31), each DCA
iteration involves solving an /1 -regularized convex subproblem
of the following form

arg ming 3 [|®h — y|l; + A[|h], ,if h" =0,
hst! = { argminy,  [|[®h — I3+ Ak,

— <h7aAL>

e ) otherwise.
2

(32)

To simplify the beamspace channel estimation problem,

with the identified estimation supports sets V', the large-scale

problem (28) based on ¢;_ minimization is reduced to the
following small-scale subproblems

s+1 _
hot! =

arggin { 5 [y - 13 - (e ¥+ apnl, |
h |2 hs,

(33)
where the support set V' is defined acording to the KKT
condition, as follows

Vi(h®) ={ihj #0},

Vs (b%) = {i|hf = 0 and |®7 (®h° — y) —
arb?/[[b%[|y > (1 —7) A},

V (h®) = V3 (h*) UV; (h?),

(34)

where V3 (h®) denotes the index set of the non-zero compo-
nents in the sth iteration of h, and V5 (h®) denotes the index
set that satisfies the zero component in the sth iteration of h
and the current KKT condition, V' (h®) denotes the estimated
support set. For simplicity, we abbreviate V; (h"), V4 (h®),
and V (h®) as V#, V5, and V'*, respectively.

C. ADMM to Solve the Subproblems

ADMM effectively solve large-scale optimization problems
by integrating the augmented Lagrangian method with dual
decomposition. Therefore, we utilize the ADMM algorithm
to solve small-scale subproblems of ¢;_o minimization after
simplifying the ¢;_5-IRA framework. We introduce the aux-
iliary variable z to derive the ADMM solver [45], and (33) is
equivalent to the following constrained minimization problem

hit! =

omi {1|«I> h— |2 <hA by, >+A| |}
argmin< — [|[®y-h —yl|; — ( h, \a—— z ,
P 2 Tl 1

s.t. h—z =0,
(35)
where r denotes the rth internal iteration index. Then, the
augmented Lagrangian function is expressed as

h{,, >

Ih7lly/ (36)
p

+ A zlly +w" (h—2) + 3 [|h — 2],

- 1
‘Cl) (h,Z,W) = 5 ||®V7h - Y‘lg - <ha Ye!
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where w is the Lagrange multiplier and p > 0 is the penalty
factor. ADMM iteratively updates the variables h, z, w by
minimizing the generalized Lagrange function

Zr+1

= argmin, £, (BT,ZT,WT) ,
h"*+! = argminy, £, (h,z" 1, w" ), (37

wtl = w4 p (hr+1 _ Zr—i—l) _
The update variables z and h have closed-form solutions.
Specifically, the update variable z is solved by soft thresh-

olding
o LN
z”‘l:S(hT—i—W,), (38)
pop
where the soft thresholding operation is denoted as

(S (ﬁ,ﬂ)) = sign (h;) max {|h;| — 8,0}. The variable h
is updated bly the gradient method, as follows

bt = (@7, @y + plyyy)  (@F.y —d"

(39)
+pz7‘+l _ WT) 7

where (@1, @y + pInxn) ~! requires computing the matrix
inverse, increasing the computational complexity for large
matrices. Therefore, we employ a Cholesky factorization to
approximate (<I>€,,<I>vr +pINxN)71. Let F© = &7,y —
d” + pzT'+1 — w’, then (36) can be converted to a more
computationally efficient form

fl7~+1 _ U—lL—l (@Try —dr + pz7-+1 _ W'r‘) ,

where U and L denote Cholesky factorization of ®%,, @y +
pInxn, 1., ‘I’gﬁﬁvr + pInxn = LU.

Finally, Algorithm 2 summarizes the solution procedure for
the ¢1_2-IRA-ADMM algorithm, and the stopping iteration
criterion for the internal loop is denoted by

(40)

I, < V2N + e max {|h"]l, , [z, }
77l < V2N + ey,
where <" = h" —z" and 5" = p (2" —z"~!) denote primal

and dual residuals at the rth iteration, respectively. ¢** > 0
and ¢! > 0 are absolute and relative tolerance, respectively.

(41)

D. Computational Complexity Analysis

The computational complexity of Algorithms 1 and 2 im-
pacts the processing power consumption and hardware cost.
Therefore, it is crucial to analyze the computational com-
plexity of Algorithms 1 and 2, especially for the beamspace
channel in massive MIMO systems. In Algorithm 1, since
the /;1-IRA framework in the outer loop significantly re-
duces the problem scale, and FISTAB with the inner loop
avoids massive matrix-vector multiplications, which reduces
the computational complexity of Algorithm 1. Therefore, the
computational complexity of Algorithm 1 is O (pQ1n (1/¢)),
where ¢ denotes the beamspace channel vector estimation
accuracy, and p is the sparsity level of h. The computational
complexity of the subproblem of Algorithm 2 is mainly
derived from h. The computational complexity of forming h
is O (N 2) through the two back-solving steps. Therefore, the
computational complexity of Algorithm 2 is O (pN 2).

Algorithm 2 /;_5-IRA-ADMM-based beamspace channel es-
timation method for solving (28)

Initialization: The receive signal y, sensing matrix ®; pa-
rameter p, A\, the maximum iteration S ax, Rmax;
1: for s=1,---, 5. do
2:  Update the estimated support set V" according to (34);
33 forr=1,---, Ry.x do
4: Update the auxiliary vector z according to (38);
5 Update the beamspace channel vector h according to

(40);
6: Update the Lagrangian multipliers vector w accord-
ing to (37);
7: if satisfy the stop iteration condition then
8: Break;
: r=r+1;
10: end if

11:  end for
) s+1 _ 1.s s+1 .
122 hyl =h* by ,

Vvs)ye —
13: if |lg(f,h?)|| < é‘ then
14: Break;
15:  end if
16: s=s+1;
17 h=hst!,
18: end for

Output: The estimated channel vector h

TABLE 1
COMPUTATIONAL COMPLEXITY OF THE BEAMSPACE CHANNEL
ESTIMATION

Algorithm Computational complexity in each iteration
£1-IRA-FISTAB pQ1In (1/e)
01 _2-IRA-ADMM pN?
FISTA QN
12 N3
ADMM N3
OMP PQN +p3Q
SD pQN

Table I compares the computational complexity of Algo-
rithms 1 and 2 with five comparison algorithms, i.e., FISTA
[44], SD [16], ADMM [45], OMP [8], and ¢;_o minimization
algorithm [48]. From Table I, it can be observed that the
computational method complexity of algorithms 1 and 2 is
lower than that of FISTA and ¢;_ minimization algorithms,
respectively, with Algorithm 1 exhibiting the lowest complex-
ity among all the methods.

V. SIMULATION RESULTS

In this section, we perform extensive simulations to evaluate
the performance of multiuser mmWave channel estimation
with lense antenna arrays. Algorithms 1 and 2 are compared
with various channel estimation techniques, including OMP
[8], SD [16], ADMM [45], FISTA [44], and ¢1_o minimiza-
tion algorithm [48]. The system parameters are configured
as follows: the number of BS with lens antenna arrays is
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Fig. 5. Comparison of the
ASE performance versus var-
ious number of time slots at
SNR = 20 dB.

N = 256, the number of RF chains Nzpr = 16, and the
number of single-antenna users K = 16. The beamspace chan-
nel multipath components consist of one LoS path and two
NLoS paths, and the amplitudes for the LoS and NLoS paths
satisfy Bg,o ~ CN (0,1) and fBj; ~ CN (0,107%),i = 1,2,
respectively. ¢y o and ¢y, ; follow the uniform distribution of
independent and identically distributed (i.i.d.). [—1/2,1/2].
In the implementation of Algorithms 1 and 2, the ¢;-IRA
and /;_o-IRA frameworks are parameterized as n = 1.2,
T=107% A = A ||@Ty|| . 0 < Ae < 1, and Thax =
min (max (1000,2N), 104) [50]. For the ¢;_o minimization
algorithm, we adopt an adaptive strategy to update the param-
eter o with an initial value of g = 0.1, and then use this strat-
a’, if mod (r,5) #0
min {1.5a", 1}, if mod (r,5) =0
the other parameters are set to p = 10™* and A = 1072, To
evaluate the performance of the beamspace channel estimation,
we compute the normalized mean square error (NMSE) and
average spectral efficiency (ASE) over 100 Monte Carlo
simulations, defined as follows, respectively

egy to adjust a1 =

s

o2
[l - B
2

NMSE=E | > .
i L

/K|, 42)

ASE =

E {log, det (I + (NpsK (o% + NMSE)) ™ HH) }
(43)
where H = Y°F h, € CV*K denotes the estimated
beamspace channel matrix.

Fig. 2 compares the NMSE performance of beamspace
channel estimation of Algorithms 1 and 2 with five bench-
mark algorithms at different signal-to-noise ratios (SNRs).
The NMSE performance of all algorithms gradually improves
as the SNR increases from 0O dB to 40 dB, indicating that
the influence of noise on the channel estimation accuracy
gradually decreases. Algorithms 1 and 2 show significant
performance advantages and robustness, especially at high
SNR. Algorithms 1 and 2 consistently outperform the other
benchmark algorithms, because they take full advantage of
the sparse structure of the mmWave beamspace channel to
quickly identify the non-zero components of the channel, thus
improving the channel estimation accuracy. Compared with
Algorithm 1, Algorithm 2 further enhances the sparsity of

the beamspace channel in the strong coherence scenarios, i.e.,
1 (®) = 0.9245. The NMSE performance of the SD, ADMM,
and OMP algorithms saturates at SNR > 25, because the non-
zero elements of the beamspace channel can be accurately
estimated at high SNR, but the error that may be caused by
treating the low-power components as zeros does not disap-
pear. In contrast, the NMSE performance of Algorithms 1 and
2 and /1 _5 minimization algorithm is not affected. Specifically,
at SNR = 20, the NMSE performance of Algorithm 2 im-
proves by 50.43% over Algorithm 1. Additionally, Algorithm
1 achieves a 44.68% NMSE improvement over FISTA, while
Algorithm 2 outperforms the ¢;_, minimization algorithm
algorithm by 69.44%, demonstrating the effectiveness of the
proposed approach in enhancing channel estimation accuracy.

Fig. 3 presents the ASE performance of Algorithms 1 and
2 compared to benchmark algorithms at various SNRs. As
the SNR increases, the ASE performance of FISTA, SD,
ADMM, and OMP algorithms increases slowly, while the ASE
performance of Algorithms 1 and 2 increases linearly; this
is mainly because, at high SNR, the signal is less affected
by the noise and can transmit more information during the
effective communication time; whereas at low SNR, the user
terminals transmit fewer signals to avoid loss, resulting in
lower spectral efficiency for all algorithms. Specifically, at
SNR=20, the ASE performance of Algorithm 1 is improved by
8.38% and 27.66% compared to FISTA and SD, respectively.
The ASE performance of Algorithm 2 improves by 10.17%
and 17.32% compared to Algorithm 1 and ¢;_5 minimization
algorithm, respectively. This suggests that Algorithms 1 and 2
have higher information transfer capability per unit time.

Fig. 4 illustrates the channel estimation performance across
different numbers of time slots, where the length of the pilot
sequence equals the number of time slots. As the number of
time slots increases, the estimation accuracy of all algorithms
gradually improves. However, Algorithms 1 and 2 consistently
achieve superior performance due to their enhanced ability to
accurately identify sparse channel components. Moreover, they
require the lowest pilot overhead to attain a given estimation
accuracy under identical system conditions, demonstrating
their efficiency. Notably, the NMSE performance of Algo-
rithms 1 and 2 at @ > 144 consistently outperforms that of
the other benchmark algorithms at ) = 256, highlighting their
capability to achieve high-accuracy channel estimation with
reduced pilot overhead.

Fig. 5 compares the ASE performance of different algo-
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Fig. 6. Comparison of the NMSE
performance versus the number of
path at SNR = 20 dB. dB.

rithms across various time slots. As the number of time slots
increases, ASE performance improves for all algorithms, with
Algorithms 1 and 2 consistently achieving superior perfor-
mance. Specifically, at @ = 128, the ASE performance of
Algorithm 2 improves by 12.61% and 21.81% compared to
Algorithm 1 and ¢;_5 minimization algorithm, respectively,
and the ASE performance of Algorithm 1 is enhanced by
21.24% compared with FISTA algorithm.

Fig. 6 presents the NMSE performance of Algorithms 1 and
2 compared to other five benchmark algorithms for different
channel path numbers. As the number of paths increases,
NMSE performance improves for all algorithms, with Algo-
rithms 1 and 2 consistently outperforming the others. This
is because the increasing number of channel paths increases
the uncertainty in the channel, and the grid-based SD and
OMP algorithms allocate more effective channel paths on a
predefined angular grid, partially eliminating the effect of more
paths and increasing the channel estimation complexity and
possible interference. Algorithms 1 and 2 are less affected
by the increase in the number of paths, because the IRA
framework simplifies the dimension of the channel estimation
problem and identifies the support set of the channel, while
the ¢1_o minimization algorithm enhances the sparsity of the
channel. Specifically, the NMSE performance of Algorithm
1 improves by 48.58% compared to FISTA at Lj = 5. The
NMSE performance of Algorithm 2 is improved by 48.81%
and 70.83% compared to Algorithm 1 and ¢;_o minimization
algorithm, respectively.

Figs. 7 and 8 present the channel reconstruction perfor-
mance of Algorithms 1 and 2, where Algorithm 2 more
accurately detects channel components than Algorithm 1. In
addition, Algorithms 1 and 2 identify the effective support for
each transmission path (LoS and NLoS), determine the coor-
dinates of the most effective beam (the one with the maximum
power) in each path, and then detect the remaining non-zero
components of the channel. This allows the coordinates of the
non-zero components to be correctly identified, thus reducing
the NMSE value of the channel estimation.

VI. CONCLUSION

This paper addressed multi-user mmWave channel estima-
tion problem using the lens antenna array. First, we trans-
formed the beamspace channel estimation problem into a
sparse signal recovery problem by leveraging the sparse struc-
ture of the beamspace channel. We then developed a ¢;-IRA-

128 160 192 224 256
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Fig. 7. Channel reconstruction perfor-
mance of Algorithm 1 at SNR = 30
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mance of Algorithm 2 at SNR = 30
dB.

FISTAB-based beamspace channel estimation method, which
exploited the ¢;-IRA framework to simplify the large-scale
channel estimation problem into a series of small-scale sub-
problems in the outer loop; and leveraged FISTAB algorithm
to solve the subproblems in the inner loop. Additionally,
we proposed a f;_5-IRA-ADMM-based dual loops method
for beamspace channel estimation in the strongly coherent
systems. Simulation results demonstrated that these dual-loop
methods improved higher channel estimation accuracy with
a small pilot overhead compared with traditional beasmspace
channel estimation techniques.
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