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Abstract: Photonic crystals based on silicon-air-geometries sandwiched between parallel metal
plates are studied theoretically. Compared with in-plane propagation in corresponding infinite-
height photonic crystals, modes with one of the two possible polarizations are eliminated for
small plate separations. Consequently, 2D photonic crystals that usually do not have a band
gap for both polarizations possess a complete band gap in the sandwich geometry. A procedure
for obtaining the maximum allowed photonic-crystal height between plates that preserves the
in-plane band gap is described. The effect on the band gap of adding an air-gap or a silicon
substrate to the photonic crystal structure between plates is also studied. Finally, it is shown that,
for terahertz frequencies, a useful distance between metal plates is comparable to the thickness of
thin silicon wafers, and that propagation losses are sufficiently small that the structures are of
practical interest. We briefly discuss the numerical method that was used for calculating band
diagrams and band gaps, which is based on a modification to the plane-wave-expansion method
[R. D. Meade et. al., Phys. Rev. B 48, 8434 (1993)] based on an iterative search algorithm
exploiting Fast Fourier Transforms for fast calculations.

© 2023 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

Due to numerous technological innovations and breakthroughs in electronics, photonics, and
nanotechnology made since the early 1990s, terahertz (THz) technologies have found an
increasingly wide variety of applications that are more closely linked to our daily lives. The field
of photonic crystals (PhCs), i.e., periodic dielectric structures in which light cannot propagate
in any direction for certain frequency intervals due to the presence of a photonic band gap
(PBG), was founded by Yablonovitch and John [1,2], and plays an important role in enhancing
the performance, functionality, and usability of THz technologies [3–6]. For THz system
integration, 2D PhC slabs with finite thickness, in particular, provide high feasibility and easiness
in fabrication and are able to localize light via PBG in the plane and with index guiding in the
vertical direction [7–9]. Several photonics components have been demonstrated for THz waves
based on PhC slabs, such as traditional PhC-slab waveguides with low loss [10,11], cavities
and resonators [12,13], diplexers (splitters) [14], dielectric antennas integrated with PhC slabs
[15,16], and waveguides and sensors based on topological PhCs promising very low reflection
from waveguide bends [17,18]. In all these cases the structures were based on air-holes in a
silicon slab surrounded by air.

The structures of interest in this paper are different. We will focus on the properties of PhC
slabs sandwiched between parallel metal plates. While metal plates may increase the propagation
loss due to absorption, there are also great advantages, namely the possible elimination of one of
the polarizations of light for in-plane propagation [19], and PhCs based on rods rather than holes
become attractive and practical and offer large band gaps. In addition, the metal plates eliminate
the possibility of out-of-plane scattering, which may especially occur from waveguide bends and
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imperfections, and undesirable interaction via radiation with any other nearby structures is made
impossible. While absorption losses are smaller for photonic-crystal slabs surrounded by air
then, in our view, the losses are nevertheless small enough for THz frequencies that the use of
metal plates is of practical interest for THz photonics components. The theoretical study in this
paper is necessary in order to be able to design and thus realize optimum structures. Preliminary
work on fabrication and characterization of PhCs between metal plates qualitatively support the
theoretical results [20].

Metal parallel-plate waveguides (PPWGs) are able to confine light vertically within a narrow
space between the two metal plates, and horizontally by modulating the effective refractive index
[21–24]. At optical frequencies, the losses in metals are considerably large. On the other hand,
similar structures have been experimentally demonstrated to exhibit low-loss transverse-magnetic
(TM)-mode propagation with virtually no group velocity dispersion, for frequencies up to 4.5
THz and lengths to 0.25 m [25–30]. They also allow simulating a 3D geometry with 2D
calculations since the TM mode has no spatial dependence in the direction perpendicular to the
plates. Moreover, it has been shown that the lowest-order transverse-electric (TE) mode can
also be utilized for THz PPWG applications with ultralow ohmic losses [31–33]. Therefore, in
the past two decades, various quasioptic elements [27,28], as well as various filters, have been
incorporated in such THz PPWGs in order to better control light propagation.

The majority of the research has so far been focused on metal (or metal coated dielectric)
PBG structures [34–37] and PhC waveguides [23,30,38–40] as frequency filters. On the other
hand, there has been very few studies on dielectric PBG structures in metal PPWGs, e.g., [41,42],
which studied the optical properties with THz time-domain spectroscopy. Designing a dielectric
PBG structure-filled PPWG requires taking the dielectric properties and frequency response into
consideration [43], but has the advantage that dielectric PhCs are among the most thoroughly
studied PhC systems [8,9], and that there is no need for a PBG for both polarizations because TE
polarization waves are effectively removed by sandwiching with metal plates due to the boundary
condition, in the THz range [44].

In this paper, we investigate 1D and 2D PhCs sandwiched between parallel metal plates
and determine the maximum height between plates that will preserve their in-plane photonic
band gap (Secs. 2 and 3). We also study how a bottom silicon layer or an upper air-gap affect
the photonic band gap. This is followed by a discussion of propagation losses in the relevant
parallel-metal-plate waveguides with either air or silicon (Sec. 4.), showing that propagation
losses are sufficiently small in the THz frequency range. Finally, we briefly account for the
plane-wave-expansion method that was used for the calculations of PhCs sandwiched between
metal plates (Sec. 5.).

2. 1D-periodic PhCs in a PPWG

In this section, we consider a periodic array of silicon and air-layers (refractive indices nSi = 3.42
(applicable for THz frequencies [45]) and nAir = 1) with thicknesses dSi = ΛnAir/(nAir + nSi)
and dAir = ΛnSi/(nAir + nSi), where Λ is the period. This corresponds to quarter-wave layers
for the wavelength λ0 = 4ΛnSinAir/(nSi + nAir). The structure is periodic along the x-axis, and
invariant along the y- and z-axes. Later in this section, we consider a finite-height of the geometry
sandwiched between parallel metal plates. The reason for first considering the infinite-height
geometry is that the properties of the sandwich geometry can be directly related to off-axis
propagation in the infinite-height structure with discrete off-axis wave-numbers.

Due to symmetry considerations, it is sufficent for the infinite-height geometry to consider
propagation only in the xy-plane. The structure supports s-polarized Bloch-modes on the form

E(r) = ẑUkx (x)e
ikxxeikyy, (1)



Research Article Vol. 2, No. 2 / 15 Feb 2023 / Optics Continuum 314

where E(r) is the electric field, which here is polarized along the z-axis, and Ukx (x) is periodic
along x with the period Λ. kx is the Bloch-wave number, and ky is the off-axis-propagation wave
number. The magnetic-field is polarized in the xy-plane. A time-factor of exp (−iωt) is implicit
(free-space wave-number k0 = ω/c, where c is the vacuum speed of light). The structure also
supports p-polarized modes on the same form except that the magnetic field H(r) is polarized
along the z-axis, and the electric field is in the xy-plane. The dispersion relations of propagating
modes can be found by solving [46,47]

cos (kxΛ) = cos (kx,AirdAir) cos (kx,SidSi) −
1
2

(︃
P +

1
P

)︃
sin (kx,AirdAir) sin (kx,SidSi), (2)

where P = kx,Air/kx,Si for s-polarization, and P = εSikx,Air/εAirkx,Si for p-polarization, and
kx,u =

√︂
k2

0εu − k2
y , and the dielectric constants εu = n2

u, where subscript u represents either air or
silicon. Propagating modes exist whenever the magnitude of the right-hand side of Eq. (2) does
not exceed 1.

A projected band structure showing the propagating modes versus k0 and ky for both polariza-
tions is shown in Fig. 1. The geometry is seen to have a large in-plane band gap (ky = 0), but
no complete band gap. In addition, it is seen that, if kyΛ/2π>1.09 (corresponds to the vertical
dashed line in Fig. 1), all propagating modes are pushed to higher frequencies than the in-plane
band gap.
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Fig. 1. Projected band structure for a one-dimensional PhC of quarter-wave silicon and
air layers (for details see text). The minimum required off-axis wave-number (vertical
dashed line) that pushes frequencies of all propagating modes above the band gap of on-axis
propagation is identified.

Now consider a finite-height H (along y) of the same PhC sandwiched between perfect
conductors (Fig. 2). The result in Fig. 2 was obtained by solving Eq. (2) using discrete values
of ky. In this case, p- and s-polarized modes behave as cos(kyy) or sin(kyy), respectively, along
the y-axis between the plates with ky = mπ/H, where m = 0, 1, 2, . . .. In-plane propagating
modes (m = 0) for s-polarization thus vanishes. The out-of-plane propagating modes (m>0) are
equivalent to those considered in Fig. 1. The modes propagate up and down between the metal
plates along the y-axis, and only discrete values of ky satisfy the electromagnetics boundary
conditions at the metal interfaces. The maximum allowed height H = 0.46Λ that preserves the
band gap is now found by setting the limit found from Fig. 1, i.e. ky = 1.09 · 2π/Λ, equal to
ky = π/H.

The solid black lines in Fig. 2 correspond to ky = 0. These bands exist for all chosen H. For
H = 0.46Λ, additional bands exist, where one of them just touches the upper limit of the band
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Fig. 2. Band structure for a finite height H of the one-dimensionally periodic PhC considered
in Fig. 1 sandwiched between metal plates. Three heights, H = 0.32Λ, 0.46Λ, and 0.6Λ, are
considered.

gap. A higher H = 0.6Λ is seen to lead to a new band inside the in-plane band gap, while a
smaller H = 0.32Λ removes the additional bands further from the band gap. Notice that the
additional bands are very narrow in frequency, which agrees with Fig. 1.

The main conclusion from this analysis is that, if H<0.46Λ, the band structure for the sandwich
structure is identical to the band structure of the infinite-height PhC for on-axis propagation
(propagation along the x-axis) up to and including the band gap. Thus, a sufficiently small H
preserves the band gap known from normal incidence.

It may be of practical interest to fabricate a finite-height 1D-periodic PhC by etching into
a silicon wafer, but without etching all the way through the silicon. In this way, the silicon
regions are supported by a bottom silicon layer of thickness b (see inset in left part of Fig. 3).
The geometry can then easily and practically be surrounded by an upper and lower metal plate.
Alternatively, it may also happen that the upper metal plate cannot be placed directly on top of
the silicon due to fabrication imperfections, which may lead to an air-gap of thickness g above
the structure (see inset in the right part of Fig. 3). The upper and lower edge of the band gap is
shown in Fig. 3 versus b and g for different choices of the height between metal plates H.

In Figs. 1 and 2, we considered a simpler geometry with layers of either air or silicon, which is
simpler to model. Here, it is also possible, in the limit of a very small H, to consider similar
layers, but with an effective dielectric constant based on effective-medium theory [48]. For the
case of an air layer of thickness H − b above a silicon substrate of thickness b, the effective
dielectric constant in the limit of very small H is given by [48]

1
εeff
=

b
H

1
εSi
+

(︃
1 −

b
H

)︃
1
εair

. (3)

A calculation based on the effective-medium theory is also shown in Fig. 3. The band-edges
are seen to converge to the effective-medium limit as H decreases. It is interesting to observe in
Eq. (3) that a bottom silicon layer of a small thickness b does not change the effective dielectric
constant a lot since εSi is more than 10 times larger than εair = 1. In the other case with an
air-gap g, the effective dielectric constant is instead given by

1
εeff
=

g
H

1
εair
+
(︂
1 −

g
H

)︂ 1
εSi

. (4)

The effect of a finite g will thus, for the same reason, have a significant impact on the effective
dielectric constant. It is seen from Fig. 3 that a sizable b and g can be maintained without losing
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Fig. 3. Band gap for a finite height of the PhC considered in Fig. 1 when adding a silicon
substrate of thickness b or an air-gap of thickness g.

the band gap. The results in Fig. 3 were obtained by using the plane-wave expansion method
with a perfect conductor boundary condition applied at y = 0 and y = H (Sec. 5.). The result in
Fig. 2 was also confirmed by using this method.

3. 2D-periodic PhCs in a PPWG

In this section, we consider two-dimensionally periodic PhCs of a finite height sandwiched
between parallel metal plates. Such structures have previously been modeled in Ref. [19]. Similar
to the 1D case, the properties of the sandwich geometry are directly related to out-of-plane
propagation modes with discrete wave-numbers of the infinite-height PhC. Therefore, we first
consider a periodic array of infinite-height silicon rods arranged on a square lattice. The geometry
is periodic in the xy-plane and invariant along the z-axis. The radius of silicon rods is a = 0.2Λ,
where Λ is the period (see inset in Fig. 4). The Bloch-modes are thus on the form

E(r) = Ukx,ky (x, y)eikxxeikyyeikzz. (5)

The band structure for in-plane propagation (kz = 0) in this geometry (Fig. 4) shows that
there is a large band gap for TM-polarization and no band gap for TE-polarization. The latter
polarization corresponds to having the electric field polarized in the xy-plane following the
definition in [8]. When sandwiching a small finite height H of this geometry between parallel
metal plates, the TE-polarized modes will be eliminated (due to the boundary conditions at the
metal surfaces), leaving a structure with a quite large complete band gap.

The projected band structure showing the existence of guided modes versus kz and k0 is
presented in Fig. 5. This diagram was made by fixing kz and calculating band structures similar
to Fig. 4, and then repeating that for each kz. In this procedure, we include modes with any
polarization. As can be seen from Fig. 5, there is no (complete) in-plane band gap. However, the
in-plane band gap for TM polarization is marked in the figure. It is seen that if kzΛ/2π>0.526
(right vertical line in Fig. 5), all bands are pushed above the upper edge of the in-plane TM band
gap.

Now consider the sandwich geometry where parallel metal plates are inserted at z = 0 and
z = H. The modes found in Fig. 5 may in principle propagate up and down between the metal
plates, but boundary conditions must be met at the metal surfaces. Some field components will
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Fig. 4. Band structure for in-plane propagation in a periodic array of infinite-height silicon
rods with radius a = 0.2Λ on a square lattice. Modes with two polarizations exist (TE and
TM). A band gap only exists for TM polarization.
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Fig. 5. Projected band structure for the PhC considered in Fig. 4. The band gap edges
for TM-polarization from Fig. 4 are marked with horizontal dashed lines. Out-of-plane
wave-numbers that push all bands either above the bottom or top edges of the band gap are
shown with vertical dashed lines.

thus behave as sin(kzz) and others as cos(kzz), where we have to require that kz = mπ/H (similar
to the 1D case). In the case of m = 0, the boundary conditions eliminate the TE polarized modes.
If we now use π/H = 0.526 · 2π/Λ, we find H = 0.95Λ. The band structure for the sandwich
geometry with this height is shown in the left part of Fig. 6. Notice that the TM bands from Fig. 4
are also found here, whereas the TE bands are absent. There are additional bands for frequencies
above the in-plane TM band gap just touching the upper edge of the band gap. There is thus no
difference compared with the in-plane TM-band-structure for frequencies up to and including
the in-plane TM band gap. If we again consider Fig. 5, we notice that kzΛ/2π = 0.327 (left
vertical dashed line) only pushes bands to the lower edge of the in-plane TM band gap. This kz is
equivalent to using H = 1.53Λ. However, as an example, we choose H in the middle of the two
extremes, i.e. H = 1.24Λ, and show the band structure for that case in the right half of Fig. 6.
Notice that the additional bands now extend into the region of the in-plane TM band gap, thus
effectively reducing the band gap to approximately half of the original size. The main conclusion
from this example is that although the 2D PhC as such does not possess a complete in-plane band
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gap, the corresponding sandwich geometry does just that if the height H is sufficiently small
(H<0.95Λ).
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Fig. 6. Band structure for a 2D periodic array of silicon rods of finite height H sandwiched
between parallel metal plates. At H = 0.95Λ additional bands just touch the upper limit of
the in-plane propagation band gap, while H = 1.24Λ effectively reduces the band gap to
half-size.

If we now wish to apply this geometry for a frequency of 0.5 THz (wavelength λ0 = 600 µm),
considering the normalized frequency 0.35 (approximately in the center of the band gap), then
the period must be Λ = 0.35λ0 = 210 µm. The requirement of H<0.95Λ then means that we
must require H ≤ 200 µm, matching a standard thin silicon wafer thickness.

It may be practical to fabricate rods by lithography and subsequent etching of a silicon wafer,
in which case it is convenient to keep a bottom silicon layer for stability. Also, when sandwiching
the PhC between metal plates an air-gap between the rods and the upper metal film may, e.g.,
occur as a consequence of thickness variations of the silicon wafer. The effect on the band gap of
a bottom silicon layer of thickness b, or an air-gap of thickness g, is studied in Fig. 7 for a few
different total distances H between the two metal films.

We can use the effective-medium expressions (3) and (4) in the limit of a very small H , and
effectively reduce the 3D problem to a 2D problem. In this limit the band gap is seen to exist
for quite large values of b/H exceeding 50%, which is a result of a layer with high dielectric
constant only having a small effect, as is clear from Eq. (3). In the case of 1D PhCs (Sec. 2.) any
contrast between low- and high-refractive index regions would produce a bandgap, and therefore
the band gap existed for any b/H<1. Here, a finite contrast is needed, and thus the maximum
allowed b/H that produces a band gap is smaller. As the spacing H increases, the maximum
allowed b/H that produces a band gap is seen to decrease, which can be understood in the way
that light can better localize in the high-refractive-index material for large H, which leads to a
larger effective dielectric constant than the limit given in Eq. (3). The contrast is thus effectively
reduced as H increases. Also note that the band-gap edges decrease in frequency with increasing
b as expected when increasing the amount of high-refractive-index material [8].

In the case of the air-gap it is seen in the effective-medium limit (very small H) that the band
gap disappears for g/H exceeding app. 0.2 in accordance with an air-gap having a large effect on
the effective dielectric constant as seen from Eq. (4). It is interesting that as H increases the band
gap exists for larger values of g/H. Again, this can be explained as a consequence of light being



Research Article Vol. 2, No. 2 / 15 Feb 2023 / Optics Continuum 319

0.25

0.3

0.35

0.4

0.45

0.5

0 0.2 0.4 0.6

0.25

0.3

0.35

0.4

0.45

0.5

0 0.2 0.4 0.6

Fig. 7. Band gap for a periodic array of silicon rods on a rectangular lattice placed between
parallel metal plates versus either a bottom silicon layer of thickness b between the bottom
metal plate and the rods, or an air-gap of thickness g between the silicon rods and the upper
metal plate. Calculations are shown for a couple of different total distances between the
metal plates.

able to better localize in the high-refractive-index material as H increases, which to some extent
reduces the effect of the air gap. Limits such as H = 0.95Λ, band diagrams similar to Fig. 6, and
studies such as the one in Fig. 7, have not been shown previously in related work [19].

We will consider one more typical 2D PhC, namely an array of air-holes in silicon arranged
on a hexagonal lattice (see inset in Fig. 8). Again, we consider first this geometry as being
periodic in the xy-plane and invariant along the z-axis. The expression in Eq. (5) also applies
here. The projected band structure for this geometry with air-holes of radius r = 0.48Λ, where Λ
is the distance between the center of neighbor air-holes, is shown in Fig. 8. A complete in-plane
band gap (kz = 0) is clearly identified in the figure. It is well-known that for sufficiently large
air-holes, this type of geometry supports a complete in-plane PBG [8]. It is observed that if
kzΛ/2π>0.862, all bands are pushed to higher frequencies than the upper edge of the in-plane
band gap. Comparing this with kz = π/H, we find H = 0.58Λ. In a similar way, we find that
H = 0.72Λ will push additional bands to frequencies matching the lower band-gap-edge or higher.
We will use the average value H = 0.65Λ that should effectively reduce the in-plane band gap
to half-size. This is exactly what is observed in Fig. 9, which shows the band structures for the
sandwich geometry for H = 0.58Λ and H = 0.65Λ, respectively, in the left and right parts of the
figure. In the case of H = 0.58Λ, the in-plane band gap is preserved, whereas a higher H leads to
additional bands entering the in-plane band gap region, reducing its size.

Considering again the frequency of 0.5 THz and now a normalized frequency of 0.5 (approxi-
mately in the center of the band gap), the period must be Λ = 0.5λ0 = 300 µm. The requirement
of H<0.58Λ then means that we must require H<174 µm. In that case, we are well on the safe
side of securing the band gap by using a standard thin-silicon-wafer thickness of, e.g., 100-150
µm, which are commercially available.
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Fig. 8. Projected band structure for a PhC with air-holes of radius r = 0.48Λ placed on
a hexagonal lattice in silicon. A complete in-plane band gap exists. Out-of-plane wave
numbers corresponding to out-of-plane propagating modes at the upper and lower limits of
the in-plane band gap are identified (vertical dashed lines).
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Fig. 9. Band structure for a 2D periodic array of holes on a hexagonal lattice in a silicon
slab of finite height H sandwiched between parallel metal plates. At H = 0.58Λ additional
bands just touch the upper limit of the in-plane-propagation band gap, while H = 0.65Λ
effectively reduces the band gap to half-size.

For completeness, we show in Fig. 10 how the band gap is affected by a bottom silicon layer,
or a top air-gap, between the PhC slab and one of the metal films The overall trends are similar to
those found for the array of rods on a square lattice in Fig. 7.

The results in this section were all obtained using the plane-wave-expansion method that we
discuss in Sec. 5.
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Fig. 10. Band gap for a periodic array of holes on a hexagonal lattice in a silicon slab
sandwiched between parallel metal plates versus either a bottom silicon layer of thickness b
between the lower metal plate and the slab, or an air-gap of thickness g between the slab and
the upper metal film. The total distance between metal plates is H. Band gaps are shown for
a few different total thicknesses H versus b/H or g/H.

4. Mode-index of parallel-plate aluminium waveguide with air or silicon

In this section, we address the question of propagation loss in a parallel-metal-plate waveguide
with either silicon or air between the plates using aluminium for the metal. We consider a fixed
frequency of 0.5 THz, which is equivalent to a wavelength of λ0 = 600µm. The modes in such a
geometry have, e.g., an electric field on the form

E(r) = E0(z)eikxx. (6)

We define nm = nr + ini ≡ kx/k0 as the mode-index. The dispersion of guided modes, and thus
the mode-index, can be found by solving the equation

1 −

(︂
r(p)d,m(kx)

)︂2
e2ikz,dH = 0, (7)

where r(p)d,m(kx) is the Fresnel reflection coefficient for p-polarization at the metal-dielectric

interface, and kz,d =
√︂

k2
0εd − k2

x , where subscript d represents either air or silicon. We consider
only p-polarization since a fundamental guided mode exists for this polarization when H<λ0/2nd,
where nd =

√
εd is the refractive index of the dielectric between the plates. The s-polarized

modes exist only for H>λ0/2nd, where higher-order p-polarized modes also appear.
A detailed description of how to solve Eq. (7) numerically by searching in the complex plane

can be found in appendix F in [49]. We apply the complex refractive index nAl = 709.68+ i752.26
for aluminium [50] and nSi = 3.42 + i0.0002 for silicon [45]. In this way, absorption losses in
both aluminium and silicon are included. Taking into account the very small imaginary part of
of the silicon refractive index, on the other hand, is not particularly important.

In the case of the waveguide with air between the aluminium plates (Fig. 11(a)), there is only
one solution at 0.5 THz for H<300 µm with a real part of the mode-index of approx. 1 and
an imaginary part easily smaller than 0.001. At H = 100 µm, we find ni = 0.00063, which is
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equivalent to a propagation length of L = λ0/(2πni) = 15 cm, and if using H = 200 µm, the
propagation length is approx. twice as large.
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Fig. 11. Real (nr) and imaginary (ni) parts of the mode index for p-polarized modes in a
parallel-plate waveguide with (a) air, or (b) silicon, sandwiched between aluminium surfaces
versus air or silicon layer thickness H for a fixed frequency of 0.5 THz.

In the case of the waveguide with silicon between the aluminium plates (Fig. 11(b)), there
is only one solution for H<300 µm/nSi = 87.7µm. Considering here the fundamental mode at
H = 100 µm, we find ni = 0.0024, leading to the propagation length of 4 cm. These propagation
lengths are sufficiently large compared with the wavelength and corresponding periods of PhCs
that PhCs sandwiched between metal plates at THz frequencies are of practical interest, e.g., for
integrated THz photonics.

5. Plane-wave-expansion method

The band diagrams in this paper have been calculated by solving the magnetic-field wave equation

∇ ×
1
ε(r)

∇ × H(r) = k2
0H(r), (8)

by using a plane-wave (Fourier) expansion of the magnetic field H(r), and solving the wave
equation as an eigenvalue problem using an iterative approach. The program used for the
calculations is an in-house matlab implementation of the method described in [51], which one
of the authors (TS) also applied for photonic-crystal waveguide slabs a couple of decades ago
[52,53] (back then in a Fortran implementation). Here, we will briefly review the method, and
explain how it has been adapted to handle confinement between parallel metal plates.

In Eq. (8), ε(r) is the periodic dielectric constant, and k0 = ω/c is the free-space wave-number.
The wave equation thus represents an eigenvalue problem, where k2

0 is the eigenvalue. The
dielectric constant is periodic in the xy-plane. In the case where the PhC is confined between
parallel metal plates at z = 0 and z = H, it is convenient to handle the boundary conditions at the
metal surfaces by considering a fully periodic structure in all three dimensions with period 2H
along the z-axis, where the range 0 ≤ z ≤ H contains the structure of interest. The structure being
used in the calculation, however, does not have any metal plates but is mirror symmetric around
the plane z = H. The mirror symmetry thus defines the structure in the region H ≤ z ≤ 2H. For a
symmetric structure the solutions can be divided into even and odd solutions (depending on field
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component), and we simply restrict the solution space to the symmetry with vanishing x- and
y-components of the electric field at z = 0 and z = H, i.e., when we solve Eq. (8) iteratively, we
only search for solutions that satisfy the appropriate symmetry. This approach has the advantage
that it only requires a slight modification to the well-known plane-wave-expansion approach for
modeling of periodic dielectric structures using an iterative approach [51,54].

The magnetic field is assumed to be a Bloch-wave on the form

H(r) = Uk(r)eik·r, (9)

where Uk(r) is a periodic function with the same period as the dielectric constant. Thus,
ε(r) = ε(r + R), where R = n1a1 + n2a2 + n3a3, where ai are the lattice vectors of the periodic
structure, and ni are integers. We choose a1 and a2 to be in the xy-plane, while a3 = ẑ2H is the
period along the z-axis.

The magnetic field is expressed as

H(r) =
∑︂
G,σ

HG,σĥG,σei(G+k)·r, (10)

where the index σ = 1, 2 represents two magnetic-field directions being perpendicular to G + k,
i.e.

ĥG,1 =
ẑ × (G + k)
|ẑ × (G + k)|

, and ĥG,2 =
G + k
|G + k|

× ĥG,1. (11)

This ensures that ∇ · H(r) = 0.
The reciprocal lattice vectors G are given by

G = n1b1 + n2b2 + n3b3, (12)

where n1, n2 and n3 are integers, and the elementary reciprocal lattice vectors bi satisfy
ai · bj = 2πδi,j.

By choosing k, and inserting (10) into the wave Eq. (8), and then solving the wave equation, we
find frequencies k0 corresponding to each k. Thus, by sweeping k over the edge of the irreducible
Brillouin zone, we obtain the band diagrams.

It is exploited that the operator Θ = ∇ × 1
ε(r)∇× is Hermitian for positive and real dielectric

constants [8], since in that case we can find eigensolutions iteratively by modifying H(r) via the
Fourier coefficients such that the energy functional

E(H(r)) =
⟨H(r)|Θ|H(r)⟩
⟨H(r)|H(r)⟩

(13)

is minimized. The overlap integrals are defined by an integral over the unit cell

⟨H1(r)|H2(r)⟩ =
∫

u.c.
(H1(r))∗ · H2(r)ddr, (14)

where ∗ represents complex conjugation, and d is the dimensionality of the problem. The overlap
integrals can be straightforwardly expressed using a sum over Fourier coefficients [54].

The iterative approach is similar to the one presented in Ref. [55], and it is very efficient, since
carrying out the rotations ∇× requires only one operation for each plane wave in (10) when the
magnetic field is represented in reciprocal space (by the Fourier coefficients HG,σ), while the
division by ε(r) is carried out by first Fourier-transforming ∇ × H(r) from reciprocal space to
real-space using the Fast Fourier Transform, in which case ∇ × H(r) is known on discrete points,
and division by ε now requires only one operation for every point in real space. The result is then
Fourier-transformed back to reciprocal space, in which case the last rotation ∇× can be carried
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out with one operation for every plane wave. Convergence is drastically improved by a tensor
representation of ε based on different averaging for electric fields parallel and perpendicular to
interfaces [51]. The method uses very little memory, and carrying out the operator Θ scales
as N log N, where N is the number of plane waves. In order to keep the number of required
iterations small a preconditioned conjugate gradient algorithm is applied [55], in which small
spatial frequencies are given higher weight.

The modification that we have made to this method in order to handle confinement between
metal plates is that, first of all, we choose k = x̂kx + ŷky + ẑkz to have kz = 0, and then we search
for the solutions that satisfy

Hn1b1+n2b2+n3b3,σ=1 = Hn1b1+n2b2−n3b3,σ=1, (15)

Hn1b1+n2b2+n3b3,σ=2 = −Hn1b1+n2b2−n3b3,σ=2. (16)

This straightforwardly leads to the solutions with vanishing x- and y-components of the electric
field at z = 0 and z = H as required. The sum of terms with n3 = ±m leads to behaviour
as either sin(mzπ/H) or cos(mzπ/H). In Ref. [19] the electric field was expanded from the
start in terms behaving in this way, and solutions for PhCs were found using a standard matrix
eigenvalue-problem approach (not an iterative method). Apart from the metal plates no variation
in the dielectric constant along z was considered in Ref. [19].

In the case of a 2D periodic structure as considered in, e.g., Fig. 5 (structure being invariant
along z) we use

G = n1b1 + n2b2, (17)

and control the out-of-plane propagation using kz. While we do not in this paper model a PhC
slab surrounded by air then this can also be done by repeating slabs along z with a large separation
(super-cell approach), and in that case with no restrictions on HG,σ .

6. Conclusion

We have presented the principles of determining the maximum allowed height of a PhC layer
sandwiched between parallel metal plates that will preserve the in-plane TM-polarization band
gap of the 2D PhC. For the 2D PhC, the out-of-plane propagation wave-number that pushes all
bands above the in-plane band gap was matched to the first higher-order discrete out-of-plane
wave-number of the sandwich geometry, which leads to a restriction on the height. Using a larger
height than the limit effectively reduces the band gap, while a smaller height preserves the band
gap. This principle was demonstrated for both 1D and 2D PhCs: for quarter-wave layers of Si and
Air in the 1D case and for both silicon rods on a square lattice and holes in silicon on a hexagonal
lattice in the 2D case. We also studied how a spacer between the PhC and metal plates in the
form of an air-gap or silicon substrate will reduce the band gap. According to effective-medium
theory the silicon substrate is expected to have a smaller effect on the band gap than the air-gap,
and this was indeed found to be the case for small distances between the metal plates. However,
with increasing distances between plates, the better possibility of localization of electromagnetic
waves in the high-refractive-index medium meant that air-gaps had a smaller effect, such that a
quite large relative air-gap could be tolerated, while the tolerable relative thickness of the silicon
substrate was reduced.

We furthermore found that, for a frequency of 0.5 THz and aluminium for the metal, we can
use PhCs based on wafer thicknesses of 100 µm or 200 µm, depending on the specific geometry,
and propagation lengths in parallel-plate waveguides with air or silicon (approx. 15 cm, or 4 cm,
respectively, for a thickness of 100 µm) are sufficiently large that the geometries considered are
of practical interest.
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