
Aalborg Universitet

Spurious Multivariate Regressions Under Fractionally Integrated Processes

Ventosa-Santaulària, Daniel; Vera-Valdés, J. Eduardo; Lasak, Katarzyna; Ramírez-Vargas,
Ricardo
Published in:
Communications in Statistics: Theory and Methods

DOI (link to publication from Publisher):
10.1080/03610926.2020.1758945

Publication date:
2022

Document Version
Accepted author manuscript, peer reviewed version

Link to publication from Aalborg University

Citation for published version (APA):
Ventosa-Santaulària, D., Vera-Valdés, J. E., Lasak, K., & Ramírez-Vargas, R. (2022). Spurious Multivariate
Regressions Under Fractionally Integrated Processes. Communications in Statistics: Theory and Methods,
51(7), 2034-2056. https://doi.org/10.1080/03610926.2020.1758945

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            - Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            - You may not further distribute the material or use it for any profit-making activity or commercial gain
            - You may freely distribute the URL identifying the publication in the public portal -

Take down policy
If you believe that this document breaches copyright please contact us at vbn@aub.aau.dk providing details, and we will remove access to
the work immediately and investigate your claim.

Downloaded from vbn.aau.dk on: December 04, 2025

https://doi.org/10.1080/03610926.2020.1758945
https://vbn.aau.dk/en/publications/51f383e6-ecc8-419c-9c1e-c702faa99b55
https://doi.org/10.1080/03610926.2020.1758945


Spurious multivariate regressions under fractionally

integrated processes
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Abstract

This paper studies spurious regression in the multivariate case for any finite number

of fractionally integrated variables, stationary or not. We prove that the asymptotic

behavior of the estimated coefficients and their t-statistics depend on the degrees of

persistence of the regressors and the regressand. Nonsense inference could therefore be

drawn when the sum of the degrees of persistence of the regressor and regressand is

greater or equal than 1/2. Moreover, the asymptotic behavior from the most persistent

regressor spreads to correlated regressors. Thus, the risk of uncovering spurious results

increases as more regressors are included. Inference drawn from other test statistics

such as the joint F test, the R-squared, and the Durbin-Watson is also misleading.

Finite sample evidence supports our findings.
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1 Introduction

Spurious regression in econometrics is widely understood as the failure of conventional testing

procedures. It was uncovered by Granger and Newbold (1974), and later explained by

Phillips (1986), assuming that independent driftless unit root processes generate the regressor

and regressand in a univariate regression. Many extensions have been considered. For

example, spurious regression under mean and trend stationarity, under independent higher-

integration-order processes, or in out-of-sample predictability criteria were studied by Hassler

(1996), Marmol (1996), Hassler (2003), and Mart́ınez-Rivera et al. (2012), respectively.

Although the results by Phillips (1986) and Durlauf and Phillips (1988) suggest that it

is nonstationarity that causes spurious effects, Granger and Newbold’s (1974) simulation

exercise also uncovered spurious regression under stationarity. This case, not considered

in Phillips (1986), was later studied by Granger et al. (2001) for positively autocorrelated

autoregressive series and long moving average processes. In this regard, several authors

consider that non-resolved autocorrelation problems lie at the origin of spurious regression;

see McCallum (2010), Kolev (2011), Agiakloglou (2013), and Zhang (2018). The authors

supported their arguments with Monte Carlo simulations. Nonetheless, other studies, also

based in Monte Carlo experiments, provide evidence that spurious regression is more than

just poorly controlled autocorrelation; see Sollis (2011), Ferson et al. (2003a), Mart́ınez-

Rivera and Ventosa-Santaulària (2012) and Ventosa-Santaulària et al. (2016). Furthermore,

Mikosch and De Vries (2006) uncovered spurious regression when the distribution of the

innovations is fat-tailed, while Ferson et al. (2003b) and Deng (2013) studied spurious re-

gression in the presence of measurement errors. It is therefore relevant to consider that

spurious regression is not an exclusively nonstationary phenomenon. However, this avenue

has been scarcely considered.

The spurious regression phenomenon under long memory was first examined by Cappuccio

and Lubian (1997) and Marmol (1998) using fractionally integrated processes of order d. Tsay

and Chung (2000), TC hereafter, also studied the asymptotic properties of a regression with

independent stationary and nonstationary fractionally integrated processes in a univariate

setting. TC showed that the t-statistics in an OLS regression have orders of convergence

that vary depending on the orders of integration of the processes. To be more precise, TC (p.

155) found that, “as long as [the variables’] orders of integration sum up to a value greater

than 1/2, the t-ratios become divergent and spurious effects occur”.

TC’s results show that misleading inference can occur in a regression between two stationary

I(d) processes. The authors thus argued that strong dependence originates the spurious

effects. In other words, the underlying causes of spurious regression can be better understood
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as “strong temporal properties”, as explained by Granger et al. (2001).

We aim to extend this line of inquiry by providing further theoretical and finite sample

evidence that spurious regression may be due to the persistence of the series. We therefore

extend TC’s findings concerning fractionally integrated processes to the multivariate case.

Such an extension is relevant because: (i) the assumption that there is only one explanatory

variable in the model is restrictive, and; (ii) fractionally integrated processes are quite com-

mon in finance and macroeconomics. In a review of the empirical literature, Baillie (1996)

notes that price and inflation series for several countries behave as long memory processes.

Moreover, he mentions applications of fractionally integrated models to asset prices, stock

returns, exchange rates, and interest rates; a few recent examples can be found in Leccadito

et al. (2015), Varneskov and Perron (2018), and Osterrieder et al. (2019). We consider a

specification with an arbitrary finite number of explanatory variables, independent of the

regressand, and we analyze both stationary and nonstationary cases.

For the stationary case, our results show that, for non-correlated regressors, when the sum

of the persistence parameter of the regressand and that of a regressor is above or equal to

1/2, the t-statistic associated to the estimated coefficient diverges. For correlated regressors,

a more relevant scenario, the divergence depends on the maximum degree of persistence

among the regressors. The behavior of the F -statistic is similar to that of the t-statistics,

albeit dependent on the sum of the persistence parameters of the regressand and the most

persistent of all regressors, regardless of whether the regressors are correlated or not. Hence,

if the underlying processes are persistent enough, nonsense inference could be drawn from

at least some t-statistics and the joint F -statistic. Moreover, we find that the R-squared

collapses to 0 at a rate that also depends on the sum of the order of integration of the

regressand and the highest order of integration among all regressors, correctly signaling the

poor fit. As for the Durbin-Watson statistic, it converges to a value in the (0, 2) interval

that only depends on the degree of persistence of the regressand.

For the nonstationary case, our results extend the classical spurious regression literature

with nonstationary variables to the multivariate fractionally integrated case. That is, all t-

statistics and F -statistic diverge, and they do so at an even faster rate than for the stationary

case. Moreover, the Durbin-Watson statistic collapses to zero, while the R-squared does not,

thus, unreliably signaling the poor fit.

The paper proceeds as follows: Section 2 presents the theoretical framework and finite sample

evidence for the multivariate fractionally integrated stationary case, while Section 3 focuses

on the nonstationary case. Section 4 presents our concluding remarks. Proofs for the the-

orems are provided in Appendices A and B, while Appendix C provides additional finite

sample evidence.
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2 Stationary case

2.1 Asymptotic results

Fractionally integrated processes were introduced in time series econometrics by Granger

and Joyeux (1980), and Hosking (1981). A fractionally integrated process, denoted FI(dz),

is a discrete-time stochastic process zt that satisfies (1 − L)dzzt = az,t, where L is the lag

operator, dz is the fractional difference parameter, and (1 − L)d is the fractional difference

operator, defined as (1−L)d =
∑∞

j=0 ΨjL
j, where Ψj = Γ(j− d)[Γ(j + 1)Γ(−d)]−1, and Γ(·)

is the gamma function. The innovations sequence az,t is i.i.d. white noise with zero mean

and finite variance σ2
az . The autocovariance function of the fractionally integrated process is

γz(j) =
Γ(1− 2dz)Γ(dz + j)

Γ(dz)Γ(1− dz)Γ(1− dz + j)
σ2
az ,

and its first autocorrelation1 is

ρz(1) =
dz

1− dz
.

When dz > 0, the process is said to have long memory since it exhibits long-range dependence

in the sense that
∑∞

j=−∞ γz(j) =∞; see Haldrup and Vera-Valdés (2017) for a recent review

on long memory definitions. Moreover, when dz < 1/2, zt is stationary; while nonstationary

for dz > 1/2.

For the stationary case, we let the regressand be a fractionally integrated process with

parameter dy, while each of the k regressors follows a signal plus noise specification where the

signal follows a fractionally integrated process with parameter dxi , and the noise models the

eventual correlation between the regressors. Let m ∈ {1, 2, · · · , k} regressors be correlated.

Without loss of generality, let the correlated regressors appear first in the specification. Our

multivariate specification is thus given by

yt = (1− L)dyεy,t, (1)

and

xi = (1− L)dxi εi,t + wi,t, (2)

where εz,t are i.i.d. white noise with zero mean and finite variance σ2
ε,z, and dz ∈ (0, 1/2) for

z = y, x1, · · · , xk. Furthermore, wt = (w1,t, w2,t, · · · , wk,t)′ is a zero mean random vector

1The sample autocorrelation function for stationary fractionally integrated processes was studied by

Hosking (1984); the nonstationary sample autocorrelation function was obtained by Hassler (1997).
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with variance matrix Σ, ∀t, given by

Σ =



σ2
1 σ1,2 · · · σ1,m 0 · · · 0

σ1,2 σ2
2 · · · σ2,m 0 · · · 0

...
...

. . .
...

...
. . .

...

σ1,m σ2,m · · · σ2
m 0 · · · 0

0 0 · · · 0 σ2
m+1 · · · 0

...
...

. . .
...

...
. . .

...

0 0 · · · 0 0 · · · σ2
k


; (3)

that is, σi,j 6= 0 for 1 ≤ i, j ≤ m, i 6= j, and σi,j = 0 otherwise.2

Note that our specification allows for correlation between the regressors while simultaneously

each regressor provides independent information by the fractionally integrated signal. These

assumptions are in line with the ones made by the estimation procedure; recall that near-

perfect correlation would make OLS computationally unstable, and possibly not defined.

Note that near-perfect correlation translates to the case where regressors share the signal.

Furthermore, our specification is quite general. On the one hand, it encloses the uncorrelated

case by making m = 1, and the fully correlated one by making m = k. On the other hand,

we can allow for some short memory autocorrelation on wt to capture the dynamics in the

correlation among regressors. The only restriction imposed on wt is that it has a finite vector

moving average representation. Note that this restriction ensures that the noise process is

less persistent than the signal.

As for the notation we employ, let β̂j, for j = 0, 1, . . . , k, denote the OLS estimators of the

parameters, where β̂0 is the estimator of the constant, and tβj their associated t-statistics.

Furthermore, let F , R2, and DW denote the joint significance test statistic, the R-squared

measure of fit, and the Durbin Watson statistic, respectively.

We summarise the data generating processes considered in the stationary multivariate ex-

tension in Assumption 1.3

Assumption 1. Let yt be an independent stationary fractionally integrated process of order

dy ∈ (0, 1/2) as in (1), and let xi,t for i = 1, 2, . . . , k, be signal plus noise processes given by

(2). Suppose also that E [εz,t]
qz <∞ with qz ≥ max

{
4,− 8dz

1+2dz

}
for all z = y, x1, · · · , xk.

Theorem 1 shows that inference drawn from a regression involving such processes can be

misleading.

2We write σ2
i instead of σi,i ∀i to ease notation.

3Note that both type-I and type-II fractionally integrated processes could be encompassed in Assumption

1 by making εz,t = 0, for z = y, xi, ∀t ≤ 0, for type-II. See Marinucci and Robinson (2000) for further details.
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Theorem 1. Let Assumption 1 hold. Suppose that the linear specification yt = β0 +∑k
i=1 βixi,t + ut is estimated by OLS. Then, as T →∞,

i) β̂0 = Op(T
dy− 1

2 );

ii) β̂i =


Op(T

− 1
2 ) for d̄x1:m + dy <

1
2
,

Op

[
(T−1 log T )

1
2

]
for d̄x1:m + dy = 1

2
,

Op(T
d̄x1:m+dy−1) for 1

2
< d̄x1:m + dy,

for i = 1, . . . ,m;

iii) β̂i =


Op(T

− 1
2 ) for dxi + dy <

1
2
,

Op

[
(T−1 log T )

1
2

]
for dxi + dy = 1

2
,

Op(T
dxi+dy−1) for 1

2
< dxi + dy,

for i = m+ 1, . . . , k;

vi) tβ0 = Op(T
dy);

v) tβi =


Op(1) for d̄x1:m + dy <

1
2
,

Op

[
(log T )

1
2

]
for d̄x1:m + dy = 1

2
,

Op(T
d̄x1:m+dy− 1

2 ) for 1
2
< d̄x1:m + dy,

for i = 1, . . . ,m;

vi) tβi =


Op(1) for dxi + dy <

1
2
,

Op

[
(log T )

1
2

]
for dxi + dy = 1

2
,

Op(T
dxi+dy−

1
2 ) for 1

2
< dxi + dy,

for i = m+ 1, . . . , k.

Furthermore,

vii) R2 =


Op (T−1) for d̄x1:k + dy <

1
2
,

Op (T−1 log T ) for d̄x1:k + dy = 1
2
,

Op

[
T 2(d̄x1:k+dy−1)

]
for 1

2
< d̄x1:k + dy;

viii) F =


Op (1) for d̄x1:k + dy <

1
2
,

Op (log T ) for d̄x1:k + dy = 1
2
,

Op

[
T 2(d̄x1:k+dy)−1

]
for 1

2
< d̄x1:k + dy;

ix) DW P→ 2− 2ρy(1) = 2(1−2dy)

1−dy ;

where d̄xr:s := max{dxi | r ≤ i ≤ s}; and
P→, and Op(·) are short for convergence in

probability, and order in probability, respectively.
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Proof: See Appendix A.

In the following subsections, we study separately the asymptotic properties of coefficients,

t-statistics, and other statistics, to provide a better understanding of the results in Theorem

1.

Coefficients: Theorem 1 shows that the OLS-estimated coefficients for the stationary

case collapse to zero asymptotically regardless of the degrees of persistence of the associated

regressors. Nonetheless, the rate of convergence of each estimator, β̂i, varies depending on

the values of dxi and dy, and whether they are correlated with other regressors.

For non-correlated regressors, if dxi + dy < 1/2, the convergence rate is the usual T−
1
2 , while

for dxi + dy = 1/2, the convergence rate is slightly slower. If dxi + dy > 1/2, the convergence

rate explicitly depends on the value of dxi + dy; as the value of this sum approaches 1, the

order in probability of the estimator approaches Op (1). In other words, the more persistent

the processes are, the slower the rate of convergence of the estimators, in line with TC’s

results.

For correlated regressors, the most relevant scenario, the orders of convergence for all co-

efficients depend solely on the degree of memory of the most persistent regressor. This is,

in contrast to TC’s results, the orders of convergence for the estimators of less persistent

regressors, β̂i, do not longer depend on the sum dxi+dy. Finally, the estimate of the constant

term, β̂0, collapses at a rate that only depends on dy in both cases. The more persistent the

regressand, the slower the estimate for the constant collapses.

t-statistics: Theorem 1 also shows that misleading inference could be drawn via the t-

statistics. We focus first on the non-correlated regressors. Note that for any regressor with

dy + dxi < 1/2, the t-statistic associated to β̂i does not diverge. This does not necessarily

mean that there are no distortions since the limiting distribution may differ from the standard

normal, as we illustrate through finite sample evidence. For dy + dxi = 1/2, the t-statistic

slowly diverges at rate (log T )
1
2 . Finally, for dy + dxi > 1/2, the t-statistic diverges, and the

rate of divergence is directly dependent on dy + dxi . The greater the degree of memory of

the variable, the faster its t-statistic diverges.

For correlated regressors, the distortions are propagated among variables. Specifically, note

that the rate of convergence for the t-statistics of correlated regressors depends on the max-

imum degree of persistence among them. Thus, it takes only one regressor with memory

such that dy + dxi ≥ 1/2 to make all remaining t-statistics diverge. Importantly, this implies

that the asymptotic behavior for the t-statistics in the multivariate case cannot be derived

from the univariate scenario of TC. Under correlated regressors, the rate of divergence of a
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t-statistic associated to a regressor with dy + dxi < 1/2 in a univariate regression will differ

from the one obtained in a multivariate regression if at least one of the regressors is such

that dy + dxj ≥ 1/2. This shows that the risk of uncovering spurious results increases as

we add more regressors to the specification. In particular, coefficients that would be found

insignificant in a univariate setting may be spuriously found to be significant in a multi-

variate setting, as we will illustrate with finite sample evidence. Finally, the t-statistic for

the constant term diverges at a rate that solely depends on the degree of persistence of the

regressand.

Other statistics: As for the complementary statistics, Theorem 1 shows that the standard

statistical tools to draw inference provide conflicting information. On the one hand, the joint

F -statistic diverges if maxk{dxk}+dy ≥ 1/2, which would spuriously indicate that at least one

of the explanatory variables is related to the regressand. On the other hand, note that the

coefficient of determination, R2, converges in probability to zero regardless of the correlation

structure between the regressors. Consequently, as the sample size increases, the declining R2

correctly reflects the fact that the regressors do not explain the variation in the regressand.

Furthermore, the asymptotic value of DW depends solely on the memory parameter dy, such

that DW is in the (0, 2) interval. Hence, Granger and Newbold’s (1974) rule of thumb for

detecting a spurious regression, R2 > DW , no longer applies in view of Theorem 1.

2.2 Finite sample evidence under stationarity

Our theoretical findings point the risk of drawing misleading inference from an OLS-estimated

regression model using fractionally integrated series. Furthermore, this risk increases as the

sample size and number of regressors grow; we confirm this in finite samples. In the simu-

lations,4 all error terms are sampled from Normal distributions, with a multivariate Normal

for the correlated case. We generate the fractionally integrated processes using the algorithm

based on the fast Fourier transform, see Jensen and Nielsen (2014), with initial values set to

zero. The simulated sample sizes are T = 50, T = 100, and T = 1000.

Univariate versus multivariate regressions: Table 1 shows the simulation results for

a scenario that allows us to contrast our multivariate extension against the univariate case

considered by TC. The regressand is generated as an FI(dy) process, Equation (1), while

the regressors as FI(dxi) plus correlated noise, Equation (2). Two regressors are considered,

x1, and x2, such that, dx1 +dy < 1/2, and dx2 +dy > 1/2. The table considers three regressions

4Codes for the Monte Carlos analysis are available at: https://github.com/everval/Spurious Multivariate
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using these two regressors: a multivariate regression using both regressors, and two univariate

regressions using just one of the regressors.

Table 1: Spurious regression, univariate against multivariate case.

yt ∼ FI(dy) x1,t ∼ FI(dx1) + w1 x2,t ∼ FI(dx2) + w2

dy σ2
ε,y dx1 σ2

ε,x1
σ2

1 dx2 σ2
ε,x2

σ2
2 σ1,2

0.35 0.5 0.10 0.25 1 0.45 0.25 1 0.8

yt = β0 + β1x1,t yt = β0 + β1x1,t + β2x2,t yt = β0 + β2x2,t

T 50 100 1000 50 100 1000 50 100 1000

RRtβ0 0.5289 0.6053 0.8029 0.4979 0.5867 0.7969 0.5107 0.5974 0.7987

RRtβ1 0.0508 0.0533 0.0576 0.0685 0.0823 0.1621 - - -

RRtβ2 - - - 0.0851 0.1176 0.2877 0.0685 0.0888 0.2232

RRF 0.0508 0.0533 0.0576 0.0739 0.1014 0.2507 0.0685 0.0888 0.2232

R2 0.0207 0.0104 0.0011 0.0472 0.0262 0.0046 0.0236 0.0135 0.0026

DW 1.3340 1.2322 1.0557 1.3667 1.2565 1.0627 1.3446 1.2415 1.0597

RRt and RRF account for rejection rate of the t-ratio and the F tests at a 5% nominal

size, respectively. The number of replications is 10,000.

Table 1 shows that in both univariate cases, the t-statistics follow a rate of divergence that

depends on the degree of memory of the regressor. Particularly, tβ2 diverges as the sample

size increases given that dx2 + dy > 1/2, while tβ1 is Op(1) given that dx1 + dy < 1/2.

Importantly, note that tβ1 diverges as the sample size increases in the multivariate regression,

in line with Theorem 1. This is, the multivariate regression spuriously finds a linear relation

between x1 and y that was not uncovered in the univariate case. In this sense, Table 1

shows that TC’s univariate results do not trivially generalize to the multivariate setting. In

a multivariate regression, a practitioner would determine that all regressors are significant

asymptotically, whilst she may find a particular regressor to be insignificant using a univariate

regression framework. The practitioner could also find a subset of regressors (in a smaller,

but still multivariate regression) to be insignificant if the persistence of the variables in

such subset is smaller than the persistence of the excluded variables. In short, these results

show that the risk of drawing spurious inference increases as we add more regressors to the

specification because the persistence of one of such added regressors may be high enough to

drag the divergence rate of the remaining t-stats.

Regarding the other statistics, note that the rates of divergence for the F -statistics also differ

between the univariate and multivariate cases. The F -statistic is bigger for the multivariate

scenario than for both univariate scenarios for all sample sizes. In this regard, the table

shows that the risk of uncovering spurious results increases as we increase the number of
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regressors. Furthermore, in Appendix C it is shown that the risk of spurious regression

increases with the degree of correlation among regressors in finite samples. Finally, the R2

and the DW statistic converge to the expressions shown in Theorem 1 for all specifications.

Correlated versus uncorrelated regressors: Table 2 shows the simulation results for

the multivariate stationary scenario under different correlation structures between the regres-

sors. The regressand is generated as an FI(dy) process, Equation (1), while the regressors

as FI(dxi) plus possibly correlated noise, Equation (2). Three regressors are considered,

x1, x2 and x3, such that, dx1 + dy > 1/2, dx2 + dy = 1/2, and dx3 + dy < 1/2. We explore

three correlation scenarios among regressors: i) they are all independent, ii) the first two

are correlated while the last one is not, and iii) they are all correlated.

Table 2: Spurious regression, stationary variables, maxk{dxk}+ dy ≥ 1
2
.

yt ∼ FI(dy) x1,t ∼ FI(dx1) + w1 x2,t ∼ FI(dx2) + w2 x3,t ∼ FI(dx3) + w3

dy σ2
ε,y dx1 σ2

ε,x1
σ2

1 dx2 σ2
ε,x2

σ2
2 dx3 σ2

ε,x3
σ2

3

0.35 0.5 0.45 0.25 1 0.15 0.25 1 0.10 0.25 1

σ1,2 = 0; σ1,3 = 0; σ1,2 = 0.8; σ1,3 = 0; σ1,2 = 0.8; σ1,3 = 0.8;

σ2,3 = 0 σ2,3 = 0 σ2,3 = 0.4

T 50 100 1000 50 100 1000 50 100 1000

RRtβ0 0.5076 0.5947 0.8033 0.4898 0.5883 0.8015 0.4885 0.5915 0.8003

RRtβ1 0.0657 0.0920 0.2294 0.0859 0.1217 0.2870 0.1093 0.1400 0.3456

RRtβ2 0.0520 0.0607 0.0630 0.0699 0.0830 0.1665 0.0722 0.0869 0.1784

RRtβ3 0.0565 0.0539 0.0592 0.0524 0.0541 0.0600 0.0684 0.0833 0.1703

RRF 0.0620 0.0794 0.1845 0.0752 0.0998 0.2339 0.0859 0.1094 0.2857

R2 0.0657 0.0348 0.0049 0.0689 0.0369 0.0058 0.0713 0.0388 0.0067

DW 1.3786 1.2636 1.0612 1.3841 1.2668 1.0649 1.3888 1.2729 1.0641

RRt and RRF account for rejection rate of the t-ratio and the F tests at a 5% nominal

size, respectively. The number of replications is 10,000.

As for the uncorrelated case, Table 2 shows the dependence of the rate of divergence of

the t-statistic on the persistence level of its associated regressor. The results show that a

regression estimated with as few as 50 observations may obtain spurious results for highly

persistent regressors, akin to TC’s results. For the least persistent regressor, the rejection

rates of the t-tests remain relatively stable. Nonetheless, they show that the distribution has

heavier tails, since the actual rejection rates are systematically above the nominal 5%.

Turning to the correlated case, Table 2 shows how the spurious results get propagated to

correlated regressors. In particular, note the increase in rejection rates for each variable
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once it is allowed to be correlated to the more persistent regressor. In the most severe

case, the table shows that even if the sum of the degree of memory of the regressor and the

regressand is less than 1/2, as it is the case for x3,t, its t-statistic diverges asymptotically due

to the correlation with the more persistent regressor. This contrasts with TC’s results where

spurious regression does not occur in regressions where the sums of the degrees of memory of

regressand and regressor is less than 1/2. The table shows that, under correlated regressors,

the most realistic scenario, it takes only one regressor with a degree of memory such that its

sum with that of the regressand is greater or equal than 1/2, to make all t-statistics diverge.

Thus, Table 2 further shows the increase of spurious results as we expand the specification

to include more regressors.

Finally, Table 2 exhibits how the behavior of the F -statistic depends on the sum maxk{dxk}+
dy. Given that the value of this sum is greater than 1/2, F starts to grow as the sample

size increases, regardless of the correlation structure among regressors. Nonetheless, note

that in finite samples, the F grows faster, the more correlation there is among regressors.

Additional tables with maxk{dxk}+ dy < 1/2 showing that F is Op(1) in that case, and thus

does not diverge as the sample size increases, are shown in Appendix C. Finally, the R2

statistic collapses to zero, and the Durbin-Watson statistics converge to the value obtained

in Theorem 1 which only depends on the degree of memory of the regressand, regardless of

the correlation structure between the regressors.

Signal-to-noise ratio: The multivariate stationary specification assumes a signal plus

noise form for the regressors. In Table 3, we explore how the signal-to-noise ratio within

the regressors affect the finite sample results. The table shows the simulation results for a

multivariate stationary scenario where maxk{dxk} + dy > 1/2. The regressand is generated

as an FI(dy) process, while the regressors as FI(dxi) plus correlated noise. Let σ2
xj

be the

variance of the fractionally integrated signal in xj; that is,

σ2
xj

=
Γ(1− 2dxj)

Γ(dxj)[Γ(1− dxj)]2
σ2
ε,xj
,

and define the signal-to-noise ratio by σ2
xj/σ2

j . We consider three regressors under three signal-

to-noise ratio scenarios: i) σ2
xj/σ2

j = 4, j = 1, 2, 3; ii) σ2
xj/σ2

j = 1, j = 1, 2, 3; and iii) σ2
xj/σ2

j = 1/4,

j = 1, 2, 3.

Table 3 allows us to assess the effect that the signal-to-noise ratio has in uncovering spurious

results in finite samples. The table shows that the smaller the signal-to-noise ratio; that is,

the greater the variance of the noise is in relation to the variance of the signal, the slower the

t-statistics and F -statistic diverge. Nonetheless, note that we uncover spurious results for

sample sizes as smalls as 50 observations for cases where the variance of the noise is four times

11



Table 3: Spurious regression, stationary variables, maxk{dxk}+ dy >
1
2
.

yt ∼ FI(dy) x1,t ∼ FI(dx1) + w1 x2,t ∼ FI(dx2) + w2 x3,t ∼ FI(dx3) + w3

dy σ2
ε,y dx1 σ2

ε,x1
dx2 σ2

ε,x2
dx3 σ2

ε,x3

0.35 0.5 0.45 0.25 0.15 0.25 0.10 0.25

σ2
i = 1

4
σ2
xi

;σ1,2 = 0.6; σ2
i = σ2

xi
;σ1,2 = 0.6; σ2

i = 4σ2
xi

;σ1,2 = 0.6;

σ1,3 = 0.6; σ2,3 = 0.6 σ1,3 = 0.6; σ2,3 = 0.6 σ1,3 = 0.6; σ2,3 = 0.6

T 50 100 1000 50 100 1000 50 100 1000

RRtβ0 0.4856 0.5742 0.8002 0.4887 0.5906 0.8030 0.5082 0.6091 0.8090

RRtβ1 0.0984 0.1475 0.3525 0.0818 0.1046 0.2629 0.0633 0.0705 0.1605

RRtβ2 0.0660 0.0758 0.1160 0.0633 0.0721 0.1102 0.0550 0.0632 0.0801

RRtβ3 0.0615 0.0663 0.0894 0.0623 0.0651 0.0919 0.0581 0.0547 0.0757

RRF 0.0950 0.1321 0.3306 0.0768 0.0993 0.2324 0.0645 0.0671 0.1342

R2 0.0745 0.0418 0.0074 0.0694 0.0373 0.0057 0.0649 0.0329 0.0042

DW 1.4025 1.2822 1.0658 1.3875 1.2685 1.0650 1.3695 1.2584 1.0594

RRt and RRF account for rejection rate of the t-ratio and the F tests at a 5% nominal

size, respectively. The number of replications is 10,000.

as big as that of the signal. Thus, the simulations show that we can expect spurious results

even when the fractionally integrated signal is small compared to the random component. In

this sense, it takes only a relatively small long-range dependent component in the regressors

for spurious results to occur.

To summarise, the simulations show that extra consideration should be taken when dealing

with multivariate specifications in relation to univariate ones. For fractionally integrated

stationary regressors, it takes only one highly persistent regressor for spurious results to

appear. In particular, the F -statistic and t-statistics of highly persistent regressors diverge

asymptotically. Moreover, the asymptotic divergence is propagated to the t-statistics of

correlated regressors, regardless of their degree of persistence. The rate of divergence, and

thus the uncovering of spurious results, is directly related to the level of dependence of the

regressors, the correlation between them, and the signal-to-noise ratio.

Notwithstanding, the R-squared remains a relatively reliable tool for identifying misleading

inference. It is quite small under any circumstance where there is not a real linear relationship

between the regressors and the regressand. Should the practitioner encounter a small R-

squared in a regression with stationary variables, she should be wary that the regression

might be of little use.
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3 Nonstationary case

3.1 Asymptotic results

We now turn our attention to the case of spurious multivariate regression under fractionally

integrated nonstationary processes. Cappuccio and Lubian (1997) and TC are among the

first works to study the phenomenon of spurious regression under fractional nonstationarity.

Capuccio and Lubian (1997) study the asymptotics of the OLS estimates of a univariate

regression where both yt and xt are assumed to be I(1) processes with fractionally integrated

errors, this is I(1+d) with−0.5 < d < 0.5; while TC present the asymptotics of a more varied

set of data-generating processes: yt and xt are (i) both stationary fractionally integrated

processes; (ii) both nonstationary fractionally integrated processes; (iii) both variables are

fractionally integrated but only one is stationary, and; (iv) a fractionally integrated variable,

stationary or not, is regressed against a deterministic trend. The main finding across these

two works is that the phenomenon of spurious regressions seems to relate to the strong

long memory of the series rather than stationarity, as noted by Granger et al. (2001). We

extend these results to the multivariate nonstationary case and show that the asymptotics

of the statistics associated to individual regressors do not depend on the order of integration

of other regressors, nor do they depend on the number of regressors. Below we list the

assumptions for the multivariate nonstationary case.

Assumption 2. Let yt and xi,t, for i = 1, 2, . . . , k, be independent nonstationary fractionally

integrated processes of orders dy and dxi, respectively, that satisfy (1−L)dzzt = εz,t, where εz,t

are i.i.d. white noises with zero mean and finite variance σ2
ε,z, and dz ∈ (1/2, 1) for z = y, xi.

Suppose also that E [εz,t]
qz <∞ with qz ≥ max

{
4,− 8dz

1+2dz

}
for all z = y, xi.

Theorem 2 shows that, for the nonstationary case, the behavior of statistics associated to

individual regressors does not depend on the order of integration of other regressors, nor

does it depend on the number of regressors.

Theorem 2. Let Assumption 2 hold. Suppose that the linear specification yt = β0 +∑k
i=1 βixi,t + ut is estimated by OLS. Then, as T →∞,

i) β̂0 = Op(T
dy− 1

2 );

ii) β̂i = Op

(
T dy−dxi

)
, for i = 1, . . . , k;

iii) tβ0 = Op(T
1
2 );

iv) tβi = Op

(
T

1
2

)
, for i = 1, . . . , k;

13



Furthermore,

v) R2 = Op (1);

vi) F = Op (T ) ;

vii) DW P→ 0;

where
P→, and Op(·) are short for convergence in probability, and order in probability, respec-

tively.

Proof: See Appendix B.

Theorem 2 is in line with classical results on spurious regressions with nonstationary vari-

ables. All t-statistics diverge at rate Op

(
T

1
2

)
, the F diverges at rate Op(T ), and the R2 is

Op(1), which shows that for nonstationary variables we cannot reliably use the R2 to filter

spurious results. In this sense, Theorem 2 extends the results from spurious regressions with

nonstationary variables to the multivariate fractionally integrated case.

3.2 Finite sample evidence under nonstationarity

Turning our attention to the finite sample evidence, Table 4 shows the results of simulations

with nonstationary fractionally integrated variables. On the one hand, the table is in line with

the results from Theorem 2, this is: the rejection rates of the t-ratios shown in Table 4 grow

as the sample size increases, but at a slower pace (less than linear); the R2 is nondegenerate

and the F joint test diverges, as Theorem 2 states.

On the other hand, Theorem 2 and the finite-sample evidence are in line with classical results

on spurious regressions with nonstationary variables. The divergence rate of the t-ratios,

T 1/2, the non-degenerate R-square, and the divergent F statistic are common findings in the

literature of spurious regression since Phillips’ (1986) seminal work. See Ventosa-Santaulària

(2009) for a review.

More precisely, Table 4 shows that the rejection rates of the t-statistics are higher than those

obtained with stationary variables. This can be explained given the faster rate of divergence

than for the stationary case. Similarly, the rejection rates for the F test are higher than

for the stationary case. Furthermore, Table 4 shows the asymptotic collapse of the Durbin-

Watson statistic. In finite samples, the rate of convergence of the Durbin-Watson statistic

depends on the degree of persistence of the regressand, the closer the process is to a unit

root process, the faster the statistic collapses to zero. This, coupled with the asymptotic

behavior of the R-squared statistic, R2 = Op(1), allows us to extend Granger and Newbold’s

(1974) rule of thumb for detecting a spurious regression, R2 > DW , to nonstationary long

14



Table 4: Spurious regression, nonstationary variables.

yt ∼ FI(dy) x1,t ∼ FI(dx1) x2,t ∼ FI(dx2) x3,t ∼ FI(dx3)

σ2
ε,y=0.5 σ2

ε,x1
=0.25 σ2

ε,x2
= 0.25 σ2

ε,x3
= 0.25

dy = 0.60; dx1 = 0.60; dy = 0.80; dx1 = 0.80; dy = 0.75; dx1 = 0.70;

dx2 = 0.60; dx3 = 0.60 dx2 = 0.80; dx3 = 0.80 dx2 = 0.65; dx3 = 0.60

T 50 100 1000 50 100 1000 50 100 1000

RRtβ0 0.5882 0.6913 0.8935 0.6112 0.7217 0.9088 0.6112 0.7559 0.9219

RRtβ1 0.2596 0.3911 0.7396 0.4235 0.5655 0.8510 0.4235 0.5232 0.8201

RRtβ2 0.2648 0.3827 0.7314 0.4323 0.5734 0.8524 0.4323 0.4936 0.8110

RRtβ3 0.2683 0.3890 0.7378 0.4306 0.5574 0.8522 0.4306 0.4485 0.7857

RRF 0.5137 0.7104 0.9757 0.7973 0.9130 0.9968 0.7973 0.8345 0.9914

R2 0.1830 0.1534 0.1064 0.3314 0.3134 0.2977 0.3314 0.2257 0.1889

DW 1.0506 0.8151 0.3892 0.7903 0.5181 0.1241 0.7903 0.5740 0.1754

RRt and RRF account for rejection rate of the t-ratio and the F tests at a 5% nominal

size, respectively. The number of replications is 10,000.

memory variables. Nonetheless, note that for the rule of thumb to perform satisfactorily in

small samples, the degree of memory of the regressand has to be significantly above 1/2.

4 Concluding remarks

We studied the asymptotic and finite sample behavior of the OLS-estimated multivariate

regression with an arbitrary finite number of fractionally integrated regressors. Both the

stationary and nonstationary cases are considered. We show that nonsense inference may be

drawn in this setting: t-statistics and the F joint test diverge, the R-square does not collapse

to zero (only in the nonstationary case), thus providing the practitioner with evidence of

an otherwise nonexistent linear relationship between the variables. Our findings extend the

literature of spurious regression in several directions.

For the stationary case, our multivariate approach shows that the asymptotic behaviors of

the parameter estimates and the associated t-statistics depend on the persistence of the re-

gressors, and on whether there is correlation among them. Under correlated regressors, the

most relevant scenario, increasing or decreasing the number of regressors in a specification

may alter the asymptotic properties of the t-statistics: when a more persistent regressor is

included in the specification, the remaining t-statistics diverge. In particular, our multivari-

ate extension shows that spurious results can be found in a multivariate setting for regressors

for which no spurious results would occur in a univariate setting. Hence, the risk of drawing
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spurious inference increases as the number of regressors grows.

We also show that irrespective of the correlation scenario, the standard joint F test provides

misleading inference when at least one of the regressors is highly persistent, while the R-

squared works properly. Moreover, the simulation exercise confirms our asymptotic results

and shows that the phenomenon of spurious regression is more acute when the number and

persistence of the variables grows.

The behavior of the R-squared under stationary regressors is particularly revealing. The

R-squared collapses to zero when the regressors are independent of the regressand. In this

sense, our results suggest that a practitioner may be able to detect spurious results in the

stationary case by looking at the R-squared.

For the nonstationary case, our results extend the classical spurious regression results. All t-

statistics and the F -statistic diverge as the sample size grows, and they do so at a faster rate

than for the stationary case. The DW collapses to zero, while R-squared statistic does not;

which allows us to extend Granger’s rule of thumb for spurious regression to the multivariate

nonstationary fractionally integrated case; this is, the regression may be spurious when the

R2 is greater than the DW statistic.

Overall, we show that when the variables behave as long memory processes, whether sta-

tionary or not, inference drawn from the t-statistics or the F joint test is unreliable. The

conjecture that spurious regression is a persistence problem, rather than a stationarity prob-

lem, is therefore supported.
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A Proof of Theorem 1

To obtain the OLS estimators, along with the associated t-statistics, it is necessary to ob-

tain the limit expression of the sums that define them. These are summarized in Table 5,

along with their respective convergence rates. All of the convergence rates, the under-braced

expressions, can be found in Tsay and Chung (2000) or Hayashi (2000) except for the nor-

malization ratios of products of fractionally integrated processes and short memory processes

which follow from Osterrieder et al. (2019).
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∑
yt =

∑
(1− L)dyεy,t = Op

(
T

1
2

+dy
)

;∑
y2
t =

∑(
(1− L)dyεy,t

)2
= Op (T ) ;∑

xi,t =
∑

(1− L)dxi εi,t +
∑

wi,t︸ ︷︷ ︸
Op(T

1
2 )

= Op

(
T

1
2

+dxi

)
;

∑
x2
i,t =

∑(
(1− L)dxi εi,t

)2
+∑

w2
i,t︸ ︷︷ ︸

Op(T )

+2
∑

(1− L)dxi εi,twi,t︸ ︷︷ ︸
Op(T

1
2 )

= Op (T ) ;

∑
xi,tyt =

∑
(1− L)dyεy,t(1− L)dxi εi,t +

∑
(1− L)dyεy,twi,t =


Op

(
T

1
2

)
if 0 < dxi + dy < 1/2;

Op

(√
T lnT

)
if dxi + dy = 1/2;

Op

(
T dxi+dy

)
if 1

2
< dxi + dy < 1;∑

xi,txj,t

σi,j = 0
=

∑
(1−L)dxi εi,t(1−L)dxj εj,t +

∑
(1−L)dxi εi,twj,t +∑

(1− L)dxj εj,twi,t +
∑

wi,twj,t︸ ︷︷ ︸
Op
(
T

1
2

)
=


Op

(
T

1
2

)
if 0 < dxi + dxj < 1/2;

Op

(√
T lnT

)
if dxi + dxj = 1/2;

Op

(
T dxi+dxj

)
if 1

2
< dxi + dxj < 1;

∑
xi,txj,t

σi,j 6= 0
=

∑
(1−L)dxi εi,t(1−L)dxj εj,t +

∑
(1−L)dxi εi,twj,t +∑

(1− L)dxj εj,twi,t +
∑

wi,twj,t︸ ︷︷ ︸
Op(T )

= Op (T ) .

Table 5: Expressions for sums in Theorem 1 with i 6= j; i, j = 1, · · · , k. All sums range from

t = 1 to t = T . Op(·) is short for order in probability.

Items i) to iii)

Recall the OLS formula:

β̂ = (X ′X)
−1
X ′Y,

where dim (X) = T × (k + 1), dim (Y ) = T × 1, and dim
(
β̂
)

= (k + 1)× 1.

Let

−→
~x :=


∑
x1,t∑
x2,t

...∑
xk,t

 , and Ω :=


∑
x2

1,t

∑
x1,tx2,t . . .

∑
x1,txk,t∑

x1,tx2,t

∑
x2

2,t . . .
∑
x2,txk,t

...
...

. . .
...∑

x1,txk,t
∑
x2,txk,t . . .

∑
x2
k,t

 ,
we can rewrite X ′X as
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X ′X =


T

∑
x1,t . . .

∑
xk,t∑

x1,t

∑
x2

1,t . . .
∑
x1,txk,t

...
...

. . .
...∑

xk,t
∑
x1,txk,t . . .

∑
x2
k,t

 =

[
T
−→
~x ′

−→
~x Ω

]
.

Hence,

plim
(
β̂
)

= plim
[
(X ′X)

−1
X ′Y

]
= plim

[(
1

T
X ′X

)−1
1

T
X ′Y

]

= plim


[

1 1
T

−→
~x ′

1
T

−→
~x 1

T
Ω

]−1


1
T

∑
yt

1
T

∑
x1,tyt
...

1
T

∑
xk,tyt


 .

where plim is short for probability limit. Define Π := ( 1
T

Ω− 1
T

−→
~x 1
T

−→
~x ′)−1 and using blockwise

inversion,

plim
(
β̂
)

= plim


[

1 + 1
T

−→
~x ′Π 1

T

−→
~x − 1

T

−→
~x Π

Π 1
T

−→
~x Π

]
1
T

∑
yt

1
T

∑
x1,tyt
...

1
T

∑
xk,tyt




= plim

[
1 + 1

T

−→
~x ′Π 1

T

−→
~x − 1

T

−→
~x Π

Π 1
T

−→
~x Π

]
plim


1
T

∑
yt

1
T

∑
x1,tyt
...

1
T

∑
xk,tyt

 .

From Table 5, note that plim 1
T

−→
~x = 0. This in turn implies that plim(Π) = (plim( 1

T
Ω))−1 =

Σ−1
X , where ΣX is the variance matrix of (x1, · · · , xk). Given Assumption 1, it has the same

structure as Σ, the variance matrix of wt, Equation (3).

Let ΣX,1:m be the square matrix composed of rows 1 to m, columns 1 to m of ΣX , and let

ΣX,m+1:k be the square matrix composed of rows m+ 1 to k, columns m+ 1 to k of ΣX . By

the argument above, note that ΣX,1:m is a full matrix while ΣX,m+1:k is diagonal.

By blockwise inversion,

Σ−1
X =

[
ΣX,1:m Om,k−m

Om,k−m ΣX,m+1:k

]−1

=

[
Σ−1
X,1:m Om,k−m

Om,k−m Σ−1
X,m+1:k

]
,
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where Or,s is a matrix of zeros with r rows and s columns. Thus,

plim
(
β̂
)

=

 1 O1,m O1,k−m

Om,1 Σ−1
X,1:m Om,k−m

Ok−m,1 Om,k−m Σ−1
X,m+1:k

 plim



1
T

∑
yt

1
T

∑
x1,tyt
...

1
T

∑
xm,tyt

1
T

∑
xm+1,tyt
...

1
T

∑
xk,tyt


.

The result follows from plugging the appropriate rate of convergence from Table 5. Item i)

follows directly from 1
T

∑
yt = Op

(
T

1
2

+dy−1
)

= Op

(
T dy−

1
2

)
, while the results for items ii)

and iii) depend on the correlation scenario. Given that Σ1
X,1:m is a full matrix, the rate of

convergence of β̂1 to β̂m depends on the memory of all m regressors, inheriting that of the

maximum. On the contrary, being Σ−1
X,m+1:k a diagonal matrix, the rates of convergence of

β̂m+1 to β̂k only depend on the memory of the associated regressor.

Items iv) to vi)

First, note that

s2 =
1

T

∑
û2
t =

1

T

∑(
yt − β̂0 − β̂1x1,t − β̂2x2,t − . . .− β̂kxk,t

)2

=
1

T

(∑
y2
t − 2β̂0

∑
yt + T β̂2

0 − 2
k∑
i=1

β̂i
∑

xi,tyt +
k∑
i=1

β̂2
i

∑
x2
i,t+

2β̂0

k∑
i=1

β̂i
∑

xi,t + 2
k∑
i=1

∑
j>i

β̂iβ̂j
∑

xi,txj,t

)
. (4)

From items i) to iii), note that the term with highest order of probability is
∑
y2
t , which is

Op(T ), all other terms are an order in probability strictly lower. Thus, s2 = Op(1).

Now, from the variance matrix of the estimators

tβi =
β̂i(

s2(X ′X)−1
(i,i)

) 1
2

,

where the sub-index denotes the i-th element in the diagonal. From the computations above,

we know that they all are Op(T ). Substituting all components shows that each t-statistic

has the same order of convergence as its estimator minus one half.

19



Items vii) to ix)

From the R2 formula

R2 =

∑
(yt − ȳ)2 −

∑
û2
t∑

(yt − ȳ)2
,

we will show the order of convergence for both the numerator and denominator.

On the one hand, using (4), the numerator can be written as∑
(yt − ȳ)2 −

∑
û2
t =

∑
y2
t −

1

T

(∑
yt

)2

−
∑

û2
t

= − 1

T

(∑
yt

)2

+ 2β̂0

∑
yt − T β̂2

0 + 2
k∑
i=1

β̂i
∑

xi,tyt −

k∑
i=1

β̂2
i

∑
x2
i,t − 2β̂0

k∑
i=1

β̂i
∑

xi,t − 2
k∑
i=1

∑
j>i

β̂iβ̂j
∑

xi,txj,t,

which shows that β̂2
i

∑
x2
i,t for i = max{di | di ≥ dj∀j} has the highest order of probability.

On the other hand, the denominator is given by∑
(yt − ȳ)2 =

∑
y2
t −

1

T

(∑
yt

)2

= Op(T ).

Replacing both, proves item vii).

To prove viii), recall that

F =
[
∑

(yt−y)2−
∑
û2t ]/k∑

û2t/[T−(k+1)]
=

[T − (k + 1)]R2

k
∑
û2t/
∑

(yt−y)2
,

which shows the desired result once we replace the orders of probability obtained above.

Finally, to prove ix), recall the definition of the Durbin-Watson statistic:

DW =

∑T
t=2 (ût − ût−1)2∑

û2
t

=

∑T
t=2 û

2
t +

∑T
t=2 û

2
t−1 − 2

∑T
t=2 ûtût−1∑

û2
t

≈ 2− 2

∑T
t=2 ûtût−1∑

û2
t

,

where in the last expression we use the fact that
û21+û2T∑

û2t
is negligible as T →∞.

Now,

1

T

T∑
t=2

ûtût−1 =
1

T

[
T∑
t=2

ytyt−1 − β̂0

T∑
t=2

yt − β̂0

T∑
t=2

yt−1 + (T − 1)β̂2
0 −

k∑
i=1

β̂i

T∑
t=2

xi,tyt−1−

k∑
i=1

β̂i

T∑
t=2

xi,t−1yt +
k∑
i=1

β̂2
i

T∑
t=2

xi,txi,t−1 + β̂0

k∑
i=1

β̂i

T∑
t=2

xi,t + β̂0

k∑
i=1

β̂i

T∑
t=2

xi,t−1+

k∑
i=1

∑
j>i

β̂iβ̂j

T∑
t=2

xi,txj,t−1 +
k∑
i=1

∑
j>i

β̂iβ̂j

T∑
t=2

xi,t−1xj,t

]
.
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Using items i) to iii), which show that all estimators have negative orders of probability, the

highest order of probability is the one of
∑T

t=2 ytyt−1. Noting that 1
T

∑T
t=2 ûtût−1

P→ γy(1),

and 1
T

∑
û2
t
P→ γy(0), we find that:

DW → 2− 2ρy(1).

B Proof of Theorem 2

Analogous to the stationary case, to obtain the OLS estimators, along with the associated

t-statistics, it is necessary to obtain the limit expression of the sums that define them. These

are summarized in Table 6, along with their respective convergence rates. Table 6 draws

upon the results of TC that correspond to nonstationary processes.∑
zt = Op

(
T

1
2

+dz
)

;∑
z2
t = Op

(
T 2dz

)
;∑

xi,tyt = Op

(
T dxi+dy

)
, for i = 1, . . . , k;∑

xi,txj,t = Op

(
T dxi+dxj

)
, for i, j = 1, . . . , k and i 6= j.

Table 6: Expressions for sums in Theorem 2 with i 6= j; i, j = 1, · · · , k. Here, z =

y, x1, . . . , xk. All sums range from t = 1 to t = T .

Items i) and ii)

From the OLS estimator formula, it follows that

β̂0 = T−1

(∑
yt −

k∑
i=1

β̂i
∑

xi,t

)
; (5)

while for the rest of the estimators, by Cramer’s rule, we have that

β̂k =
∆k

∆
, (6)

where

∆ = det (X ′X), (7)

and

∆k =

∣∣∣∣∣∣∣∣∣∣∣∣∣

T
∑
x1,t

∑
x2,t . . .

∑
yt∑

x1,t

∑
x2

1,t

∑
x1,tx2,t . . .

∑
x1,tyt∑

x2,t

∑
x1,tx2,t

∑
x2

2,t . . .
∑
x2,tyt

...
...

...
. . .

...∑
xk,t

∑
x1,txk,t

∑
x2,txk,t . . .

∑
xk,tyt

∣∣∣∣∣∣∣∣∣∣∣∣∣
. (8)
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To find the order in probability of β̂k we triangulate the matrices whose determinant is equal

to ∆ and ∆k, so as to exploit the fact that the determinant of any triangular matrix is merely

the product of the elements along the main diagonal. We find that the order in probability

of said elements after triangulation to be the same as that prior to triangulation for both ∆

and ∆k.

Let us first look at (7), the denominator in expression (6). Note from Table 6 that, prior to

triangulation,

∆ =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

T Op

(
T

1
2

+dx1

)
Op

(
T

1
2

+dx2

)
. . . Op

(
T

1
2

+dxk

)
Op

(
T

1
2

+dx1

)
Op

(
T 2dx1

)
Op

(
T dx1+dx2

)
. . . Op

(
T dx1+dxk

)
Op

(
T

1
2

+dx2

)
Op

(
T dx1+dx2

)
Op

(
T 2dx2

)
. . . Op

(
T dx2+dxk

)
...

...
...

. . .
...

Op

(
T

1
2

+dxk

)
Op

(
T dx1+dxk

)
Op

(
T dx2+dxk

)
. . . Op

(
T 2dxk

)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

If we add the first row multiplied by scalar −
∑
xi−1,t

T
to the i-th row, for i = 2, . . . , k+ 1, we

arrive at the following

∆ =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

T
∑
x1,t

∑
x2,t . . .

∑
xk,t

0
∑
x2

1,t −
(
∑
x1,t)

2

T

∑
x1,tx2,t −

∑
x1,t

∑
x2,t

T
. . .

∑
x1,txk,t −

∑
x1,t

∑
xk,t

T

0
∑
x1,tx2,t −

∑
x1,t

∑
x2,t

T

∑
x2

2,t −
(
∑
x2,t)

2

T
. . .

∑
x2,txk,t −

∑
x2,t

∑
xk,t

T
...

...
...

. . .
...

0
∑
x1,txk,t −

∑
x1,t

∑
xk,t

T

∑
x2,txk,t −

∑
x2,t

∑
xk,t

T
. . .

∑
x2
k,t −

(
∑
xk,t)

2

T

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

Table 6 shows that all non-zero elements retain their original order in probability.

Should we continue this process for a total of k steps akin to the one described above,5 we

would obtain an expression for ∆ as the determinant of an upper triangular matrix.

Let ∆
(m)
i,j denote the element of the i-th row and j-th column at step m in the triangulation

process. Then, for m = 1, . . . , k,

∆
(m)
i,j =

 ∆
(m−1)
i,j − ∆

(m−1)
i,m ∆

(m−1)
m,j

∆
(m−1)
m,m

if m ≤ i− 1,

∆
(m−1)
i,j if m > i− 1,

with ∆
(0)
i,j =

∑
xi−1,txj−1,t (the element of the i-th row and j-th column before the triangu-

lation process), and x0,t = 1 for all t.

All non-zero elements retain their order in probability at each step in the triangulation

process and, consequently, once triangulation is completed. We prove this statement through

5At each step m, the elements of the m-th column from the (m+ 1)-th row onward become 0.
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induction. We have already shown the first step in triangulation conforms to the previous

statement. Then, at an arbitrary m-th step, the term added to elements (i, j) for which

i > m− 1 is

−
∆

(m−1)
i,m ∆

(m−1)
m,j

∆
(m−1)
m,m

,

which is non-zero for j > m− 1 and zero otherwise.

The induction hypothesis allows us to determine the order in probability of the term being

added when it differs from zero: Op

(
T dxi−1+dxj−1

)
. Therefore, at this step, the element under

consideration has itself retained its original order in probability as well if it is not rendered

zero.

Hence, we have that

∆ = Op

(
T 1+2dx1+2dx2+...+2dxk

)
. (9)

A similar argument may be applied analogously to (8) to find that

∆k = Op

(
T 1+2dx1+2dx2+...+dxk+dy

)
. (10)

Dividing (10) by (9), in accordance to (6), concludes the proof of item ii).

As for β̂0, note that all the terms in Equation (5) now have known orders in probability;

plugging them in concludes the proof of item i).

Items iii) and iv)

The proof of items iii) and iv) makes use of the following equation

s2 =
1

T

∑
û2
t =

1

T

(∑
y2
t − 2β̂0

∑
yt + T β̂2

0 − 2
k∑
i=1

β̂i
∑

xi,tyt +
k∑
i=1

β̂2
i

∑
x2
i,t+

2β̂0

k∑
i=1

β̂i
∑

xi,t + 2
k∑
i=1

∑
j>i

β̂iβ̂j
∑

xi,txj,t

)
.

By applying the orders of convergence obtained above, we observe that all terms inside the

parentheses are Op

(
T 2dy

)
.

To show item iv), we make use of the formula for the estimator of the variance-covariance

matrix of the estimators, which may be written as

V̂ar
(
β̂
)

= s2 1

det (X ′X)
adj (X ′X) ,

where adj (X ′X) denotes the adjunct of X ′X.
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The order in probability of det (X ′X) was previously determined at (9), whereas the order

in probability of s2 is provided above. As for the elements along the main diagonal of the

adjunct, which are composed of the determinants of minors of the matrix X ′X, we draw

upon the previous triangulation argument to determine their order in probability: if the

minors were to be triangulated, the elements of the main diagonal would retain their order

in probability, and the determinant of any triangular matrix is the product of the elements

along its main diagonal.

As regards the first element along the main diagonal of adj (X ′X), we have that∣∣∣∣∣∣∣∣∣∣

∑
x2

1,t

∑
x1,tx2,t . . .

∑
x1,txk,t∑

x1,tx2,t

∑
x2

2,t . . .
∑
x2,txk,t

...
...

. . .
...∑

x1,txk,t
∑
x2,txk,t . . .

∑
x2
k,t

∣∣∣∣∣∣∣∣∣∣
= Op

(
T
∑k
i=1 2dxi

)
.

Moreover, the i-th element along the main diagonal of adj (X ′X), for i = 2, . . . , k + 1, is∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

T
∑
x1,t . . .

∑
xi−2,t

∑
xi,t . . .

∑
xk,t∑

x1,t

∑
x2

1,t . . .
∑
x1,txi−2,t

∑
x1,txi,t . . .

∑
x1,txk,t

...
...

. . .
...

...
. . .

...∑
xi−2,t

∑
x1,txi−2,t . . .

∑
x2
i−2,t

∑
xi−2,txi,t . . .

∑
xi−2,txk,t∑

xi,t
∑
x1,txi,t . . .

∑
xi−2,txi,t

∑
x2
i,t . . .

∑
xi,txk,t

...
...

. . .
...

...
. . .

...∑
xk,t

∑
x1,txk,t . . .

∑
xi−2,txk,t

∑
xi,txk,t . . .

∑
x2
k,t

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= Op

(
T 1+

∑
j 6=i 2dxj

)
.

Proofs of items iii) and iv) come from the orders of convergence computed above and the

formula tβi = β̂i
sβ̂i

for i = 0, 1, . . . , k.

Items v) to vii)

The proofs of items v) and vi) are analogous to those of these same items in Theorem 1 and

are therefore omitted for reason of space.

Proof of item vii) comes from the fact that

DW =

∑T
t=2 (ût − ût−1)2∑

û2
t

.

For which, we have that

T∑
t=2

(ût − ût−1)2 =
T∑
t=2

[
(yt − yt−1)− β̂1 (x1,t − x1,t−1)− . . .− β̂k (xk,t − xk,t−1)

]2

.

Note that zt − zt−1 are fractionally integrated processes of order (dz − 1) ∈ (0, 1/2). Con-

sequently,
∑T

t=2 (ût − ût−1)2 = Op(T ), as was shown for the stationary case, coupled with∑
û2
t = Op(T

1+2dy) shown above, concludes the proof of item vii).
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C Additional finite sample evidence

Correlation between regressors

Table 7 shows simulation results for a scenario that allows us to examine the effect that the

correlation between regressors have on the results. The regressand is generated as an FI(dy)

process, Equation (1), while the regressors as FI(dxi) plus correlated noise, Equation (2).

Three regressors are considered, x1, x2 and x3, such that, dx1 + dy > 1/2, dx2 + dy = 1/2, and

dx3 + dy < 1/2. We explore three correlation scenarios among regressors.

Table 7: Spurious regression, stationary variables, maxk{dxk}+ dy ≥ 1
2
.

yt ∼ FI(dy) x1,t ∼ FI(dx1) + w1 x2,t ∼ FI(dx2) + w2 x3,t ∼ FI(dx3) + w3

dy σ2
ε,y dx1 σ2

ε,x1
σ2

1 dx2 σ2
ε,x2

σ2
2 dx3 σ2

ε,x3
σ2

3

0.35 0.5 0.45 0.25 1 0.15 0.25 1 0.10 0.25 1

σ1,2 = 0.2; σ1,3 = 0.2; σ1,2 = 0.5; σ1,3 = 0.5; σ1,2 = 0.8; σ1,3 = 0.8;

σ2,3 = 0.2 σ2,3 = 0.5 σ2,3 = 0.8

T 50 100 1000 50 100 1000 50 100 1000

RRtβ0 0.4881 0.5802 0.8008 0.4790 0.5788 0.7983 0.4786 0.5826 0.7984

RRtβ1 0.0940 0.1371 0.3438 0.1023 0.1437 0.3455 0.1179 0.1574 0.3754

RRtβ2 0.0626 0.0649 0.0883 0.0632 0.0724 0.1006 0.0666 0.0756 0.1258

RRtβ3 0.0577 0.0608 0.0684 0.0603 0.0675 0.0879 0.0610 0.0699 0.1127

RRF 0.0821 0.1178 0.3025 0.0879 0.1231 0.3092 0.0988 0.1311 0.3417

R2 0.0719 0.0398 0.0069 0.0729 0.0403 0.0071 0.0747 0.0418 0.0077

DW 1.3956 1.2769 1.0649 1.3984 1.2758 1.0671 1.4002 1.2807 1.0658

RRt and RRF account for rejection rate of the t-ratio and the F tests at a 5% nominal

size, respectively. The number of replications is 10,000.

Table 7 allows us to quantify the finite sample behavior of the t-statistics and F -statistics for

different levels of correlations between the regressors. Note that for low levels of correlation,

the statistics diverge at a slower rate. Thus, the table show that the risk of uncovering

spurious regressions in finite samples increases with the correlation between regressors.

Slightly persistent regressors

Table 8 shows the simulation results for the multivariate stationary scenario where maxk{dxk}+
dy < 1/2; this is, all of the regressors are only slightly persistent. The regressand is generated

as an FI(dy) process, while the regressors as FI(dxi) plus possibly correlated noise. We

consider three regressors under three scenarios: i) they are all independent, ii) the first two
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are correlated while the last one is not, and iii) they are all correlated.

Table 8: Spurious regression, stationary variables, maxk{dxk}+ dy <
1
2
.

yt ∼ FI(dy) x1,t ∼ FI(dx1) + w1 x2,t ∼ FI(dx2) + w2 x3,t ∼ FI(dx3) + w3

dy σ2
ε,y dx1 σ2

ε,x1
σ2

1 dx2 σ2
ε,x2

σ2
2 dx3 σ2

ε,x3
σ2

3

0.20 0.5 0.20 0.25 1 0.15 0.25 1 0.10 0.25 1

σ1,2 = 0; σ1,3 = 0; σ1,2 = 0.8; σ1,3 = 0; σ1,2 = 0.8; σ1,3 = 0.8;

σ2,3 = 0 σ2,3 = 0 σ2,3 = 0.4

T 50 100 1000 50 100 1000 50 100 1000

RRtβ0 0.3039 0.3730 0.5789 0.2937 0.3749 0.5739 0.2974 0.3730 0.5751

RRtβ1 0.0458 0.0548 0.0585 0.0568 0.0621 0.0665 0.0599 0.0637 0.0735

RRtβ2 0.0500 0.0549 0.0526 0.0573 0.0579 0.0636 0.0554 0.0607 0.0670

RRtβ3 0.0541 0.0539 0.0530 0.0505 0.0524 0.0548 0.0525 0.0567 0.0628

RRF 0.0508 0.0545 0.0545 0.0564 0.0608 0.0614 0.0556 0.0547 0.0699

R2 0.0621 0.0314 0.0031 0.0636 0.0315 0.0032 0.0633 0.0316 0.0033

DW 1.6655 1.6075 1.5250 1.6643 1.6064 1.5263 1.6643 1.6094 1.5254

RRt and RRF account for rejection rate of the t-ratio and the F tests at a 5% nominal

size, respectively. The number of replications is 10,000.

As the table shows, the rejection rates of the t-statistics remain relatively stable for all sample

sizes and all correlation cases. Nonetheless, they also show that the distribution has heavier

tails, since the actual rejection rates are systematically above the nominal 5% for relatively

high values of dxi . This is in line with Theorem 1 given that under the three scenarios, the

t-statistics are always Op(1). As for the F joint significance test statistic, its behavior is

analogous to that of the t-statistics. Moreover, our simulations show that, as the sample size

increases, the R2 collapses to zero, whilst the DW approaches the value shown in Theorem

1. Thus, Table 8 shows that if all series are only slightly persistent, the spurious regression

problem may be less acute, regardless of the correlation structure.
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