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ABSTRACT

In this paper, we focus on the problem of parameter estimation for the damped sinusoids, which are corrupted by impulsive noise. To provide a robust initial guess for the current
parameter estimators, the robust weighted linear prediction
(RWLP) estimator is developed, where the parameter estimates are obtained by minimizing the weighted p -norm of
the linear prediction (LP) error vector. The Markov optimum
weighting matrix is derived, and an iteratively reweighted
least-squares (IRLS) procedure is devised to calculate the LP
coefﬁcient estimates. The simulation results demonstrate the
robustness of the RWLP estimator by comparing with the
2 -norm based counterpart, and the computational efﬁciency
by comparing with the p -MUSIC algorithm.
Index Terms— Robust parameter estimation, damped sinusoids, weighted p -norm, Markov optimum weighting, impulsive noise.
1. INTRODUCTION
Spectral analysis of sinusoidal signals [1] has been a classical but ever active topic in the signal processing community,
ﬁnding its applications in a wide range of areas. For example,
in music and voiced speech signal processing, the measured
signals from the microphone array can be modeled as a twodimensional (2-D) harmonic signal [2], which is characterized by the temporal fundamental frequencies and directionsof-arrival (DoAs). The accurate acquisition of these parameters is crucial to the signal enhancement and source localization. In the biomedical engineering, the free induction decay (FID) signal, which is measured using the spectroscopic
methods such as the nuclear magnetic resonance (NMR) and
nuclear quadrupole resonance (NQR), may be modeled as a
sum of exponentially damped sinusoids well [3]. With the
exact quantiﬁcation of these damped sinusoids, it is advantageous to extract the useful biomedical information for diagnosis.

The work of spectral analysis includes two aspects: 1)
the detection of the signal order, that is the number of the
signal’s sinusoids; and 2) the estimation of the frequencies
and/or damping factors. In this paper, we focus on the parameter estimation for the damped sinusoidal signals. During
the past decades, there has been published a lot of literature
on this problem. It is known that the maximum likelihood
estimator (MLE) is statistically optimal [4], whereas it requires enormous computational cost in the multi-dimensional
search. To lower the computational complexity, several kinds
of computationally efﬁcient techniques have been developed
for the parameter estimation, such as the subspace-based algorithms [5–7] and the linear prediction (LP)-based methods [8–10]. However, in most of the above work, the background noise is assumed as white Gaussian.
Impulsive noise (sometimes named “outlier”) is an important class of disturbance in the signal measurement [11].
It follows a non-Gaussian and heavy-tailed distribution, and
occurs randomly with a value several times larger than the
standard deviation of the background noise. To the best of
our knowledge, the conventional parameter estimation methods, which are designed for the white Gaussian noise, perform
worse in the impulsive noise environment.
In the recent years, there appear several schemes for the
spectral analysis, which are based on the dictionary learning [12, 13]. However, there is a lack of the solid theoretical foundation to construct the dictionary for the damped
sinusoidal signals. Up to now, there are mainly three categories of methods, which have the potential to estimate the
parameters of the damped sinusoids in the impulsive noise
environment. The ﬁrst category is to perform the robust estimation based on the fractional lower-order statistics (FLOS).
To overcome the vulnerability of the second-order covariance
matrix to the impulsive noise, the FLOS such as the robust covariation matrix (RCM) [14], fractional lower order moment
(FLOM) [15], sign covariance matrix (SCM), Kendall’s tau
covariance matrix (TCM) [16], etc., has been utilized to develop the robust versions of the MUSIC-based parameter esti-

mation algorithms. However, the reliability of these methods
depends on the large sample size [14], which is normally not
available in the time-varying systems. In the second category
of methods [11,17–19], the second-order covariance matrix is
ﬁrstly estimated in a robust way. Based on this, the parameter
estimates are solved with the common subspace-based algorithms. For example, the p -MUSIC algorithm is proposed
in [19], where the signal subspace is extracted directly from
the observation by means of the robust singular value decomposition. In the third category, the sinusoidal parameter estimates are found by minimizing the p -norm (1 ≤ p < 2)
of the ﬁtting error between the signal model and observation [20–22]. Since the p -norm is less sensitive to the outliers than the 2 -norm, the parameter estimation is expected
to be more resistant to the impulsive noise.
The extensive simulation results show the robustness and
accuracy of the p -norm based parameter estimation [19–22]
in impulsive noise environments. Nevertheless, the high computational burden is a critical problem of these methods, especially for the damped sinusoids. For example, in [19], the
low-rank decomposition is employed to extract the signal subspace in an iterative way. At each iteration, it is necessary to
solve two convex optimization subproblems with the dimension of O(N ) (with N being the data length). In addition, the
damped sinusoids are characterized by the two-dimensional
parameters, that is the damping factor and frequency. Thus,
it is challenging to ﬁnd a robust and accurate initial guess
quickly for the p -norm based methods such as [19–22].
In this work, we address this issue by means of the LP
technique. With good computational efﬁciency, the LPbased estimators are extensively applied in the spectral analysis [10]. However, in the conventional LP-based estimators,
it is aimed to estimate the LP coefﬁcients by minimizing
the 2 -norm of the LP error vector, which is vulnerable to
the impulsive noise. To alleviate this difﬁculty, we propose
to estimate the LP coefﬁcients by minimizing the weighted
p -norm of the LP error vector. Since the weighting matrix is
dependent on the unknown sinusoidal parameters, and there
is no closed-form solution to the LP coefﬁcient estimates, an
iteratively reweighted least-squares (IRLS) procedure is devised. In this procedure, the estimates of the LP coefﬁcients
are calculated just from several successive least-squares solutions. We term this approach as the robust weighted LP
(RWLP) estimator.
The rest of this paper is organized as follows. The signal
model and problem formulation are introduced in Section 2.
Then, the RWLP estimator is developed in Section 3. The theoretical performance analysis of the RWLP estimator is also
provided. The simulation results are presented in Section 4 to
evaluate the performance of the proposed parameter estimator. Finally, the conclusion is drawn in Section 5.

2. PROBLEM FORMULATION
Consider the damped sinusoids, which are corrupted by impulsive noise, as follows:
y(n) = x(n) + v(n) =

M


n
ρ m zm
+ v(n),

(1)

m=1

for n = 1, · · · , N , where zm = e−βm +jωm represents the
mth sinusoidal pole, with ωm ∈ [0, 2π), βm ≥ 0, and ρm ∈
C being the frequency, damping factor, and complex-valued
amplitude of zm , respectively; and M represents the signal
order, that is the number of the sinusoidal poles. Note that the
signal model of (1) also covers the undamped sinusoids with
βm = 0. Here, v(n) is the additive impulsive noise, and is
assumed as independent and identically distributed (i.i.d.).
The purpose of this paper is to estimate the sinusoidal paM
rameters, that is {(ωm , βm )}m=1 , of the damped sinusoids
x(n) from the observation y(n). In the parameter estimation,
it is a critical issue to overcome the outliers in a computationally efﬁcient way.
3. ALGORITHM DEVELOPMENT
In this section, the RWLP estimator is developed for the
damped sinusoids. Firstly, we construct the LP error vector,
and derive the Markov optimum weighting matrix. The LP
coefﬁcients are estimated by minimizing the weighted p norm of the LP error vector. Since there is no closed-form
solution to this optimization problem, an IRLS procedure is
devised. The detail is illustrated as follows.
3.1. Sinusoidal Parameter Estimation with the RWLP
First of all, the following LP equation is established, which is
based on the LP property of the sinusoidal signals [8–10]:
x(n) +

M


am x(n − m) = 0,

(2)

m=1
M

for n = M + 1, · · · , N , where {am }m=1 are the LP coefﬁcients. When the signal is contaminated with noise, the LP
equation is not satisﬁed exactly, and there exist the LP errors
of:
e = Ya − b,
(3)
where a = [a1 , · · · , aM ]T is the LP coefﬁcient vector, and

T
Y =Toeplitz y(M ), y(M + 1), · · · , y(N − 1) ,


y(M ), y(M − 1), · · · , y(1) ,
(4)

T
(5)
b = − y(M + 1), y(M + 2), · · · , y(N ) ,
with Toeplitz(c1 , cT2 ) denoting the Toeplitz matrix with c1
and cT2 as the ﬁrst column and ﬁrst row, respectively.

Under the assumption of the white-Gaussian noise, a is
estimated normally by minimizing the weighted 2 -norm of
the LP error vector [10]:
â = arg min eH We,

(6)

a

where W is the Markov optimum weighting matrix deﬁned
as [23]:
−1 
−1
 
= A0 AH
,
W = σv2 · E eeH
0

(7)

with σv2 being the noise variance of v(n), and

[1, a1 , · · · , aM , 0TN −M −1 ] .

Here, Hankel(c1 , cT2 ) denotes the Hankel matrix with c1 and
cT2 as the ﬁrst column and last row, respectively.
It is known that the 2 -norm based weighted linear prediction (WLP) estimator is not resistant to the impulsive noise
[19]. To enhance the robustness of the WLP estimator, it is
proposed to substitute the p -norm (1 ≤ p < 2) for the 2 norm as [20–22]. Accordingly, the LP coefﬁcient vector a is
estimated by:
p

â = arg min eW,p ,

(8)

a

where the weighted p -norm of e is deﬁned as (see (9) at the
bottom of the next page):
Here, [Ya − b]i stands for the complex conjugate of [Ya −
b]i , and P is computed as


|[Ya − b]1 |

p−2

zM +

M


âm z M −m = 0,

(12)

m=1

and the corresponding estimates of the frequency and damping factor of the mth sinusoidal pole zm , are calculated as:
ω̂m = ∠ẑm ,

β̂m = − log |ẑm |.

(13)

3.2. Computational Complexity of the RWLP Estimator


A0 = Hankel [0TN −M −1 , 1]T ,

P = diag

Having obtained the estimate â, the existing sinusoidal
M
poles, that is {zm }m=1 of (1), are estimated as the M roots
of the following LP equation:

,··· ,

|[Ya − b]N −M |

p−2 T

.

(10)

Given W and P, the solution to (8) is:

−1  H

â = YH PWY
· Y PWb .

(11)

Nevertheless, the LP coefﬁcient vector a is unknown
a priori, and the matrices P and W are unavailable before
the estimation. Instead, we devise the IRLS procedure to
solve â of (8), which is detailed as follows:
• Step 1. Determine the initial estimate of a, denoted by
â, by setting P and W as the identity matrix IN −M .
• Step 2. Construct the matrices P and W using a = â.
• Step 3. Update â according to (11).
• Step 4. Repeat Step 2 - Step 3 until the 2 -norm of the
difference of â between successive iterations is smaller
than 10−13 , and then the ﬁnal estimate â is obtained.

In the RWLP parameter estimation, the main computational
complexity (taking only the multiplications into account) in
one iteration consists of three main parts according to (11):
1) the matrix multiplication of YH PWY and YH PWb, 2)
the matrix inversion of YH PWY, 3) the construction of the
matrices W and P, among which the third part occupies most
of the computation, and requires FLOPs of O(N 3 ).
3.3. Accuracy of the RWLP Estimator
Mostly, the accuracy of one parameter estimator is evaluated
in terms of the mean square error (MSE). Applying the MSE
formula for the unconstrained optimization problems at the
sufﬁciently small noise conditions, it is derived that the MSE
of the RWLP estimate of the mth sinusoidal pole, ẑm , m =
1, · · · , M , is:
MSE(ẑm ) = E{|ẑm − zm |2 }
1
=
μH Câ μm ,
|βm |2 m

(14)

where Câ is the covariance matrix of the LP coefﬁcient estimates, that is â of (8), and


Câ = E (â − a)(â − a)H
−1

−1
X
,
(15)
= σv2 XH A0 AH
0
with X being the noiseless part of Y. In addition,
M −1
β m = M zm
+

 M −1
μm = zm

M
−1


M −i−1
(M − i)ai zm
,

i=1

···

zm

T

1

.

(16)
(17)

Accordingly, the MSEs of the frequency ωm and damping
factor βm estimates are expressed as [24]:
MSE(ω̂m ) = MSE(β̂m ) =

1
2e−2βm

MSE(ẑm ).

(18)

Note that, the MSEs of (18) are independent of the p’s
value in the weighted p -norm (9), which means that the p

plays a minor role in the estimation accuracy of the RWLP estimator. The different choice of the p will inﬂuence the threshold performance of the estimation. In addition, as shown in
(14), when σv2 → 0, MSE(ẑm ) → 0. This means that the
RWLP-based estimation provides the asymptotically consistent parameter estimates, that is the RWLP estimates of the
frequencies and damping factors converge to their respective
true values when the noise level approaches zero.
4. SIMULATION RESULTS
In this section, we investigate the performance of the proposed parameter estimation method with respect to signal-tonoise ratio (SNR). Here, the SNR is explicitly deﬁned as the
average signal power divided by the noise variance. The performance is evaluated in terms of the empirical mean square
errors (EMSEs):
EMSEω

=

S
M
2
1    (s)
ω̂m − ωm ,
M S m=1 s=1

(19)

EMSEβ

=

S
M
2
1    (s)
β̂m − βm ,
M S m=1 s=1

(20)

(s)

(s)

with (ωm , βm ) and (ω̂m , β̂m ) being the true values of the
frequencies, damping factors and their estimates at the sth
trial, respectively, and S being the number of trials. All the
results provided are the averages of 1000 independent runs,
which are conducted on a PC with an Intel(R) Core(TM) i78750H CPU @ 2.20 GHz, with 16.0 GB of installed memory.
In this study, we consider the two-tone damped sinusoidal
signal: s(n) = A1 e(−β1 +jω1 )n+jφ1 + A2 e(−β2 +jω2 )n+jφ2 ,
where ω1 = 0.3, β1 = 0.01, A1 = 1, φ1 = 1, and ω2 = 0.7,
β2 = 0.02, A2 = 1, φ2 = 2. The p of the weighted p -norm
in (9) is set as p = 1.5, which is found empirically to result in
good performance. To show the robustness of the RWLP estimator, the results of the WLP approach, where the weighted
2 -norm is adopted instead, are provided. Besides, the results of the p -MUSIC algorithm [19], with the estimates of
the RWLP and WLP as the initial guess, are provided, respectively. Here, we consider the impulsive noise model of
the Gaussian mixture model (GMM). The PDF of the circular
GMM noise, v, is:
2

ρi
|v|2
exp − 2
pv (v) =
2
πσi
σi
i=1

,

c2 = 0.9, and σ12 = 100σ22 , which means that the outliers
come present with the probability of 10% and with the variance 100 times that of the background noise. Correspondingly, the total variance of the impulsive noise v is σv2 =
10.9σ22 .
Figs. 1 and 2 show the estimation performance for the
damped sinusoids corrupted by the GMM noise, with the data
length set as N = 50 and N = 100, respectively. It is
observed that, the EMSEs of all the methods are asymptotically linear with respect to the SNR. At the sufﬁciently large
SNR, the EMSEs of the RWLP and WLP estimators are almost equal to their theoretical expression of (18). Further on,
when N = 50, the RWLP estimator falls into the asymptotic
region at SNR ≥ 5 dB, whereas the threshold SNR of the
WLP is 7 dB. This means that the RWLP estimator is more
resistant to the outliers, with the threshold SNR advantage
over the WLP by 2 dB, or equivalently, with the power saving by 37%. When N = 100, the RWLP estimator bears the
threshold SNR advantage over the WLP by 1 dB, or equivalently, saves the power by 21%. It is also noted that the threshold performance of the p -MUSIC algorithm accords with its
initial guess. Fed on the results of the RWLP estimator, the
p -MUSIC algorithm has a lower threshold SNR.
In addition, when N = 50, there exist the gaps between
the EMSEs of the RWLP, WLP, and p -MUSIC estimators
and their corresponding CRLBs by 9.8 dB, 9.8 dB, and
3.9 dB, respectively. This means that the p -MUSIC algorithm improves the estimation accuracy by 5.9 dB. When
N = 100, the asymptotic EMSEs of the p -MUSIC algorithm
are smaller than those of the RWLP and WLP estimators by
6.0 dB. Table 1 shows the CPU time for each run of the
parameter estimation at SNR = 10 dB. From this table, it
is seen that the RWLP and WLP estimators bear the similar computational efﬁciency; and the p -MUSIC algorithm
provides the accuracy improvement at the cost of vast computational overhead. In detail, the CPU time of the p -MUSIC
algorithm is longer than those of the LP-based estimators by
about 430 times and 330 times, for N = 50 and N = 100,
respectively.
Table 1: CPU Time for Sinusoidal Parameter Estimation (ms)

(21)

which consists of two terms of Gaussian distributions with the
different variances σi2 , i = 1, 2. Here, it is set that c1 = 0.1,

p

eW,p =

−M
N
−M N
i=1

j=1

[W]i,j · [Ya − b]i · [Ya − b]i

p−2

N

RWLP

WLP

p -MUSIC

50

4.6

4.4

1941

100

13.4

14.0

4646

H

· [Ya − b]j = (Ya − b) PW (Ya − b) .

(9)
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Fig. 1: EMSEs for the GMM noise corrupted damped sinusoids when N = 50: (a) frequency and (b) damping factor.

Fig. 2: EMSEs for the GMM noise corrupted damped sinusoids when N = 100: (a) frequency and (b) damping factor.

5. CONCLUSION

and multi-dimensional sinusoidal signals, and its application
in source localization [2], biomedical signal analysis [3],
wireless communication [25], and so on.

In this work, the RWLP estimator is developed for the parameter estimation of the damped sinusoidal signals, which are
corrupted by the impulsive noise. We derive the Markov optimum weighting matrix, and propose to estimate the LP coefﬁcients by minimizing the weighted p -norm of the LP error
vector. Furthermore, an IRLS procedure is devised to calculate the LP coefﬁcient estimates. Theoretical analysis and
simulation results demonstrate the computational efﬁciency
of the proposed estimator. By comparing with the 2 -norm
based counterpart, it is observed that the p -norm minimization brings the robustness to the RWLP estimator in terms of
the threshold performance.
Future works include the extension of the RWLP estimator to the more general scenarios such as the multi-channel

6. ACKNOWLEDGMENT
This work was supported by the National Natural Science
Foundation of China under Grant 61801130.
7. REFERENCES
[1] P. Stoica, and R. L. Moses, Spectral Analysis of Signals.
Upper Saddle River, NJ, USA: Pearson Prentice-Hall,
2005.
[2] Z. Zhou, M. G. Christensen, J. R. Jensen, and S. Zhang,

“Parametric modeling for two-dimensional harmonic
signals with missing harmonics,” IEEE Access, vol. 7,
pp. 48671-48688, 2019.
[3] E. Gudmundson, J. Ling, P. Stoica, J. Li, and A. Jakobsson, “Spectral estimation of damped sinusoids in the
case of irregularly sampled data,” in Proc. ISSCS, Iasi,
Romania, Jul. 2009, pp. 1-4.
[4] S. M. Kay, Fundamentals of Statistical Signal Processing : Estimation Theory. Englewood Cliffs, NJ, USA:
Prentice-Hall, 1993.
[5] M. G. Christensen, P. Stoica, A. Jakobsson, and S. H.
Jensen, “Multi-pitch estimation,” Signal Process., vol.
88, no. 4, pp. 972-983, Apr. 2008.
[6] Z. Zhou, H. C. So, and F. K. W. Chan, “Optimally
weighted MUSIC algorithm for frequency estimation
of real harmonic sinusoids,” in Proc. IEEE Int. Conf.
Acoust., Speech, Signal Process., Kyoto, Japan, Mar.
2012, pp. 3537-3540.
[7] Z. Zhou, M. G. Christensen, and H. C. So, “Two stage
DOA and fundamental frequency estimation based on
subspace techniques,” in Proc. IEEE Int. Conf. Signal
Process., Beijing, China, Oct. 2012, vol. 1, pp. 210-214.
[8] H. C. So, K. W. Chan, Y. T. Chan, and K. C. Ho, “Linear
prediction approach for efﬁcient frequency estimation of
multiple real sinusoids: Algorithms and analyses,” IEEE
Trans. Signal Process., vol. 53, no. 7, pp. 2290-2305,
Jul. 2005.
[9] Z. Zhou, and H. C. So, “Linear prediction approach to
oversampling parameter estimation for multiple complex sinusoids,” Signal Process., vol. 92, no. 6, pp. 14581466, Jun. 2012.
[10] Z. Zhou, H. C. So, and M. G. Christensen, “Parametric modeling for damped sinusoids from multiple channels,” IEEE Trans. Signal Process., vol. 61, no. 15, pp.
3895-3907, Aug. 2013.
[11] A. M. Zoubir, V. Koivunen, Y. Chakhchoukh, and M.
Muma, “Robust estimation in signal processing: A
tutorial-style treatment of fundamental concepts,” IEEE
Signal Process. Mag., vol. 29, no. 4, pp. 61-80, Jul.
2012.
[12] Z. Yang, L. Xie, and C. Zhang, “Off-grid direction of arrival estimation using sparse Bayesian inference,” IEEE
Trans. Signal Process., vol. 61, no. 1, pp. 38-43, Jan.
2013.
[13] Y. Chen, H. C. So, and W. Sun, “p -norm based iterative
adaptive approach for robust spectral analysis,” Signal
Process., vol. 94, pp. 144-148, Jan. 2014.

[14] P. Tsakalides, and C. L. Nikias, “The robust covariationbased MUSIC (ROC-MUSIC) algorithm for bearing estimation in impulsive noise environments,” IEEE Trans.
Signal Process., vol. 44, no. 7, pp. 1623-1633, Jul. 1996.
[15] T.-H. Liu, and J. M. Mendel, “A subspace-based direction ﬁnding algorithm using fractional lower order
statistics,” IEEE Trans. Signal Process., vol. 49, no. 8,
pp. 1605-1613, Aug. 2001.
[16] S. Visuri, H. Oja, and V. Koivunen, “Subspacebased direction-of-arrival estimation using nonparametric statistics,” IEEE Trans. Signal Process., vol. 49, no.
9, pp. 2060-2073, Sep. 2001.
[17] P. J. Huber, Robust Statistics. New York, NY, USA: Wiley, 2005.
[18] M. Salibian-Barrera, S. Van Aelst, and G. Willems,
“Principal components analysis based on multivariate
MM estimators with fast and robust bootstrap,” J. Amer.
Stat. Assoc., vol. 101, no. 475, pp. 1198-1211, Sep.
2006.
[19] W. Zeng, H. C. So, and L. Huang, “p -MUSIC: Robust
direction-of-arrival estimator for impulsive noise environments,” IEEE Trans. Signal Process., vol. 61, no. 17,
pp. 4296-4308, Sep. 2013.
[20] T.-H. Li, “A nonlinear method for robust spectral analysis,” IEEE Trans. Signal Process., vol. 58, no. 5, pp.
2466-2474, May 2010.
[21] Z. He, H. Li, Z. Shi, J. Fang, and L. Huang, “A robust iteratively reweighted 2 approach for spectral compressed sensing in impulsive noise,” IEEE Signal Process. Lett., vol. 24, no. 7, pp. 938-942, Jul. 2017.
[22] C. Qian, Y. Shi, L. Huang, and H. C. So, “Robust harmonic retrieval via block successive upper-bound minimization,” IEEE Trans. Signal Process., vol. 66, no. 23,
pp. 6310-6324, Dec. 2018.
[23] Z. Zhou, S. Zhang, and H. Wang, “Optimally weighted
MUSIC estimator of common sinusoidal poles from
multiple channels,” in Proc. WCSP, Xi’an, China, Oct.
2019, pp. 1-6.
[24] Y. X. Yao, and S. M. Pandit, “Variance of least squares
estimators for a damped sinusoidal process,” IEEE
Trans. Signal Process., vol. 42, no. 11, pp. 3016-3025,
Nov. 1994.
[25] Z. Zhou, and S. Zhang, “A perturbation approach to the
beam tracing in the line-of-sight massive MIMO systems,” IEEE Wireless Commun. Lett., vol. 9, no. 9, pp.
1529-1532, Sep. 2020.

