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CHAPTER 50
MODELLING IN OPTIMAL INSPECTION AND REPAIR

J.D. Sørensen*, M.H. Faber**, R. Rackwitz*** & P. Thoft-Christensen* 

 * CSR, Aalborg, Denmark

**RCP-Denmark, Mariager, Denmark

***Technical University of Munich, Munich, Germany
ABSTRACT

A model for reliability based optimal inspection and repair strategies is described. The total expected costs in the lifetime is minimized with the number of inspections, the inspection times and efforts, the repair crack size limit and a design parameter as optimization variables. The equivalence of this model with a preposterior analysis from statistical decision theory is discussed. It is described how information obtained by an inspection can be used in the repair decision process and to update the inspection plan. Stochastic models for inspection, measurement and repair actions are presented. Finally a small example is presented.

NOTATION

a 
crack size

a0
initial crack size

ad 
smallest detectable crack size

am 
measured crack length

ar 
repair crack size limit
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a

  minimum and maximum bounds on ar
B0 
event corresponding to no-repair

C 
total expected cost

C0 
initial costs

CF 
failure costs

CIN 
inspection costs

CR 
repair costs

ei 
inspection effort at ith inspection

emin,emax 
minimum and maximum inspection efforts
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expected value operator

MD 
safety margin modelling detection of a crack

MF 
safety margin modelling failure at time T
MR 
safety margin modelling repair

n 
number of inspections

PF 
probability of failure
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probability of performing a repair after the ith inspection
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probability that the component is in a safe state at time T = 0

r 
real rate of interest

ti 
time interval between inspection no i-1 and i
tmin, tmax 
are the minimum and maximum time intervals between inspections

Ti 
time of inspection no. i
TL 
lifetime

u 
utility function

z 
design parameter

zmin, zmax 
minimum and maximum bounds on z
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reliability index
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minimum acceptable reliability index
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measurement error
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inspection effectiveness

1. INTRODUCTION

In this paper it is described how optimal reliability based inspection and repair strategies may be modelled. In Thoft-Christensen & Sørensen (1987), Madsen et al. (1989) and Madsen and Sørensen (1990) a methodology is described by which the total inspection plan for an offshore structure with fatigue sensitive structural details can be determined. The parameters in the inspection strategy are the number of inspections, the inspection times and the inspection qualities. When an inspection is actually performed the inspection plan can be updated on the basis of the repair action taken. In Fujita et al. (1989) an adaptive methodology to determine the inspection plan is suggested. The time for and the quality of the next inspection are determined in an adaptive way. After an inspection the stochastic model is updated based on the inspection results.

The above mentioned methodologies are described in detail in section 2. In the same section is formulated an optimization problem by which an optimal inspection strategy can be determined Modelling of inspection effort and repair is described in section 3 and 4, respectively. The methodology proposed in this paper is illustrated by a simple example in section 5.

2. OPTIMAL RELIABILITY BASED INSPECTION STRATEGY

In this section the methodologies mentioned in the introduction are described in more details. Let n be the number of inspections in the design lifetime TL. The inspections are performed at times 
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 with inspection efforts (qualities) e1, e2, ..., en.

The inspection effort can be modelled in a number of ways. One possibility is to use pod (probability of detection) curves. In general, the model will depend on the actual inspection method used and the model has to contain stochastic parameters due to the high level of uncertainty in the inspection process, see section 3.
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The repair decision (no repair/repair) will depend on the inspection result. The simplest model is to assume that all detected "damages" (e.g. cracks) are repaired. Alternatively, the decision can depend on the magnitude of the detected damage, see section 4.
For a fatigue sensitive structural detail the reliability is measured using a generalized reliability index 
[image: image11.wmf]b

. In figure 1 the reliability index as function of time T is sketched. Generally the reliability index is decreasing with time due to deterioration. At each inspection there is a possibility of repair. This possibility implies that the slope of the reliability index curve is changed such that the slope is smaller after an inspection than before. The jumps at each inspection represent the probability that failure occurs in connection with a repair, i.e. the repaired component fails instantaneously.
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If repair is assumed to be performed when a crack is detected and has been measured with a crack size a larger than a critical level ar then the total number of repair realizations (branches) is 3n, see figure 2, where 0, 1 and 2 signify no crack detected (no repair), crack detected, but too small to be repaired and repair, respectively.

The basis for determination of the optimal inspection and repair strategy is the preposterior analyses in classical statistical decision theory; see Raiffa & Schlaifer (1961) and Benjamin & Cornell (1970). The parameters defining the inspection plan (experiments) are the number of inspections n, the time intervals between inspections
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. These parameters are denoted 
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. The outcome of an inspection is a measured crack length, modelled by a stochastic variable ad. After inspection it is decided if a repair should be performed. This decision is modelled by the parameter ar, the repair crack length limit. The uncertain quantities modelling e.g. significant wave height and the coefficients in Morison's equation are denoted 
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. Finally a design parameter z (e.g. thickness of plate) can be introduced.

The optimal values of the decision variables 
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, ar and z are determined by this modified preposterior analysis
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where 
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 denotes the expectation operation with respect to the stochastic variable ad. 
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 is the expectation operation with respect to the stochastic variables 
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 given ad. " signify that a posterior density function is used. Finally u is the utility function. The decision tree corresponding to (1) is shown in figure 3.

Using that 
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 and a utility function which is minus the total expected costs it is seen that the optimal inspection strategy determined by (1) can equivalently be estimated from the following optimization problem (see e.g. Madsen and Sørensen (1990)) where the total expected costs (consisting of initial costs C0, inspection costs CIN, repair costs CR , and failure costs CF) in the design lifetime are minimized with a lower limit on the reliability index and upper limits on the initial cost, the inspection costs, the repair costs and the failure costs
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where ti = Ti  - Ti-1 , i = 1,2,..., n are the time intervals between inspections and 


[image: image33.wmf]min

b

  
is the minimum acceptable reliability index

tmin, tmax 
are the minimum and maximum time intervals between inspections,

emin, emax 
are the minimum and maximum inspection efforts,


[image: image34.wmf]min

r

a

,
[image: image35.wmf]max

r

a

 
are the minimum and maximum bounds on the repair level parameter, and

zmin, zmax 
are the minimum and maximum bounds on the design parameter
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 is the total expected cost in the design lifetime (Tn+1 = TL).
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 is the total capitalized expected inspection costs. The ith term represents the capitalized inspection costs at the ith inspection when failure has not occurred earlier. It is assumed that if failure occurs then the component cannot be repaired. 
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 is the inspection cost of the ith inspection, PF(Ti) is the probability of failure in the time interval [0,Ti], and r is the real rate of interest. (1 - PF(Ti)) is usually close to one.
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is the total capitalized expected repair costs. The ith term represents the capitalized expected repair costs at the ith inspection. 
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 is the cost of a repair at the ith inspection and 
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 is the probability of performing a repair after the ith inspection when failure has not occurred earlier.

The total capitalized expected costs due to failure are determined from
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CF(T) is the cost of failure at time T. fT(τ) is the probability density function of the time to the first failure of the component (i.e. the crack becomes larger than the critical limit) conditional on the event that the component is in a safe state at time T = 0. 
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 is the probability that the component is in a safe state at time T = 0. The first line in (15) gives the integrated capitalized costs due to failure, which in the second line is approximated using the trapezoidal rule. If CF(τ) is non-increasing function of time then the upper limit in the last line is obtained. The approximation is assumed to be good if n is large.
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 is the generalised reliability index defined by
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where 
[image: image46.wmf]F

 is the standardized normal distribution function.

The probabilities 
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 and PF(Ti) are calculated taking into account all branches, see fig. 2 and can be calculated by asymptotic techniques in the case of time-variant problems, see Bryla et al. (1991). In time-invariant reliability problems (e.g. where a damage function is increasing with time) the probabilities can be estimated by FORM/SORM techniques as follows (see also Madsen and Sørensen 1990)).

The probability of failure in the time interval [0, Ti] is

for 
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where MF(T) is the limit state function modelling failure at time T.

For 
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where B0, Bl, and B2 are the events corresponding to no-repair and repair at the first inspection:


[image: image52.wmf](

)

(

)

{

}

(

)

(

)

(

)

{

}

(

)

(

)

(

)

{

}

0

11

1

111

2

111

00

000

000

FD

FDR

FDR

BMTMT

BMTMTMT

BMTMTMT

=>>

=>£>

=>££

I

II

II

                          (19)

MD(Tl) is the safety margin modelling detection of a crack and MR(T1) is the safety margin modelling repair. 
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 are safety margins with respect to failure at time T > Tl corresponding to no repair and repair at the first inspection. Similar expressions are obtained for T > T2.

The probability of repair at time Ti is determined in a similar manner, e.g.
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Similar expressions are obtained for T1 > T2.

Just after construction the design variable is fixed and some information on the stochastic variables may be available (measurements or simply the fact that the component is not failed). The design parameter is then fixed in the above optimization problem and the probabilities can be updated (e.g. using Bayesian techniques) based on the new information. The optimization problem is solved and an updated inspection plan is determined. 

When an inspection is performed the obtained information (e.g. measured crack size) is used to update the stochastic model. Next the above optimization procedure can be used to determine whether it is optimal to perform a repair or not at this inspection time. The optimization problem is modified by fixing the design variable, the first inspection time and effort. Using the updated probabilities two optimization problems are solved, namely one where repair is assumed and one where no repair at the inspection time is assumed. The difference between the total expected costs of the two cases are compared with the cost of a repair and it can then be decided if a repair should be performed.

Finally when a repair decision is taken an updated optimal inspection plan for the remaining lifetime is determined. In this way an adaptive inspection model is obtained. This model is similar to the models described in Thoft-Christensen and Sørensen (1987), Madsen et al. (1989), and Madsen and Sørensen (1990) It is an extension of the model described in Fujita et al. (1990) where only the next inspection after an inspection is considered in the optimization problem.

The optimization problem (2) - (12) is a general non-linear optimization problem with mixed integer-real valued optimization variables.

3. MODELLING OF INSPECTION EFFORT

The effectiveness of an inspection depends on a number of factors such as the inspection method and the inspection team. Often the reliability of the inspection is modelled by a pod (probability of detection) curve defined by
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where a is the crack length. The pod is also equal to the distribution function of the smallest detectable crack size, here denoted ad
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The probability of detection of a crack depends highly on the conditions under which the inspection is performed. pod curves obtained from laboratory test conditions therefore have to be modified in order to model field inspections.

A number of pod curves are suggested in the literature on an empirical basis. No theoretical justification of these curves is presented in the literature.

A commonly used form of the pod curve is an exponential function
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where Δ is a parameter (0 ≤ Δ ≤ 1) which gives the probability of detecting a very large crack. A0 is the minimum crack size below which a crack can not be detected. 
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 determines the inspection effectiveness and e is a measure of the effort used in the inspection.

A second form of the pod curve is a Rayleigh pod curve, where p(a) is defined by
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 is here a measure of the inverse of the expected value of the smallest detectable crack size. A number of different expressions for 
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where 
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 and 
[image: image70.wmf]1

l

 are constants.
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 defined by (26) - (30) are shown in figure 4. The curves are calibrated in such a way that 
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 = 0 and 
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 = 1. (27) and (29) specifies concave effectiveness functions and (28) and (30) specifies convex effectiveness functions. In (26) a linear relation between the effort e and 
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 is given.

If a crack (or defect) is detected then a measurement of the actual length can be performed. Errors in connection with this measurement depend on the measurement technique used. The two most common probabilistic models of measurement errors are a simple additive and a simple multiplicative model.

The additive model assumes that the measured crack length am can be modelled by
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where a is the crack length and 
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 is a normal distributed random variable modelling the measurement error. 
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 is assumed to have zero mean and a standard deviation which depends on the measurement technique, e.g.  
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where 
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 is a constant and e is the effort parameter.

The multiplicative model assumes that the measured crack length am can be modelled by
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where a is the crack length and 
[image: image82.wmf]d

 is a lognormal distributed random variable modelling the measurement error. 
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 is assumed to have unit mean and a standard deviation which depends on the measurement technique, e.g.
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where 
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s

 is a constant and 
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 is the effort parameter.

4. MODELLING OF REPAIR

4.1 Introduction

Depending on the costs associated with failure of a structural element, the nature of the underlying deterioration process (the crack propagation process) and the costs associated with the actions of inspection and repair a number of different inspection and repair strategies can be deduced. This fact is clearly reflected by the different repair strategies adapted in industries such as e.g. the aeronautical industry and the industry for electrical equipment.

For offshore structures and nuclear power plant cooling systems the deterioration process is normally of a very uncertain character and inspection and repair are associated with large costs. Therefore it is feasible to use the so-called condition based inspection and repair strategy described in section 2, see also Vrouwenvelder (1990). This strategy is based on the procedure that future inspections and repairs are planned according to the state of the structure at the latest inspection rather than to a predetermined periodical scheme, which however can be updated.

The subject of special interest within the present context is the choice of repair strategy when specific inspection results are at hand. In the literature only a few suggestions can be found. In a study by Madsen and Sørensen (1990) the following repair strategies are suggested

Strategy 1 

All detected cracks are repaired by welding.

Strategy 2 
Only detected cracks larger than a certain size are repaired (by welding).

Strategy 3 
All detected cracks are repaired. Cracks smaller than a certain size are repaired by grinding, while cracks larger than this size are repaired by welding.

Strategy 4 
All detected cracks are repaired by replacement of the element.

4. Probabilistic Modelling of Repair

The selection of a particular repair strategy at a given time is depending on how the repaired structural member can be expected to perform. According to the authors knowledge almost no literature on this subject can be found. In Dunn (1983), where repair of off-shore platforms is discussed it is stated that one of the reasons for this fact is that “there is not too much good to be said about underwater repairs”. It is also stated that “it is one thing to find cracks, dents, broken members, etc. It is altogether another thing to do something constructive, not cosmetic, about such problems.” These statements fit unfortunately only too well , with the common opinions about the effect of repair of offshore structures. This situation indicates that it is reasonable to spend some effort on the development of probabilistic models describing the effect of repairs since the procedures for the optimal inspection and repair strategies are based on these effects.

The modeling of the effect of repairs proposed in the following is formulated in the framework of Bayesian updating. Assume that the crack propagation depends on the material parameter θ. If the original stochastic model for this material parameter (that is before inspection and repair) is given in terms of the (prior) probability density function 
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 where P is a vector of distribution parameters, then a (posterior) probability density function 
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 for the parameter θ conditional on the crack size observation ao can be derived using the Bayes formulation
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where 
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 is the likelihood of a0 and k is a normalizing parameter. Depending on the repair action which is estimated to be the most feasible in the given situation the density function for the parameter θ may be updated by
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where 
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 is a repair dependent transformation corresponding to e.g. a reduction of the mean value or an increase of the variance and Q = T(P). Such a transformation is in the following denoted a systematic change and it may also be imposed on the prior density functions in cases where the crack propagation information is not used.

Since steel structures are considered here only four different repair actions in the case where a crack has been observed by inspection, are assumed possible. These are to do nothing, to grind the crack away, to weld the crack and to replace the cracked section of the structural element. It should be remembered that weldings in underwater structures can be performed under wet or dry conditions, generally resulting in very different repair qualities and very different costs. Similar aspects are also present in the case of replacement of damaged structural members performed underwater, where also the possibility of bolting the exchanged member exists.

4.3 No action of repair

When no repair takes place three possibilities are considered. Firstly, the behavior of the material in the structural member has characteristics (e.g. coefficients in crack propagation law) described by the same probability density functions as initially at the design state of the structure. This model is called 'new sampling with the prior'. The second possibility is to use the information obtained at the inspection (i.e. the crack length) and then update the prior distribution using Bayes' theorem. This model is called 'sampling with posterior'. Finally there is also the possibility that by inspection or testing the material parameter In question has been determined without any significant uncertainty so that this parameter can be considered as deterministic. This model will be refereed to as the 'deterministic' model in the following. The probabilistic characteristics of the structural member after the 'no repair decision' can therefore be modelled by the 'deterministic' model, the 'new sampling with the prior' model or the 'sampling with the posterior' model. In any case the probability density function for the new initial crack length to be used in the subsequent crack propagation analysis has a mean and a standard deviation depending on e.g. the inspection method and the inspection crew. If it is assumed that the uncertainties introduced by the inspection method and the crew can be neglected and that the measurements are unbiased then a good probabilistic model for the initial crack length would be a Normal distribution with a mean equal to the observed crack length and with a standard deviation given by the standard deviation of the measurement equipment.

4.4 Repairs by Grinding

The major effect of grinding is associated with the change of the geometry of the structural member in the vicinity of the crack and the resulting change of the geometry function used to describe the crack propagation. If the crack is of a substantial size also the far field stresses may change both in the intensity and in the distribution over the considered cross section. In the probabilistic model for the repaired member the change in the geometry function as well as in the stress distribution and intensity should be considered. As for the case of 'no action of repair' the probability density functions of the material characteristics can be updated according to the 'deterministic', the 'new sampling with the prior' and 'the sampling with the posterior' models depending on the type of information gathered by the inspection. The initial crack length for the subsequent crack propagation analysis can be estimated from the equivalent initial crack corresponding to the stress riser produced by the grinding procedure. The uncertainty associated with this initial crack size is a model uncertainty where the stochastic characteristics must be estimated from real measurements.

4.5 Repairs by Welding

When repair is performed by welding it is assumed that the original geometry of the damaged cross section is essentially restored. However, the characteristics of the material may be somewhat altered. First the situation of a dry welding is considered. In this case it can be assumed that the weld quality is comparable to the welds initially performed onshore. The material of the components is unchanged, but the welding operation will certainly alter the material characteristics in comparison to their initial values, even if the same type of electrode is used. Therefore, a reasonable probabilistic model of the uncertain material characteristics after a dry weld repair may be either the model 'new sample with the prior 'or the model 'sample with the posterior' for the case where observations have been used to update the prior probability density functions. The same models also seem reasonable for the probabilistic modeling of the initial crack length after the repair.

In the case of wet welding it can be assumed that the quality of the weld is significantly poorer than the quality of the welds initially performed onshore. This effect is presumably reflected most clearly through the existence of more and larger initial cracks than at the initial state of the structure. It may also happen that the material in the vicinity of the weld to some degree will show systematic changes in the material characteristics, such as lower fracture toughness, lower yield stress, and shorter fatigue life or in general increased uncertainty about these characteristics in terms of larger standard deviations. Therefore the models 'new sampling from the prior with systematic changes' and the model 'sampling from the posterior with systematic changes' are suggested for the probabilistic modeling of the uncertain material parameters.

4.6 Repair by replacement

The last repair possibility considered here is to repair a damaged structural member by replacing it or by replacing a part of the structural element. Using this 'repair method' it can be assured that the damaged part of the member can be replaced with a part (e.g. a joint) which has been manufactured under the same conditions as the damaged member. Due to this, the models 'new sample with the prior' and, 'sample with the posterior' are appropriate for the probabilistic modeling of the uncertain material characteristics and for the initial crack length of the exchanged member depending on the information gathered at the inspection. It is clear that the replaced member is connected with the original structure by either a bolted connection or a welded connection. However, it is normal practice to locate these connections at such positions where the intensities of the fluctuating stresses are insignificant and these connections are therefore not explicitly considered here.

5. EXAMPLE

Consider a fatigue sensitive structural. component in an offshore structure where the crack is described by the crack size a. Using Paris' equation to describe the crack growth and assuming constant geometry function then a safety margin MF(T) corresponding to failure defined by having a crack larger than ac is

MF(T) = aT - ac                                                (37)

where
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a0 is the initial crack size, m and C are parameters in Paris law, 
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 to the power m, z is a design parameter and z0 and zl model the influence from the design parameter. 

The detection event margin MD(T) is written

MD(T) = aT - ad                                                  (39)

The repair event margin MR(T) is written
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where ar is the repair level parameter and 
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 is the measurement uncertainty, see (31) - (34). 
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are modelled as functions of HS and TZ. This relationship is described by response surfaces. The tripod offshore structure in Karadeniz (1989) is considered and the response surfaces generated (bicubic spline interpolation polynomials) in Bryla et al. (1991) are used. 

The following constants are used: m = 3, a c= 40 mm, and TL = 30 years.

HS and TZ are modelled by dependent Weibull distributions, see Bryla et al. (1991). a0 is exponential distributed with expected value 0.1 mm. lnC is normal distributed with expected value –33 and standard deviation 0.47. ad is modelled by (24) and (26) with 
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 is normally distributed with standard deviation 0.1 mm. All lengths and forces are in mm and N.

At each inspection new stochastic variables for ad and 
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 are generated and at each repair new stochastic variables for a0 and C are generated.

The initial cost C0(z) is modelled by C0(z) = 0 + 0.00125z. The inspection cost factor 
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factor in the repair costs is taken as 
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= 1.25 and CF is assumed to be constant equal to 250. All costs are in million D-mark.

The lower limit 
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on the reliability index is chosen to 3.29 corresponding to a probability of failure = 0.0005. The upper limits in (5) to (7) are not considered. The real rate of interest r is chosen to 0.02. Upper and lower limits on the design parameter z is 60 and 40 mm.

The optimization problem (2)-(12) is solved using the NLPQL algorithm, see Schittkowski (1986). The results with n=l and n=2 are (C is the total expected costs in the lifetime in million D-mark and ar and z are in mm) :

n = 1: 
t(l) = 9.4,                     e(l) = 0.65,                      ar = 5,   z = 60,  C = 0.191

n = 2:   t(l) = 7.9,  t(2) = 8.6,   e(l) = 0.37, e(2) = 0.33,  ar = 5,   z = 60,  C = 0.189

These results show that it is a little cheaper to perform two inspections than one inspection. It should be noted that practical conditions (e.g. that inspections usually are performed in the summer months) may cause that the inspections have to be performed earlier than the optimal inspection times show.

After the first inspection is performed the decision to repair or not is based on the following calculations: If the n = 2 result is used then the first inspection is performed after 7.9 years. Assuming that the crack measurement corresponds to the expected value of a after 7.9 years the solution of the updated optimization problem is

t(2) = 7.1,   e(2) = 0.38,     aT = 5,    C = 0.093

If this cost for the remaining lifetime is compared with a repair cost (CR = 1.25) it is seen that no repair should be performed. The next inspection time is after 7.1 years. Adding the initial costs and the inspection costs at the first inspection gives the total expected cost in the whole lifetime  C= 0.190.

If instead the n = l result is used then the first inspection is performed after 9.4 years. Again assuming that the crack measurement corresponds to the expected value after 9.4 years the solution of the updated optimization problem is

t(2) = 10.0,   e(2) = 0.20,      ar = 5,   C = 0.085

If this cost for the remaining lifetime is compared with a repair cost it is again seen that no repair should be performed. The next inspection time is after 10.00 years. Adding the initial costs and the inspection costs at the first inspection gives the total expected cost in the whole lifetime C = 0.205.

From these results it is seen that an adaptive method where only the time (and effort) for the next inspection is optimized results in larger costs than an adaptive method where both the number, times and efforts of the inspections in the remaining lifetime are optimized. However, this general optimization problem results in more extensive numerical calculations.

6. CONCLUSIONS

A model for reliability based optimal inspection and repair strategies is described. The total expected costs in the lifetime is minimized with the number of inspections, the inspection times and efforts, the repair crack size limit and a design parameter as optimization variables. It is described how information obtained by an inspection can be used in the repair decision process and to update the inspection plan.

Stochastic models for inspection, measurement and repair actions are presented. A number of different ways to include the inspection effort is discussed. Based on Bayesian updating the following models for updating of the stochastic material parameters are presented. In the case of no repair or repair by grinding: new sampling with the prior, sampling with posterior and deterministic. In the case of repair by welding also the models new sampling from the prior with systematic changes and sampling from the posterior with systematic changes are described.
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Figure 4. � EMBED Equation.DSMT4  ��� as function of the inspection effort e.





Figure 3. Decision tree.





Figure 2, Repair realizations.








Figure 1. Forecasted reliability index as function of time with inspections at times T1, T2,..., Tn.
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Figure 3. Decision tree.
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